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Abstract

We study strict relations of basic properties of semistar operations and
localizing systems.

1. Introduction

This is a continuation of [2] and [3]. Let D be an integral domain with
quotient field K, and let F(D) be the set of non-zero D-submodules of K. A

mapping F(D) S F(D), h+ h* is called a semistar operation if for
every x € K\{0} and h, hy € F(D), (xh)* = xh*; h < h*; (h*)" =h";
and h c by implies h* < h{". The identity mapping from F(D) to F(D) is
a semistar operation on D, called the d-semistar operation, and denoted by
dp. Similarly, we may define the e-semistar operation ep on D: h®D = K
for every h e F(D). The set of semistar operations on D is denoted by
SStar(D).
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Let F be a non-empty set of ideals of D with F 3 (0) which satisfies
the following two conditions for every ideals I, I; of D: If | € F and
l <y, then e F; If | e F and |y :p ID € F for every i e |, then
1 € F. Then F is called a localizing system of D. The set of localizing
systems of D is denoted by LS(D). Let F be a localizing system of D. Then
the mapping h — h () = U{(h:x 1)|1 e F} is a semistar operation on D.
A localizing system F is called finite type if, for every | € F, F contains

a finitely generated ideal 1; of D suchthat Iy < I. Weset ¢ = {I|l isan

ideal of D which contains a finitely generated ideal 1; € F of D}. We refer
to Fontana and Huckaba [1] for semistar operations and localizing systems.
Thus, let f(D) be the set of elements of F(D) which is finitely generated

over D. Let x be a semistar operation on D. Then F(x)={l|Il is a non-
zero ideal of D with 1™ 31} is a localizing system of D. The semistar
operation h > U{f*|f e f(D) with f c h} is denoted by x¢. If
* = %, then «x is called finite type. We define the semistar operation x,
onD by f*a = U{((ff)* :x f{")| f; € f(D)} forevery f; e f(D) and by
h*a = Y{f*a|f e f(D) with f < h} forevery h e F(D). We define the
semistar operation [x] on D by £l = UI((f* i ) F) T fp e f(D)} for
every f e f(D) and by hI*l:= U{f*]| f ¢ £(D) with f < h} for every
h e F(D).

Let D be a domain with quotient field K, and let T be any extension
domain with quotient field L. We use the letter h (resp., f) to denote an

element of F(D) (resp., f(D)), use H (resp., F) to denote an element of
F(T) (resp., f(T)), and use x (resp., y) to denote an element of K (resp., of L).

We use the letter | (resp., J) to denote a non-zero ideal of D (resp., a non-zero
ideal of T).
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Let x be a semistar operation on T. For every h € F(D), set o) =

(hT)* N K. Then &(x) is a semistar operation on D, called the descent of «
to D.

Let F be a localizing system of D. Set o(F) = {J|J is an ideal of T
with J o | for some | € F}. a(F) is a localizing system of T, called the

ascentof F toT.

For every localizing system F of T, set 5(F) = {lI |l is an ideal of D
with IT e F}. 8(F) is called the descent of F to D.

Let » be a semistar operation on D. Let {x; |L € A} be the set of

semistar operations " on T such that 8(x') > . Then the mapping F(T)

— F(T), H = N; H™ is a semistar operation on T, denoted by o(x),
and called the ascent of «.

In this paper, we pursue studying strict relations of basic properties of
ascents and descents of semistar operations and localizing systems.

2. Preliminary Results

Each assertion of the following Proposition 1 holds always. For instance,
in (1) of Proposition 1, for every domain D, for every extension domain T of
D, for every localizing system F of T, we have a(3(F)) < F.

Proposition 1 (cf., [3, Sections 3, 4 and 5]). We have the following
properties:

1) a3(F)) = F.
@) 8(a(F)) = F.
(3) 8(au(x)) = *.

