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Abstract 

Let G be a graph with a set of vertices ( )GV  and a set of edges 

( ).GE  Then the distance from vertex u to vertex v in G, denoted by 

( ) ,, vud  is the length of the shortest path from vertex u to v. The 

eccentricity of vertex u in a graph G is the maximum distance from 
vertex u to any other vertices in G, denoted by ( ).ue  Vertex v is an 

eccentric vertex from u if ( ) ( )., uevud =  The eccentric digraph 

( )GED  of a graph G is a graph that has the same set of vertices as G, 

and there is an arc (directed edge) joining vertex u to v if v is an 
eccentric vertex from u. In this paper, we determine the eccentric 

digraph of a class of graphs called the friendship graph n
kF  and 

firecracker graph ., knF  
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1. Introduction 

Most of the notation and terminologies follow that of Chartrand and 
Oellermann [2]. Let G be a graph with a set of vertices ( )GV  and a set of 

edges ( ).GE  Then the distance from vertex u to vertex v in G, denoted by 

( ),, vud  is a length of the shortest path from vertex u to v. If there is not a 

path joining vertex u and vertex v, then ( ) ., ∞=vud  The eccentricity of 

vertex u in a graph G is the maximum distance from vertex u to any other 
vertices in G, denoted by ( ),ue  and so ( ) ( ) ( ){ }.,max GVvvudue ∈|=  

Radius of a graph G, denoted by ( ),Grad  is the minimum eccentricity of 

every vertex in G. The diameter of a graph G, denoted by ( ),Gdiam  is the 

maximum eccentricity of every vertex in G. If ( ) ( ),Gradue =  then vertex u 

is called central vertex. Center of a graph G, denoted by ( ),Gcen  is an 

induced subgraph formed from central vertices of G. Vertex v is an eccentric 
vertex from u if ( ) ( )., uevud =  The eccentric digraph ED(G) of a graph G is 

a graph that has the same set of vertices as G, ( )( ) ( ),GVGEDV =  and there 

is an arc (directed edge) joining vertex u to v if v is an eccentric vertex from 
u. An arc of a digraph D joining vertex u to v and vertex v to u is called a 
symmetric arc. 

One of the topics in graph theory is to determine the eccentric digraph of 
a graph. The eccentric digraph of a graph was initially introduced by Fred 
Buckley (Boland and Miller [1]). Some authors have investigated the 
problem of finding the eccentric digraph. For example, Gimbert et al. [5] 
found the characterization of the eccentric digraphs, while Boland and Miller 
[1] determined the eccentric digraph of a digraph. Boland and Miller [1] also 
proposed an open problem to find the eccentric digraph of various classes of 
graphs. 

Some results related to this open problem can be found in Wang and Sun 
[8] and Kusmayadi and Rivai [6, 7]. In this paper, we tackle the open 
problem proposed by Boland and Miller [1]. In particular, we determine the 
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eccentric digraph of a graph called friendship graph n
kF  and firecracker 

graph ., knF  

2. Breadth First Search (BFS) - Moore Algorithm 

The following is breadth first search (BFS) - Moore algorithm to 
determine the eccentric digraph of a graph. The first step is to determine the 
distance from vertex u to every vertex v in the graph, denoted by ( ),, vud  

using breadth first search (BFS) - Moore algorithm taken from Chartrand and 
Oellermann [2] as follows: 

(1) Take any vertex, say u, and label 0 stating the distance from u to 
itself, and other vertices are labeled ∞. 

(2) All vertices having label ∞ which are adjacent to u are labeled by 1. 

(3) All vertices having label ∞ which are adjacent to 1 are labeled by 2 
and so on until the required vertex, say v, is already labeled. 

The second step is to find vertex eccentricity u by choosing the 
maximum distance from the vertex u, and so it results in eccentric vertex v 
from u if ( ) ( )., uevud =  The final step is to join an arc from vertex u to its 

eccentric vertex, so it gives an eccentric digraph from the given graph. 

