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Abstract 

We study strict relations of basic properties of semistar operations and 
localizing systems. 

1. Introduction 

This is a continuation of [2] and [3]. Let D be an integral domain with 
quotient field K, and let ( )DF  be the set of non-zero D-submodules of K. A 

mapping ( ) ( ),DFDF →  hh  is called a semistar operation if for 

every { }0\Kx ∈  and h, ( ),1 DFh ∈  ( ) ;xhxh =  ;hh ⊆  ( ) ;hh =  

and 1hh ⊆  implies .1hh ⊆  The identity mapping from ( )DF  to ( )DF  is 

a semistar operation on D, called the d-semistar operation, and denoted by 

.Dd  Similarly, we may define the e-semistar operation De  on D: Kh De =:  

for every ( ).DFh ∈  The set of semistar operations on D is denoted by 

( ).SStar D  
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Let F  be a non-empty set of ideals of D with ( )0/F  which satisfies 

the following two conditions for every ideals 1, II  of D: If F∈I  and 

,1II ⊆  then ;1 F∈I  If F∈I  and F∈iDI D:1  for every ,Ii ∈  then 

.1 F∈I  Then F  is called a localizing system of D. The set of localizing 

systems of D is denoted by LS(D). Let F  be a localizing system of D. Then 

the mapping ( ) ( ){ }FF� ∈|= IIhhh K:∪6  is a semistar operation on D. 

A localizing system F  is called finite type if, for every ,F∈I  F  contains 

a finitely generated ideal 1I  of D such that .1 II ⊆  We set { IIf |=:F  is an 

ideal of D which contains a finitely generated ideal F∈1I  of }.D  We refer 

to Fontana and Huckaba [1] for semistar operations and localizing systems. 
Thus, let ( )Df  be the set of elements of ( )DF  which is finitely generated 

over D. Let �  be a semistar operation on D. Then ( ) { II |=�F  is a non-

zero ideal of D with }1�I  is a localizing system of D. The semistar 

operation { ( )Dfffh ∈|�∪6  with }hf ⊆  is denoted by .f�  If 

,f�� =  then �  is called finite type. We define the semistar operation a�  

on D by {(( ) ) ( )}Dffffff Ka ∈|= 111 :: ��� ∪  for every ( )Dff ∈1  and by 

{ ( )Dfffh aa ∈|= �� ∪:  with }hf ⊆  for every ( ).DFh ∈  We define the 

semistar operation [ ]�  on D by [ ] {(( ) ) ( )}Dffffff fK ∈|= 111 :: ���� ∪  for 

every ( )Dff ∈  and by [ ] { [ ] ( )Dfffh ∈|= �� ∪:  with }hf ⊆  for every 

( ).DFh ∈  

Let D be a domain with quotient field K, and let T be any extension 
domain with quotient field L. We use the letter h (resp., f ) to denote an 
element of ( )DF  (resp., f(D)), use H (resp., F) to denote an element of 

( )TF  (resp., f(T)), and use x (resp., y) to denote an element of K (resp., of L). 

We use the letter I (resp., J) to denote a non-zero ideal of D (resp., a non-zero 
ideal of T). 
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Let �  be a semistar operation on T. For every ( ),DFh ∈  set ( ) =δ :�h  

( ) .KhT ∩�  Then ( )�δ  is a semistar operation on D, called the descent of �  

to D. 

Let F  be a localizing system of D. Set ( ) { JJ |=α :F  is an ideal of T 

with IJ ⊇  for some }.F∈I  ( )Fα  is a localizing system of T, called the 

ascent of F  to T. 

For every localizing system F  of T, set ( ) { II |=δ F  is an ideal of D 

with }.F∈IT  ( )Fδ  is called the descent of F  to D. 

Let �  be a semistar operation on D. Let { }Λ∈λ|λ�  be the set of 

semistar operations �′  on T such that ( ) .�� ≥′δ  Then the mapping ( )TF  

( ),TF→  λ
λ

�HH ∩6  is a semistar operation on T, denoted by ( ),�α  

and called the ascent of .�  

In this paper, we pursue studying strict relations of basic properties of 
ascents and descents of semistar operations and localizing systems. 

