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Abstract

Let G be a graph with a set of vertices V(G) and a set of edges
E(G). Then the distance from vertex u to vertex v in G, denoted by
d(u, v), is the length of the shortest path from vertex u to v. The

eccentricity of vertex u in a graph G is the maximum distance from
vertex u to any other vertices in G, denoted by e(u). Vertex v is an

eccentric vertex from u if d(u, v) = e(u). The eccentric digraph

ED(G) of a graph G is a graph that has the same set of vertices as G,

and there is an arc (directed edge) joining vertex u to v if v is an
eccentric vertex from u. In this paper, we determine the eccentric

digraph of a class of graphs called the friendship graph F' and

firecracker graph Fy .
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1. Introduction

Most of the notation and terminologies follow that of Chartrand and
Oellermann [2]. Let G be a graph with a set of vertices V(G) and a set of

edges E(G). Then the distance from vertex u to vertex v in G, denoted by
d(u, v), is a length of the shortest path from vertex u to v. If there is not a
path joining vertex u and vertex v, then d(u, v) = oo. The eccentricity of
vertex u in a graph G is the maximum distance from vertex u to any other
vertices in G, denoted by e(u), and so e(u) = max{d(u, v)|v e V(G)}.
Radius of a graph G, denoted by rad(G), is the minimum eccentricity of
every vertex in G. The diameter of a graph G, denoted by diam(G), is the
maximum eccentricity of every vertex in G. If e(u) = rad(G), then vertex u
is called central vertex. Center of a graph G, denoted by cen(G), is an
induced subgraph formed from central vertices of G. Vertex v is an eccentric
vertex from u if d(u, v) = e(u). The eccentric digraph ED(G) of a graph G is
a graph that has the same set of vertices as G, V(ED(G)) =V (G), and there

is an arc (directed edge) joining vertex u to v if v is an eccentric vertex from
u. An arc of a digraph D joining vertex u to v and vertex v to u is called a
symmetric arc.

One of the topics in graph theory is to determine the eccentric digraph of
a graph. The eccentric digraph of a graph was initially introduced by Fred
Buckley (Boland and Miller [1]). Some authors have investigated the
problem of finding the eccentric digraph. For example, Gimbert et al. [5]
found the characterization of the eccentric digraphs, while Boland and Miller
[1] determined the eccentric digraph of a digraph. Boland and Miller [1] also
proposed an open problem to find the eccentric digraph of various classes of
graphs.

Some results related to this open problem can be found in Wang and Sun
[8] and Kusmayadi and Rivai [6, 7]. In this paper, we tackle the open
problem proposed by Boland and Miller [1]. In particular, we determine the
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eccentric digraph of a graph called friendship graph F;' and firecracker

graph Fn,k-

2. Breadth First Search (BFS) - Moore Algorithm

The following is breadth first search (BFS) - Moore algorithm to
determine the eccentric digraph of a graph. The first step is to determine the
distance from vertex u to every vertex v in the graph, denoted by d(u, v),

using breadth first search (BFS) - Moore algorithm taken from Chartrand and
Oellermann [2] as follows:

(1) Take any vertex, say u, and label O stating the distance from u to
itself, and other vertices are labeled oc.

(2) All vertices having label co which are adjacent to u are labeled by 1.

(3) All vertices having label o which are adjacent to 1 are labeled by 2
and so on until the required vertex, say v, is already labeled.

The second step is to find vertex eccentricity u by choosing the
maximum distance from the vertex u, and so it results in eccentric vertex v
from u if d(u, v) = e(u). The final step is to join an arc from vertex u to its

eccentric vertex, so it gives an eccentric digraph from the given graph.