3. The Eccentric Digraph of a Friendship Graph 

According to Gallian [4], a friendship graph n
kF  can be defined as a 

graph having a common vertex of n-cycle of length k. We assume that the 

friendship graph has vertex set ( ) { ,,...,,,, 1,21,12,11,1 vvvvuFV k
n

k −=  

}....,,,...,,...,, 1,2,1,1,22,2 −− knnnk vvvvv  The friendship graph n
kF  can be 

described as in Figure 1. 
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Figure 1. The friendship graph .n
kF  

Lemma 3.1. Let n
kF  be a friendship graph for k even. Then the eccentric 

vertex u is 
2, ki

v  for [ ],,1 ni ∈  and the eccentric vertex of vertex jiv ,  is 
2, ks

v  

for [ ] [ ] .,1,1,,1, sikjnsi ≠−∈∈  

Proof. By using BFS - Moore algorithm, the eccentricity of vertex u is 

,2
k  so the eccentric vertex of u is 

2, ki
v  for [ ].,1 ni ∈  Also, the eccentricity 

of vertex jiv ,  is ,2 jk +  for [ ],,1, nsi ∈  and [ ],1,1 −∈ kj  where ,2
kj ≤  

and .si ≠  So, the eccentric vertex of jiv ,  is .
2, ks

v  In addition, the 

eccentricity of vertex jiv ,  is ,2
3 jk −  for [ ],,1, nsi ∈  and [ ],1,1 −∈ kj  

where ,2
kj >  and .si ≠  So, the eccentric vertex jiv ,  is .

2, ks
v  

Theorem 3.2. Let n
kF  be a friendship graph for k even. Then the 
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eccentric digraph of ,n
kF  ( ),n

kFED  is a digraph having vertex set 

( ) { ,...,,....,,,,...,,,, 1,1,22,21,21,12,11,1 nkk
n

k vvvvvvvuFV −−=  

}1,2, ...,, −knn vv  

and the arc set 

( ( )) [ ]
⎭
⎬
⎫

⎩
⎨
⎧

=∈|= 2,,1,
kjniuvFEDA ji

n
k  

[ ]
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

≠∈| jinjivv kjki
,,1,

2,2,
∪  

[ ] [ ] .2,,,1,2,,1,,,
⎭
⎬
⎫

⎩
⎨
⎧

=≠∈≠∈| ktisnskjnjivv tsji∪  

Proof. By Lemma 3.1, the arcs from vertex u to vertex 
2, ki

v  for 

[ ],,1 ni ∈  are not symmetric. In addition, the arcs from vertex 
2, ki

v  to vertex 

2, kj
v  for [ ]nji ,1, ∈  and ,ji ≠  are symmetric. Now, the arcs from vertex 

jiv ,  to vertex tsv ,  for [ ] 2,,1, kjnji ≠∈  and [ ] ,2,,,1 ktisns =≠∈  are 

not symmetric. So, the obtained digraph is a digraph having the vertex set 

( )n
kFV  and the arc set ( ( )).n

kFEDA  This completes the proof of the theorem. 

Lemma 3.3. Let n
kF  be a friendship graph for k odd. Then the eccentric 

vertices u are 
2

1, −ki
v  and 

2
1, +ki

v  for [ ],,1 ni ∈  and the eccentric vertices of 

vertex jiv ,  are 
2

1, −ks
v   and 

2
1, +ks

v  for [ ] [ ] .,1,1,,1, sikjnsi ≠−∈∈  

Proof. By using BFS - Moore algorithm, the eccentricity of vertex u is 

,2
1−k  so the eccentric vertices of u are 

2
1, −ki

v  and 
2

1, +ki
v  for [ ].,1 ni ∈  
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Also, the eccentricity of vertex jiv ,  is ,2
1 jk +−  for [ ],,1, nsi ∈  and 

[ ],1,1 −∈ kj  where ,2
1−≤ kj  and .si ≠  So, the eccentric vertices of 

jiv ,  are 
2

1, −ks
v  and .

2
1, +ks

v  In addition, the eccentricity of vertex jiv ,  is 

,2
13 jk −−  for [ ],,1, nsi ∈  and [ ],1,1 −∈ kj  where ,2

1+≥ kj  and .si ≠  

So, the eccentric vertices of jiv ,  are 
2

1, −ks
v  and .