(4) a(d(x)) < *.
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(5) 8(a(d(x))) = 8(x).
(6) a(Sa(x)) = a(x).
(7) 8(ad(F)) = 8(F).
(8) a8a(F)) = o F).
(9) 8(x)¢ = 08(x¢).
(10) *(8(F)) < 8(x(F)).
(11) F(8(x)) = 8(F (x)).
(12) F(alx)) 2 aF (%))
(13) *(a(F)) = a(x(F)).
(14) a(F); 2 a(Fy).
(15) 8(F)¢ = &(F¢).
(16) ax); > alxp).
(17) 8(F); = 8(F+).
(18) 8(x), < 8(xa).
(19) [8(x)] < 8([x]).
(20) 8(F(a(x))) = F(x).
(21) 3(x(au(F))) = *(F).
(22) F(8(x(F))) = 8(F).
(23) F(*) 2 o F(8(x)))-

(24) a(*(3(F))) < *(F).
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(25) 8(a(*)f) = *+.
(26) 8(a(F)¢) 2 Fs.
@27) a(d(x)f) < *f.
(28) a(8(F)s) < Fi-
(29) a(8(x)y) < *a-
(30) a([8(x)]) <[]
(31) 3([a(x)]) = [x]
(32) a([*]) < [a(x))-
(33) x4 < 8(a(),)-
(34) a(xa) < alx),.

Let n be a positive integer. In the following Remark 2, the assertion (n")

corresponds to Proposition 1 (n).

Remark 2 (cf., [3, Remark 3.4, Examples 4.4, 4.5,5.2, 5.4, 5.7, 5.11 and
5.14)).

(1') There is an example such that o(3(F)) & F.

(2') There is an example such that 8(a(F)) 2 F.

(3') There is an example such that 3(au(x)) = *.

(4") There is an example such that a(8(x)) S *.

(10") There is an example such that *(8(F)) S 8(x(F)).

(12') There is an example such that F(a(x)) 2 o(F(x)).
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(20") There is an example such that 8(F (o)) 2 F(x).
(21’) There is an example such that 8(x(a.(F))) = *(F).
(23') There is an example such that F(x) 2 a(F(3(x))).
(26") There is an example such that 3(a(F)¢) 2 F¢.
(28") There is an example such that a(8(F)¢) & F¢.

3. Remarks

In this section, we give examples as in Remark 2 for each of (14), (16),
(24), (25), (27), (29), (30), (31), (32), (33) and (34) of Proposition 1. We give
propositions for each of (13), (18) and (19) of Proposition 1.

Remark 3. There is an example such that o(F); 2 o(F ¢ ).

Example. We have a(F); o o(F ¢) by Proposition 1 (14). We have
a(F)s ={J|thereare | ¢ F, and F e f(T) suchthat | ¢ F < J}, and
aF ¢)=1{J | there is a finitely generated ideal | € F of D such that
I < J}.

Let D =V be a valuation domain whose value group is the set R of the
real numbers, and let M be its maximal ideal. Then F ={D, M} is a

localizing system of D. Let X be an indeterminate, and let T be the extension

domain of D generated by the subset {Yp X|pe M} of K(X). Since
XT o M, we have XT € oF);. Since % ¢ T, wehave XT ¢ a(Fy).

Remark 4. There is an example such that x(F) = o(*(8(F))).

Example. We have x(F) > a(x(8(F))) by Proposition 1 (24). Let
D=K, T=K[X], and let F ={J|J is a non-zero ideal of T}. Then
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5(F) = (K}, *(3(F)) = dp, and a(x(3(F))) = dy. We have % g TOT
but % e T*%) Hence *(F) = a(x5(F)).
Remark 5. There is an example such that *¢ = a/(8(x)s ).

Example. We have % > a(3(x);) by Proposition 1 (27). Let D = K,
T = K[X], and let x = er. Then ¢ =er, and a(8(x); ) = a(dp) = dr.

Remark 6. There is an example such that %, = a/(8(%),).

Example. We have %, > a(8(*),) by Proposition 1 (29). Let D = K,
T = K[X?, X3, x4, ..], and let x = dr. Since D is a field, we have 5(x) =
5(x), = dp. Hence a(8(x),) = a(dp) = dy, and X ¢ T*®a) Z 1. Let
F = K[X]e f(T). Since XF c F, we have X eT”a. Hence T"2 2
1 48(x)a)

Remark 7. There is an example such that [x] = a([8(%)]).