3. The Eccentric Digraph of a Friendship Graph

According to Gallian [4], a friendship graph F;' can be defined as a
graph having a common vertex of n-cycle of length k. We assume that the
friendship graph has vertex set V(F')={u, Vi1, V3 2, -y V3 k1, Vo 1,
V2 24 eer V2 k—1s -0 V.10 Vi 25 o Vi k—1/- The friendship graph F¢ can be

described as in Figure 1.
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Figure 1. The friendship graph R

Lemma 3.1. Let R be a friendship graph for k even. Then the eccentric

vertex uis v for i e [1, n], and the eccentric vertex of vertex v; j is v
I, = ’ S, =
"2 "2

fori,se[Ln], je[l, k-1],i#=s.
Proof. By using BFS - Moore algorithm, the eccentricity of vertex u is

%, so the eccentric vertex of uis v for i € [1, n]. Also, the eccentricity
| —_—
2

of vertex v; j is ;+ j, fori,s e[l n], and j e[l k —1], where j < %

and i #s. So, the eccentric vertex of v; j iIs v . In addition, the
, s K
"2

eccentricity of vertex v; j is 3k _ j, for i,se[L, n], and j e[l k —1],

2

where j > g and i = s. So, the eccentric vertex v; j is v .
, s K

"2

Theorem 3.2. Let R be a friendship graph for k even. Then the
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eccentric digraph of R, ED(F"), is a digraph having vertex set
V(Fkn) = {U, Vl,l’ V1’2, veey Vl,k—l' V2,l' szz, veeny V2,k—l’ veny Vn,l'

Vi, 25+ Vn,k—l}

and the arc set

N| =

A(ED(R)) = {Fi,jli elln] j=

|

U{v_ KWVl jelLn] i j}
"2 12

N =~

}.

Proof. By Lemma 3.1, the arcs from vertex u to vertex v | for
1, =
"2

U{viljvs,t“,je[l, n],j;t%,SE[l, ns=it=

i € [1, n], are not symmetric. In addition, the arcs from vertex v | to vertex
I, =

2

v for i, j e[l n] and i = j, are symmetric. Now, the arcs from vertex

e

N| =

Vi, j tovertex vg ¢ for i, je[L n] j ;t% and se[l n],s=i,t =;, are

not symmetric. So, the obtained digraph is a digraph having the vertex set

V(FR") and the arc set A(ED(F)). This completes the proof of the theorem.

Lemma 3.3. Let K" be a friendship graph for k odd. Then the eccentric

verticesu are v ¢ and v_ 4 for i e [1, n], and the eccentric vertices of
"2 "2
vertex vi jarev g and v g fori,sefln] je[lL k-1 i=s.
v 72

Proof. By using BFS - Moore algorithm, the eccentricity of vertex u is

%, so the eccentric vertices of u are v | _; and v 4 for i e[l n].
i,— i, —
©2 T2
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Also, the eccentricity of vertex v; j is %4— j, for i,se[L n], and

jell, k—1], where j< k 2_1, and i = s. So, the eccentric vertices of

Vi, j are v 3 and v 9. In addition, the eccentricity of vertex v ; is
' S, —— S, — ,
"2 "2
k-1 . . . o k+1 .
—j, fori,s e[l n], and je[l k-1], where j> > and i # s.

2

So, the eccentric vertices of v; j are v g and vy .
' S,—— S,——
"2 T2

Theorem 3.4. Let F' be a friendship graph for k odd. Then the

eccentric digraph of F', ED(F) is a digraph having the vertex set

=

Vi ZV(IZK—S,i) = {Vi,l' o Vo k-3, Vi E' veny Vi,k—l}'
2

Vi,ZV(KZi):{ViE,Vi ﬂ}
2 "2

and the arc set
AED(RM) = {ua; i eV, i e [1, n}
U{araglor €V), ag eV, r,seln]r=s)
U{BpBqlBp Vi, Bq €V}, i, jellnli=j},

,k—3 k+3 ,k—l,q—k_l k;rl.

p=1.. 5T = ,

Proof. By Lemma 3.3, the arcs from vertex u to vertices v _, and
b2

V. 41 for i e[l n], are not symmetric. In addition, the arcs from vertex

| —_—

2
k1 tovertex v | for r,s e[l n] and r = s, are symmetric. Now, the
—_ S, =
2 "2

v
r
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arcs from vertex v; , to vertex vj 4 for i, je [1, n], and i = j, where

k-3 k+3 k-1 k+1 .
R k-1,q= 5 are not symmetric. So,

the obtained digraph is a digraph having the vertex set V(F') = {V;, V{} and

p=1 ..

the arc set A(ED(F")). This completes the proof of the theorem.