2
1, +ks

v  

Theorem 3.4. Let n
kF  be a friendship graph for k odd. Then the 

eccentric digraph of  ( )n
k

n
k FEDF ,  is a digraph having the vertex set 

( ) ,...,,,...,, 1,
2

3,2
3,1,,3

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

== −+−− kikikiiiki vvvvKVV  

( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

==′ +−
2

1,2
1,,2 , kikiii vvKVV  

and the arc set 

( ( )) { [ ]}niViuFEDA ii
n

k ,1, ∈′∈|α=  

{ [ ] }srnsrVV ssrrsr ≠∈′∈α′∈α|αα ,,1,,,∪  

{ [ ] },,,1,,, jinjiVV jqipqp ≠∈′∈β∈β|ββ∪  

.2
1,2

1,1...,,2
3,2

3...,,1 +−=−+−= kkqkkkp  

Proof. By Lemma 3.3, the arcs from vertex u to vertices 
2

1, −ki
v  and 

2
1, +ki

v  for [ ],,1 ni ∈  are not symmetric. In addition, the arcs from vertex 

2
1, −kr

v  to vertex 
2, ks

v  for [ ]nsr ,1, ∈  and ,sr ≠  are symmetric. Now, the 



The Eccentric Digraph of Friendship Graph … 227 

arcs from vertex piv ,  to vertex qjv ,  for [ ],,1, nji ∈  and ,ji ≠  where 

,2
1,2

1,1...,,2
3,2

3...,,1 +−=−+−= kkqkkkp  are not symmetric. So, 

the obtained digraph is a digraph having the vertex set ( ) { }ii
n

k VVFV ′= ,  and 

the arc set ( ( )).n
kFEDA  This completes the proof of the theorem. 

4. The Eccentric Digraph of a Firecracker Graph 

Chen et al. [3] and Gallian [4] defined a firecracker graph knF ,  as a 

graph obtained by the concatenation of n k-stars by linking one leaf from 
each k-stars. We assume that the firecracker graph has the vertex set ( )knFV ,  

{ }....,,,,...,,,,...,,, 21212,2,11,1 nnkn wwwvvvuuu −=  The firecracker graph 

knF ,  can be described as in Figure 2. 

 

Figure 2. The firecracker graph ., knF  

Lemma 4.1. Let knF ,  be a firecracker graph. Then the eccentric vertex 

of 

( )jiue ,  

⎪
⎪
⎩

⎪⎪
⎨

⎧

−=+⎥⎦
⎥

⎢⎣
⎢+⎥⎦

⎥
⎢⎣
⎢=

−=⎥⎥
⎤

⎢⎢
⎡=

=

−

−

,2...,,2,1,...,,22,12...,,,

,2...,,2,1,2...,,2,1...,,,

2,12,11,1

2,2,1,

kjnnniuuu

kjniuuu

k

knnn
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( )
⎪
⎩

⎪
⎨

⎧

+⎥⎦
⎥

⎢⎣
⎢+⎥⎦

⎥
⎢⎣
⎢=

⎥⎥
⎤

⎢⎢
⎡=

=
−

−

,...,,22,12...,,,

,2...,,2,1...,,,

2,12,11,1

2,2,1,

nnniuuu

niuuu
ve

k

knnn
i  

and 

( )
⎪
⎩

⎪
⎨

⎧

+⎥⎦
⎥

⎢⎣
⎢+⎥⎦

⎥
⎢⎣
⎢=

⎥⎥
⎤

⎢⎢
⎡=

=
−

−

....,,22,12...,,,

,2...,,2,1...,,,

2,12,11,1

2,2,1,

nnniuuu

niuuu
we

k

knnn
i  

Proof. By using BFS - Moore algorithm, the farthest distance from vertex 

jiu ,  is in −+ 4  for ,2...,,2,1,2...,,2,1 −=⎥⎥
⎤

⎢⎢
⎡= kjni  so the eccentric 

vertex of jiu ,  is ....,,, 2,2,1, −knnn uuu  Also, the farthest distance from 

vertex jiu ,  is 3+i  for ,2...,,2,1,...,,22,12 −=+⎥⎦
⎥

⎢⎣
⎢+⎥⎦

⎥
⎢⎣
⎢= kjnnni  so 

the eccentric vertex of jiu ,  is ....,,, 2,12,11,1 −kuuu  In addition, the farthest 

distance from vertex iv  is in −+ 3  for ,2...,,2,1 ⎥⎥
⎤

⎢⎢
⎡= ni  so the eccentric 

vertex of iv  is ....,,, 2,2,1, −knnn uuu  Now, the farthest distance from vertex 