Example. We have [x] > a([5(x)]) by Proposition 1 (30). Let D = K,
T =K[X2, X3, x4 ..], and let « = dy. We have () =dp, [8(x)]=
dp, and a([8(x)]) = d. Hence T — 1, hence X g TH@D, gt
F, = K[X]. Then XF, < F. Hence X e T*], hence T8 ¢ 7]

Remark 8. There is an example such that a.(x), = a(x,).

Example. We have o(x), > a(x,) by Proposition 1 (34). Let D = K,
T = K[XZ, X3, x4, ...], and let x = dp. Since D is a field, we have x, =
dp, a(x)=dr, and a(xg)=d7. Hence X ¢ T*(a). Let F = K[X].

Since XE < F, we have X e T%*a,
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Remark 9. There is an example such that [a(x)] = a([*]).

Example. We have [a(*)] > a([x]) by Proposition 1 (32). Let D = K,
T =K[X?, X3, x4 ..] and let « = dp. Then [x] = dp, a(x)=dy, and
a([x]) = dr, hence T*0*) =T 2 x. Let F =K[X]. Then XF c Fy,
hence X e TL()],

Remark 10. There is an example such that 3(a(x),) = *4.

Example. We have 8(a(x),) > 5 by Proposition 1 (33). Let D be a
valuation domain with D G K, let T = K, and let x = dp. Then %, = dp,
and let o(x) = a(x), = dr. We have p¥(@()a) _ pd(dr) _ K and D*a
= D.

Remark 11. There is an example such that 8([a(x)]) = [*].

Example. We have §([a(x)]) > [*] by Proposition 1 (31). Let D be a

valuation domain with D & K, T =K, and = dp. Then [x] = dp, and
a(*) = [a(*)] = dt. Then we have p*! = D, and D) = k.
Remark 12. There is an example such that 3(ou(x)¢ ) = *¢.
Example. We have 8(a(x)¢) > ¢ by Proposition 1 (25). Let D & K,
T =K, and let x = dp. Then x¢ =dp, a(x) = dy, and a(*); = dy. We

have D*f = D, and pdet)) _

K.
Set F(D) = {h € F(D)|we have ah ¢ D for some a € D\{0}}.
Remark 13. There is an example such that au(x); = a(*¢).
Example. Let k be a field, let D =k[Xq, X5, X3,...], and let T =
k[X1, Xl‘l, Xs, Xz‘l, ...]. Forevery g € F(D), set g* = g, and for every

h e F(D)\F(D), set h* = K. Then x is a semistar operation on D. We
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have T*' =T. Since T € F(D)\F(D), we have T* = K. On the other

(X(*)f * f

hand, T STF =K, and T o7 o7
Proposition 14. We have %(a/(F)) = a(*(F)).

Proof. Let x; be a semistar operation on T such that 8(x; ) > x(F).

(i) Let 1 e F. We have 150%) 5 1*F) Since 1 1*F), we have

1e 135%) Hence 1 (IT)*.

(i) Let ye H*®F) There is | e F such that yl < H. Then
yIT ¢ H and y(IT)"™* < H**. By (i), it follows that y € H**. Hence
H*F)  H*% | and hence x(au(F)) < *,. It follows that *(a(F)) <
a(*(F))-

A subring T of Kwith D < T s called an overring of D.

Proposition 15. Let T be an overring of D. Then 8(%4) = 8(%),.

Proof. We have 8(*4) > 8(x), by Proposition 1 (18). Let x f8(xa)
for f e f(D). Then there is F; e f(T) such that xF < (fF)*. There is
f, e f(D) suchthat F, = f;T. Then xf, < (ff;T)*, hence x e f°™*)a,

Proposition 16. Let T be an overring of D. Then §([x]) = [8(*)].

Proof. We have &([x]) > [8(x)] by Proposition 1 (19). Let x € £ 8(0+D) for
f € f(D). Thereare F € f(T) and yj, ..., Y, € L such that y;F < F* for
everyiand x e (y;fT, ..., y,fT)*. Thereis f; € f(D) suchthat f;T = F.
Then y; ;T < (],T)*, and x e (y,fT, ..., v, fT)*, hence x e f3(*)]

Note. All remarks and propositions in this paper hold for grading
monoids (or, g-monoids).
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