4. The Eccentric Digraph of a Firecracker Graph

Chen et al. [3] and Gallian [4] defined a firecracker graph F,  as a

graph obtained by the concatenation of n k-stars by linking one leaf from
each k-stars. We assume that the firecracker graph has the vertex set V (F, )

={U11, Up 2, -y Uy k=2, V1, V2, oo Vip, Wi, Wy, ..., W, | The firecracker graph

Fn,k can be described as in Figure 2.

U, U, 5 u,,

Figure 2. The firecracker graph F, .

Lemma 4.1. Let F,  be a firecracker graph. Then the eccentric vertex

of

e(u; )

Un,l, Un‘z, vy Un7k_2 i = 1, 2, vy lrg—‘, j =1, 2, vy k — 2,

ul,l' ul,2' ey ul,k—2 i = L%J +1, {%J + 2, .y N, j = 1, 2, . k — 2,
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. n
Un 1o Up 2y e Up k2 1=12 ., k—l
e(vj) = i 0
ul,l’ U1‘2, ey Ul,k_z |1 = {§J +1, LEJ + 2, ., N,
and
. n
Un,li Un‘z, vy Un,k—2 1=1, 2, ey [5—‘,
ewi) = . In n
ul,l' ul,Z' ey ul,k—2 = LEJ +1, \\EJ +2, .., N

Proof. By using BFS-Moore algorithm, the farthest distance from vertex

Ui, isn+4—i fori=12,.., {%—l i=12, .., k-2, so the eccentric

vertex of Uj j is Up 1, Up 2, .. Up k—2. Also, the farthest distance from

2 2

the eccentric vertex of u; j is Uy 1, Ug 2, ..., Uy k—p. In addition, the farthest

vertex Uj j is i+ 3 for i=LEJ+1, PJ+2, o j=12,.., k-2, so

distance from vertex v; is n+3—1i for i=1 2, ..., E

vertex of v; is Uy 1, Uy 2, ..., Uy k—2. NOw, the farthest distance from vertex

], so the eccentric

vj is i+2 for i= {%J +1, {%J + 2, ..., n, so the eccentric vertex of v; is

Up1, Up 2, ..o Up k2. Again the farthest distance from vertex w; is

n+2-i fori=1, 2,...,P

2], so the eccentric vertex of w; is up 1, Uy 2,

<y Up k—2. Also, the farthest distance from vertex w; is i +1 for i = EJ

+1, L%J + 2, ..., n, so the eccentric vertex of w; is Up 1, Up 25 ooy Up k2

Theorem 4.2. Let F,  be a firecracker graph. Then, for n is even, the

eccentric digraph ED(F, ) is a 4-partite digraph
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F _ _
k-2, k-2, nk §k+4, nk §k+4

having vertex set

Vi =1Up1, Ug 2, o Up k2

Vy = 1{Un,1, U 2, s Up k=2,

V(Fn,k) =
V3 = Up 1, «ens uﬂ ' V], oo VD, W, . Wﬂ ,
2’ 2 2
Vy = {un e Up k=2, Ve Vi Wy e wn}
54’1,1 §+1 §+1
and the arc set
A(ED(F, )
={aiaj|ai eVy ajeVyi=12 ”"sz“‘ i=12 .., k—Z}

U{(XSO(t|(XS EVS, Ot €V2, S :1, 2, ey M, t :1, 2, ey k—Z}

U {BiB;IBi e Vo Bj eVa,i=j=12 ., k-2
Proof. By Lemma 4.1, the arcs are from vertex uj j to the vertex

Un. 1, Up 2, oo Up k=2 for every i=1 2, .., % j=12,..,k-2, and to

. N n
the vertex Uy g, Uy o, .., Uy k-2 for every i=>+1 5
.., K —=2. Also, the arcs are from vertex v; to the vertex up 1, Uy 2,

+1L, -+2,..,n j=12,

. n
Un k2 for every i=12, ., o and to vertex Upq, Uy o, ..., Ug _p for

every i = % +1, %-‘r 2, ..., n. Also, the arcs are from vertex w; to the vertex
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n’ and to the vertex U1,

Un 1, Un 25 - Up -2 for every i=1 2, .., 5

Up 2, -y Up _p for every i= %+1, g+ 2, .., n, not all of the arcs are

symmetric. Based on the arc set, the vertex set V(ED(F, y)) can be
partitioned into four subsets of vertices Vj = {Uj 1, Uy 2, ..., Uy k—2}, Vo =

