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Abstract

The on-line preemptive scheduling on parallel machines which have
nonsimultaneous machine available times is firstly delivered in this
paper. For the problem of minimizing the makespan, we show
an algorithm which of the worst-case performance ratio is
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1. Introduction

We consider the problem of scheduling a list (Jy, J,, ---) of on-line jobs
preemptively on m identical parallel machines. In such a setting, the jobs
arrive one by one. Job J; becomes known (with its existence and its

processing time pj) only when job J;_; has already been scheduled, which

gives rise to the name on-line scheduling. Job processing can be preemptive,
i.e., the processing of any job can be interrupted and resumed later. The
machines are parallel, which allows any machine to process any job, and
differ only in their processing speeds. A job Jj of processing time pj
requires pj /si time units for a machine of speed sj to complete. As usual, it
is required that each machine can process at most one job at a time and each
job can be processed by at most one machine at a time.

In a classical parallel machine scheduling problem, we have m identical
machines My, My, ..., M, which are all available at time zero, i.e.,

aj = 0, j=1,2,...,m. For this case, Chen et al. [3] derive an approximation

algorithm with worst-case guarantee m™/(m™ — (m —1)™) for every m > 2,

which increasingly tends to e/(e — 1) ~ 1.58 as m — oo.

If the m machines are not simultaneously available, i.e., a j* 0, j=

1, 2, ..., m, how to find a schedule that minimizes the maximum completion

time, or makespan. In this paper, we will develop an approximation

algorithm with worst-case ratio X" / [(X - 1)2:11 SiXi_l} where X = %

2. The Approximation Algorithm
Let m denote the number of machines, let Ss; >0 be the speed of
machine M;, i=1,2,..,m. We assume that §; <S, <--- < 5,. Without

loss of generality, we assume that Sy, = 1. In this paper, we solve the case of

non-decreasing speed ratios, i.e., Sj_1/Sj < Sj/Sj4; for 2 <i<m-1.
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We use the following notations:

time t : the time immediately after the tth job has been scheduled,

Lti : the load of machine i after the arrival of t jobs,
Q =Li+a,
OPT!: the optimal off-line makespan at time t,
L N
= Zj:l P] +Zi:la"
m

3 X
) (x— 1)2:11 sixi_1

Each job i (i =1, 2,..., n) is associated with a processing time pj, if

r

they become available for processing at time zero and can be interrupted,
each machine has its own speed S;j and preparation time a; > 0, then the

completion time of the machine has three obviously lower bound:
. P n m m
maXi<j<m &, MNj<j<m ai+maX1sk3m-1§, ijl pj"'zi:lai /Zizlsi:

where B, means the sum of the k longest processing times, and S means

the sum of the k fastest machines’ speeds, then we have

LTI ML
. o Pi 2
LB = maxqy max @j, min @; + max i, =1 =1
I<ism  1<i<m 1<k<m-1 Sy Zm s;
i=1

L @)

The algorithm maintains the following three invariants. These invariants

are a generalization of the invariants defined for identical machines in [7],
(a) At any time t, Qlt < QE <. < Q,tn.

(b) At any time t, Qf, < rLB'.
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k -
M osx-! '
i=1"

(c) Atany time t, for every 1 < k <m, Z:(zlsiQit <

A new job Ji, (which arrives at time t + 1) is assigned as follows.

First calculate LB'*! by equality (2.1), then the following intervals are

reserved. On machine M, the interval: I, = [Qrtn, rLBHl]; and on machine

M;(1<i<m-=1), theinterval: I; =[Qf, Q%,].

To assign Ji,q, go from I, to |, putting a part of the job, as large as

possible in each interval, until all the job is assigned. After the assignment

there will be some fully occupied intervals Iy, , ..., |, some empty intervals

I;, ..., Ij_1 and a partially or fully occupied interval .

Next, we show that it is always possible to partition J;,; among those

intervals.

Lemma 2.1. If the invariants are fulfilled at step t, then the reserved
intervals are sufficient to assign J;.

Proof. The total weight that can be assigned to all intervals is

m—1
A= (rLB™! —Qi)sm + D (Qiv —QD)si

i=l1

m
B!+ ) (5o - 5)Q

i=1

m i
Si_ S;
- rLB'! & Z(—'sil - )Z Sthj.
. =

s.
— i+1 /5=

Since Sj_1/Sj < Sij/Si4+1, we can use the third invariant for each value of ]

and get that the above is at least
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A > rLB!!

i=1

X -1

i=1"" -

_ 1 X" t+1 m gt
=T LB ((X—I)ZSX —x} .