iv  is 2+i  for ,...,,22,12 nnni +⎥⎦
⎥

⎢⎣
⎢+⎥⎦

⎥
⎢⎣
⎢=  so the eccentric vertex of iv  is 

....,,, 2,12,11,1 −kuuu  Again the farthest distance from vertex iw  is 

in −+ 2  for ,2...,,2,1 ⎥⎥
⎤

⎢⎢
⎡= ni  so the eccentric vertex of iw  is ,, 2,1, nn uu  

...., 2, −knu  Also, the farthest distance from vertex iw  is 1+i  for ⎥⎦
⎥

⎢⎣
⎢= 2

ni  

,...,,22,1 nn +⎥⎦
⎥

⎢⎣
⎢+  so the eccentric vertex of iw  is ....,,, 2,12,11,1 −kuuu  

Theorem 4.2. Let knF ,  be a firecracker graph. Then, for n is even, the 

eccentric digraph ( )knFED ,  is a 4-partite digraph 
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2
42,2

42,2,2 +−+−−− knkknkkk
F  

having vertex set 

( )

{ }

{ }

⎪
⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪
⎪

⎨

⎧

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=

=

=

=

++−+

−

−

−

nnnnknn

nnkn

knnn

k

kn

wwvvuuV

wwvvuuV

uuuV

uuuV

FV

...,,,...,,,...,,

,...,,,...,,,...,,

,...,,,

,...,,,

1212
2,1,12

4

2
1

2
12,2

1,23

2,2,1,2

2,12,11,11

,  

and the arc set 

( ( ))knFEDA ,  

⎭
⎬
⎫

⎩
⎨
⎧ −=+−=∈α∈α|αα= 2...,,2,1,2

42...,,2,1,, 14 kjknkiVV jiji  

⎭
⎬
⎫

⎩
⎨
⎧ −=+−=∈α∈α|αα 2...,,2,1,2

42...,,2,1,, 23 ktknksVV tsts∪  

{ }.2...,,2,1,, 21 −==∈β∈β|ββ kjiVV jiji∪  

Proof. By Lemma 4.1, the arcs are from vertex jiu ,  to the vertex 

2,2,1, ...,,, −knnn uuu  for every ,2...,,2,1,2...,,2,1 −== kjni  and to 

the vertex 2,12,11,1 ...,,, −kuuu  for every ,2,1,...,,22,12 =++= jnnni  

.2..., −k  Also, the arcs are from vertex iv  to the vertex ...,,, 2,1, nn uu  

2, −knu  for every ,2...,,2,1 ni =  and to vertex 2,12,11,1 ...,,, −kuuu  for 

every ....,,22,12 nnni ++=  Also, the arcs are from vertex iw  to the vertex 
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2,2,1, ...,,, −knnn uuu  for every ,2...,,2,1 ni =  and to the vertex ,1,1u  

2,12,1 ...,, −kuu  for every ,...,,22,12 nnni ++=  not all of the arcs are 

symmetric. Based on the arc set, the vertex set ( ( ))knFEDV ,  can be 

partitioned into four subsets of vertices { },...,,, 2,12,11,11 −= kuuuV  =2V  

{ },...,,, 2,2,1, −knnn uuu  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
− 2

1
2

12,2
1,23 ...,,,...,,,...,, nnkn wwvvuuV  

and 

....,,,...,,,...,,
1212

2,1,12
4

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
++−+ nnnnknn wwvvuuV  

All arcs from vertices of 3V  are incident to the vertices of ,2V  while all arcs 

from vertices of 4V  are incident to the vertices of .1V  The arcs from 1V  and 

2V  are symmetric arcs. From these partitions, there is no arc from the same 

subsets. Therefore, the digraph can be formed to be 4-partite digraph. It is 
easy to observe that the eccentric digraph of ( )3,2FED  is a digraph ,2,2,1,1F  

( )3,4FED  is a digraph ,5,5,1,1F  ( )4,4FED  is a digraph ,6,6,2,2F  and 

( )5,4FED  is a digraph .7,7,3,3F  Hence, the eccentric digraph of ( )knFED ,  

is a 4-partite 
2

42,4
42,2,2 +−+−−− knkknkkk

F  digraph, for n even. 