2. Preliminary Results 

Each assertion of the following Proposition 1 holds always. For instance, 
in (1) of Proposition 1, for every domain D, for every extension domain T of 
D, for every localizing system F  of T, we have ( )( ) .FF ⊆δα  

Proposition 1 (cf., [3, Sections 3, 4 and 5]). We have the following 
properties: 

(1) ( )( ) .FF ⊆δα  

(2) ( )( ) .FF ⊇αδ  

(3) ( )( ) .�� ≥αδ  

(4) ( )( ) .�� ≤δα  
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(5) ( )( )( ) ( ).�� δ=δαδ  

(6) ( )( ) ( ).�� α=δαα  

(7) ( )( ) ( ).FF δ=αδδ  

(8) ( )( ) ( ).FF α=δαα  

(9) ( ) ( ).ff �� δ=δ  

(10) ( )( ) ( )( ).F�F� δ≤δ  

(11) ( )( ) ( )( ).�F�F δ=δ  

(12) ( )( ) ( )( ).�F�F α⊇α  

(13) ( )( ) ( )( ).F�F� α≥α  

(14) ( ) ( ).ff FF α⊇α  

(15) ( ) ( ).ff FF δ=δ  

(16) ( ) ( ).ff �� α≥α  

(17) ( ) ( ).ff FF δ=δ  

(18) ( ) ( ).aa �� δ≤δ  

(19) ( )[ ] [ ]( ).�� δ≤δ  

(20) ( )( )( ) ( ).�F�F ⊇αδ  

(21) ( )( )( ) ( ).F�F� ≥αδ  

(22) ( )( )( ) ( ).FF�F δ=δ  

(23) ( ) ( )( )( ).�F�F δα⊇  

(24) ( )( )( ) ( ).F�F� ≤δα  
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(25) ( ( ) ) .ff �� ≥αδ  

(26) ( ( ) ) .ff FF ⊇αδ  

(27) ( ( ) ) .ff �� ≤δα  

(28) ( ( ) ) .ff FF ⊆δα  

(29) ( ( ) ) .aa �� ≤δα  

(30) ( )[ ]( ) [ ].�� ≤δα  

(31) ( )[ ]( ) [ ].�� ≥αδ  

(32) [ ]( ) ( )[ ].�� α≤α  

(33) ( ( ) ).aa �� αδ≤  

(34) ( ) ( ) .aa �� α≤α  

Let n be a positive integer. In the following Remark 2, the assertion ( )n′  

corresponds to Proposition 1 ( ).n  

Remark 2 (cf., [3, Remark 3.4, Examples 4.4, 4.5, 5.2, 5.4, 5.7, 5.11 and 
5.14]). 

(1′) There is an example such that ( )( ) .FFδα  

(2′) There is an example such that ( )( ) .FFαδ  

(3′) There is an example such that ( )( ) .��αδ  

(4′) There is an example such that ( )( ) .��δα  

(10′) There is an example such that ( )( ) ( )( ).F�F� δδ  

(12′) There is an example such that ( )( ) ( )( ).�F�F αα  
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(20′) There is an example such that ( )( )( ) ( ).�F�F αδ  

(21′) There is an example such that ( )( )( ) ( ).F�F� αδ  

(23′) There is an example such that ( ) ( )( )( ).�F�F δα  

(26′) There is an example such that ( ( ) ) .ff FFαδ  

(28′) There is an example such that ( ( ) ) .ff FFδα  

3. Remarks 

In this section, we give examples as in Remark 2 for each of (14), (16), 
(24), (25), (27), (29), (30), (31), (32), (33) and (34) of Proposition 1. We give 
propositions for each of (13), (18) and (19) of Proposition 1. 