!
i=1

We consider two cases:

t+1 St+1
L™ 2 pyy > =
S
i=1
t+1
t+1 S
21BN 2 2> pyy.
Si

i=1

+Z:Sn: ( _S|+1)Z“S o

)Zs xJ-1

S|+l

We show that the assignment is successful in both cases.

Case 1. Since St = St*! - Pri1 < pt+1(zim_1 Si _1)

So,

1 m

m
X
Az m - 1 Pt+1 + pt+l[z Si

S
i=1"" -

i=l1

- IJ [(x - l)zm: sixi_1
i=1

_ mpt+-1 _ Xxinl + (2 Si _IM(X - 1)2 s - xmﬂ

. 0
X i—
_ Pt+1 +§ 5% 1
m -1 X—=1 < -
L 1=

S
=1

= Pt+1-

XM
-1
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Case 2. In this case,

LB™! > pyyy +

and,

t_ ot+l mo
S =8 Piy 2 pt+l(zi:1 Sj 1)’

SO,
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To complete the proof of the algorithm, we need to show that all
invariants are kept after an assignment of a job. This is clear for the first two
invariants, from the definition of the algorithm.

Lemma 2.2 If the invariants are fulfilled after step t, then they are also
satisfied after step t + 1.

Proof. According to the definition of the algorithm, there exists a

machine | such that for i < I, iHl = Q,, for | <i<m, QtJrl = Qit+1, and

Q|t < Q|t+1 < Q|t+1 (for convenience let Qm+1 = rLB').

If k < |, then

ko g il
Z:SQt+1 ZSQ' < %I lsj—l st
i=1""

Zk s xi-!
R 1
< i=1 St+1.
m S_Xi—l
Zizl !

If | <k < m, then we need to show

m i-1
S; X

i=k+1 Z iXI_1
i=1

Since | <i<m, QtJrl = Qit+1, SO

m
t+1
2 siQ

i=k+1

m
= rLB"! + Z s;i_,Qf

i=k+2
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m m
LBt 4 s-Q-t[Sk+1)+ (Si—l _ Sk“)s-Q-t
Z "Uski2 Z S Ske2/)

iZkt2 k+2 7 ilkes
S .
_ t+1 j-1 1—2
_ Bt 4 zsg,(mj > sz, (_ g 1)
j-
i=k+2 j=k+3\i=]

1 x™ t+l
> LB x
m i-1| x—=1 Z Si

Z, Si X i=k+1
i=1

Let Py = uStH. Then LB'!> max{u, 1/2:im:1 Si}StJrl and S' =
(1 - n)S**!. Simple calculations show that inequality (2.2) holds.

3. Conclusion

We have given an approximation algorithm for the on-line preemptive
scheduling on parallel machines which have nonsimultaneous machine

available times, its worst-case performance ratio is

Al A(l) X"
oPT(I) © x> s
=1

m

If sj =1, then its worst-case performance ratio is Y
m" —(m-1)

References

[1] C.Y. Lee, Parallel machine scheduling with nonsimultaneous machine available
time, Discrete Appl. Math. 30 (1991), 53-61.

[2] Jianjun Wen and Donglei Du, Preemptive on-line scheduling for two uniform
processors, Oper. Res. Lett. 23 (1998), 113-116.

[3] B. Chen, A. van Vliet and G. J. Woeginger, An optimal algorithm for preemptive
on-line scheduling, Oper. Res. Lett. 18 (1995), 127-131.



[4]

[5]

(6]

[7]

The On-line Preemptive Scheduling on Parallel Machines ... 57

Yuzhong Zhang, Shouyang Wang, Bo Chen and Shuxia Zhang, On-line
preemptive scheduling on uniform machines, J. Syst. Sci. Complex. 14 (2001),
373-3717.

Guo-Hui Lin, En-Yu Yao and Yong He, Parallel machine scheduling to maximize
the minimum load with nonsimultaneous machine available times, Oper. Res. Lett.
22 (1998), 75-81.

Leah Epstein and Jifi Sgall, A lower bound for on-line scheduling on uniformly
related machines, Oper. Res. Lett. 26 (2000), 17-22.

Leah Epstein, Optimal preemptive on-line scheduling on uniform processors with
non-decreasing speed ratios, Oper. Res. Lett. 29 (2001), 93-98.