Theorem 4.3. Let knF ,  be a firecracker graph. Then, for n is odd, the 

eccentric digraph ( )knFED ,  is a 5-partite digraph 

2
43,2

43,,2,2 +−+−−− knkknkkkk
F  

having vertex set 
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( )

{ }

{ }

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎨

⎧

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=

=

=

=

++−++

−−−−

−−−++

−

−

nnnnknn

nnkn

nnknn

knnn

k

kn

wwvvuuV

wwvvuuV

wwvvuuV

uuuV

uuuV

FV

...,,,...,,,...,,

,...,,,...,,,...,,

,...,,,...,,,...,,

,...,,,

,...,,,

2
3

2
32,1,12

35

2
11

2
112,2

11,24

2
11

2
112,2

11,2
13

2,2,1,2

2,12,11,11

,  

and the arc set 

( ( ))knFEDA ,  

⎭
⎬
⎫

⎩
⎨
⎧ −=+−=∈α∈α|αα= 2...,,2,1,2

43...,,2,1,, 15 kjknkiVV jiji  

⎭
⎬
⎫

⎩
⎨
⎧

−=+−=∈α∈α|αα 2...,,2,1,2
43...,,2,1,, 24 ktknksVV tsts∪  

{ }2...,,2,1,, 21 −==∈β∈β|ββ kjiVV jiji∪  

{ }2...,,2,1,...,,2,1,, 13 −==∈γ∈γ|γγ kjkiVV jiji∪  

{ }.2...,,2,1,...,2,1,, 23 −==∈μ∈μ|μμ kjkiVV jiji∪  

Proof. By Lemma 4.1, the arcs are from vertex jiu ,  to the vertex 

2,2,1, ...,,, −knnn uuu  for every ,2...,,2,1,2
1...,,2,1 −=+= kjni  and 

to the vertex 2,12,11,1 ...,,, −kuuu  for every ,...,,12
1,2

1 nnni +++=  
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.2...,,2,1 −= kj  Also, the arcs are from vertex iv  to the vertex ,1,nu  

2,2, ...,, −knn uu  for every ,2
1...,,2,1 += ni  and to vertex ...,,, 2,11,1 uu  

2,1 −ku  for every ....,,12
1,2

1 nnni +++=  Also, the arcs are from vertex 

iw  to the vertex 2,2,1, ...,,, −knnn uuu  for every ,2
1...,,2,1 += ni  and to 

the vertex 2,12,11,1 ...,,, −kuuu  for every ,...,,12
1,2

1 nnni +++=  not all 

of the arcs are symmetric. Based on the arc set, the vertex set ( ( ))knFEDV ,  

can be partitioned into five subsets of vertices { },...,,, 2,12,11,11 −= kuuuV  

{ },...,,, 2,2,1,2 −= knnn uuuV  

,...,,,...,,,...,,
2

11
2

112,2
11,2

13
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −−−++ nnknn wwvvuuV  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= −−−−
2

11
2

112,2
11,24 ...,,,...,,,...,, nnkn wwvvuuV  

and 

....,,,...,,,...,,
2

3
2

32,1,12
35

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

= ++−++ nnnnknn wwvvuuV  

All arcs from vertices of 5V  are incident to the vertices of ,1V  while all arcs 

from vertices of 4V  are incident to the vertices of .2V  All arcs from the 

vertices 3V  are incident to the vertices of 1V  and .2V  The arcs from 1V  and 

2V  are symmetric arcs. From these partitions, there is no arc from the same 

subsets. Therefore, the digraph can be formed to be 5-partite digraph. Based 
on the observation, we obtain the eccentric digraph of ( )3,3FED  is a digraph 

,2,2,3,1,1F  ( )3,5FED  is a digraph ,5,5,3,1,1F  ( )4,3FED  is a digraph 

,2,2,4,2,2F  and ( )5,3FED  is a digraph .2,2,5,3,3F  Hence, the eccentric 
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digraph of ( )knFED ,  is a 5-partite 

2
43,2

43,,2,2 +−+−−− knkknkkkk
F  

digraph, for n odd. 

5. Concluding Remarks 

As mentioned in the previous section, the main goal of this paper is to 
find the eccentric digraph of a given class of graphs. Some authors have 
conducted research on this problem. Most of them have left some open 
problems on their paper for the future research. We suggest the readers to 
investigate the problem proposed by Boland and Miller [1] by considering 
other classes of graphs. 
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