Remark 3. There is an example such that ( ) ( ).ff FF αα  

Example. We have ( ) ( )ff FF α⊇α  by Proposition 1 (14). We have 

( ) { |=α JfF there are ,F∈I  and ( )TfF ∈  such that },JFI ⊆⊆  and 

( ) { |=α JfF there is a finitely generated ideal F∈I  of D such that 

}.JI ⊆  

Let VD =  be a valuation domain whose value group is the set R of the 
real numbers, and let M be its maximal ideal. Then { }MD,=F  is a 

localizing system of D. Let X be an indeterminate, and let T be the extension 

domain of D generated by the subset 
⎭⎬
⎫

⎩⎨
⎧ ∈| MpX

X
p ,  of ( ).XK  Since 

,MXT ⊇  we have ( ) .fXT Fα∈  Since ,1 T
X

∉  we have ( ).fXT Fα∉  

Remark 4. There is an example such that ( ) ( )( )( ).F�F� δα  

Example. We have ( ) ( )( )( )F�F� δα≥  by Proposition 1 (24). Let 

,KD =  [ ],XKT =  and let { JJ |=F  is a non-zero ideal of }.T  Then 
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( ) { },K=δ F  ( )( ) ,Dd=δ F�  and ( )( )( ) .Td=δα F�  We have ,1 TdT
X

∉  

but ( ).1 F�T
X

∈  Hence ( ) ( )( ).F�F� δα  

Remark 5. There is an example such that ( ( ) ).ff �� δα  

Example. We have ( ( ) )ff �� δα≥  by Proposition 1 (27). Let ,KD =  

[ ],XKT =  and let .Te=�  Then ,Tf e=�  and ( ( ) ) ( ) .TDf dd =α=δα �  

Remark 6. There is an example such that ( ( ) ).aa �� δα  

Example. We have ( ( ) )aa �� δα≥  by Proposition 1 (29). Let ,KD =  

[ ],...,,, 432 XXXKT =  and let .Td=�  Since D is a field, we have ( ) =δ �  

( ) .Da d=δ �  Hence ( ( ) ) ( ) ,TDa dd =α=δα �  and ( ( ) ) .TTX a =∉ δα �  Let 

[ ] ( ).TfXKF ∈=  Since ,FXF ⊆  we have .aTX �∈  Hence aT �  

( ( ) ).aT �δα  

Remark 7. There is an example such that [ ] ( )[ ]( ).�� δα  

Example. We have [ ] ( )[ ]( )�� δα≥  by Proposition 1 (30). Let ,KD =  

[ ],...,,, 432 XXXKT =  and let .Td=�  We have ( ) ,Dd=δ �  ( )[ ] =δ �  

,Dd  and ( ( )[ ]) .Td=δα �  Hence ( )[ ]( ) ,TT =δα �  hence ( )[ ]( ).�αα∉ TX  Let 

[ ].1 XKF =  Then .11 FXF ⊆  Hence [ ],�TX ∈  hence ( )[ ] [ ].�� TT δα  

Remark 8. There is an example such that ( ) ( ).aa �� αα  

Example. We have ( ) ( )aa �� α≥α  by Proposition 1 (34). Let ,KD =  

[ ],...,,, 432 XXXKT =  and let .Dd=�  Since D is a field, we have =a�  

,Dd  ( ) ,Td=α �  and ( ) .Ta d=α �  Hence ( ).aTX �α∉  Let [ ].XKF =  

Since ,FXF ⊆  we have ( ) .aTX �α∈  
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Remark 9. There is an example such that ( )[ ] [ ]( ).�� αα  

Example. We have ( )[ ] [ ]( )�� α≥α  by Proposition 1 (32). Let ,KD =  

[ ],...,,, 432 XXXKT =  and let .Dd=�  Then [ ] ,Dd=�  ( ) ,Td=α �  and 

[ ]( ) ,Td=α �  hence [ ]( ) .XTT /=α �  Let [ ].1 XKF =  Then ,11 FXF ⊆  

hence ( )[ ].�α∈ TX  

Remark 10. There is an example such that ( ( ) ) .aa ��αδ  

Example. We have ( ( ) ) aa �� ≥αδ  by Proposition 1 (33). Let D be a 

valuation domain with ,KD  let ,KT =  and let .Dd=�  Then ,Da d=�  

and let ( ) ( ) .Ta d=α=α ��  We have ( ( ) ) ( ) ,KDD Ta d == δαδ �  and aD�  

.D=  

Remark 11. There is an example such that ( )[ ]( ) [ ].��αδ  

Example. We have ( )[ ]( ) [ ]�� ≥αδ  by Proposition 1 (31). Let D be a 

valuation domain with ,KD  ,KT =  and .Dd=�  Then [ ] ,Dd=�  and 

( ) ( )[ ] .Td=α=α ��  Then we have [ ] ,DD =�  and ( )[ ]( ) .KD =αδ �  

Remark 12. There is an example such that ( ( ) ) .ff ��αδ  

Example. We have ( ( ) ) ff �� ≥αδ  by Proposition 1 (25). Let ,KD  

,KT =  and let .Dd=�  Then ( ) ,, TDf dd =α= ��  and ( ) .Tf d=α �  We 

have ,DD f =
�  and 

( ( ) )
.KD f =

αδ �
 

Set ( ) { ( ) |DFhDF ∈= we have Dah ⊆  for some { }}.0\Da ∈  

Remark 13. There is an example such that ( ) ( ).ff �� αα  

Example. Let k be a field, let [ ],...,,, 321 XXXkD =  and let =T  

[ ]....,,,, 1
22

1
11

−− XXXXk  For every ( ),DFg ∈  set ,gg =�  and for every 

( ) ( ),\ DFDFh ∈  set .Kh =�  Then �  is a semistar operation on D. We 
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have .TT f =
�  Since ( ) ( ),\ DFDFT ∈  we have .KT =�  On the other 

hand, 
( )

,KTT f ==
α ��

 and ( ) .TTT ff ==
α ��  

Proposition 14. We have ( )( ) ( )( ).F�F� α=α  

Proof. Let λ�  be a semistar operation on T such that ( ) ( ).F�� ≥δ λ  

 (i) Let .F∈I  We have ( ) ( ).F�� II ⊇λδ  Since ( ),1 F�I∈  we have 
( ).1 λδ∈ �I  Hence ( ) .1 λ∈ �IT  

(ii) Let ( )( ).F� α∈ Hy  There is F∈I  such that .HyI ⊆  Then 

HyIT ⊆  and ( ) .λλ ⊆ �� HITy  By (i), it follows that .λ∈ �Hy  Hence 

( )( ) ,λ⊆α �F� HH  and hence ( )( ) .λ≤α �F�  It follows that ( )( ) ≤α F�  

( )( ).F�α  

A subring T of K with TD ⊆  is called an overring of D. 

Proposition 15. Let T be an overring of D. Then ( ) ( ) .aa �� δ=δ  

Proof. We have ( ) ( )aa �� δ≥δ  by Proposition 1 (18). Let ( )afx �δ∈  

for ( ).Dff ∈  Then there is ( )TfF ∈1  such that ( ) .11
�fFxF ⊆  There is 

( )Dff ∈1  such that .11 TfF =  Then ( ) ,11
�Tffxf ⊆  hence ( ) .afx �δ∈  

Proposition 16. Let T be an overring of D. Then [ ]( ) ( )[ ].�� δ=δ  

Proof. We have [ ]( ) ( )[ ]�� δ≥δ  by Proposition 1 (19). Let [ ]( )�δ∈ fx  for 

( ).Dff ∈  There are ( )TfF ∈1  and Lyy n ∈...,,1  such that �
11 FFyi ⊆  for 

every i and ( ) ....,,1
�fTyfTyx n∈  There is ( )Dff ∈1  such that .11 FTf =  

Then ( ) ,11
�TfTfyi ⊆  and ( ) ,...,,1

�fTyfTyx n∈  hence ( )[ ].�δ∈ fx  

Note. All remarks and propositions in this paper hold for grading 
monoids (or, g-monoids). 
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