{Umlaun,21-~:un,k—2k

V3 = {Uz,l, uﬂ s Vi, e vﬂ, W, .. Wﬂ}
2’ 2 2

and

V, =1<u v Un koo, Vi ey Vi Wiy ey W pe
4 {%ﬂ,l n k-2 %+1 n %+1 ”}

All arcs from vertices of V3 are incident to the vertices of V,, while all arcs
from vertices of V, are incident to the vertices of V4. The arcs from V; and
V, are symmetric arcs. From these partitions, there is no arc from the same
subsets. Therefore, the digraph can be formed to be 4-partite digraph. It is
easy to observe that the eccentric digraph of ED(F, 3) is a digraph Fy 1 5 »,
ED(F, 3) is a digraph F 155, ED(F44) is a digraph F, 544, and
ED(F, 5) is a digraph F3 3 7 7. Hence, the eccentric digraph of ED(F, )

is a 4-partite Fk 5 (g Nk=2k+4 nk-2k+4 digraph, for n even.

T T2

Theorem 4.3. Let Fn. k be a firecracker graph. Then, for n is odd, the
eccentric digraph ED(F, i) is a 5-partite digraph

nk—3k+4 nk-3k+4

Fk k-2,k
-2,k-2,k, 5 5

having vertex set



The Eccentric Digraph of Friendship Graph ... 231

Vi = {Up1, Ug 2, oo Ug K2},
Vo =1{Up 1, Up 2, ooy Up k—2},

Vo, =<uU , . U sV, ey V1, Wy, ey Wi
V(Fn,k)z 3 n+ll n+l1 2 1 n-1, W1 nl}

+
[y
[N

2 2 2
and the arc set

A(ED(Fy, k)

={aiaj|ai €Vs, 0 eVy,i=12 ”"sz” i=12 .., k—z}
U{asatms eV, ar eVy,s=1 2, ...,W,tzl, 2, ..., k—Z}

U‘@TBjWi eV, BjeVp,i=j=12., k -2}
Uivirjlvi eVa vy eV i=12 .k j=1,2 .. k-2}

U{HiHjWi € V3, pj €Vy, i=12.k j=12,.,k-2}

Proof. By Lemma 4.1, the arcs are from vertex u; j to the vertex

Un 1, Un 25 oo Up k-2 forevery i=12 .,—=,j=12.,k-2 and
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1=12,.., k-2 Also, the arcs are from vertex v; to the vertex Un 1,

. n+1
Up 25 - Up —2 for every i=12, ., 5 and to vertex Uup 1, 2, ..,

n+1 n+1
—_—, ——+

U ko for every i = 1, ..., n. Also, the arcs are from vertex

2 ' 2
. n+1
w; to the vertex up 1, Uy 2, ..., Uy k_p forevery i=1,2, .., 5 and to
. n+1 n+1
the vertex U 1, Uy 2, ..., Uy o forevery i = 5 T+1’ ..., n, not all

of the arcs are symmetric. Based on the arc set, the vertex set V(ED(F, )

can be partitioned into five subsets of vertices Vj = {uy 1, Uy 2, ..., Uy k-2,

Vo = 1{Un.1, Un, 2, -+ Un k=2}

V3 = {Un__,'_l 1, . Un__|_1 k_2' A Vn_—l' Wy, .y Wn__l},
2 2’ 2 2

2’ Vi ooy Vn_—l' W, oy Wn_—l}
' 2 2

V4 = {Uz’l, veny Un__]_
2
and

very Un,k—Z’ Vg3 o Vs Wnye3s o Wn}.

Vg = {U n+3
2 2

T+l’l,

All arcs from vertices of Vg are incident to the vertices of Vy, while all arcs
from vertices of V, are incident to the vertices of V,. All arcs from the
vertices V3 are incident to the vertices of V; and V,. The arcs from V; and
V, are symmetric arcs. From these partitions, there is no arc from the same
subsets. Therefore, the digraph can be formed to be 5-partite digraph. Based
on the observation, we obtain the eccentric digraph of ED(F373) is a digraph
Fu1322 ED(Fs3) is a digraph F 3355 ED(Fg4) is a digraph
Fy 2422, and ED(F35) is a digraph F3 35, 5. Hence, the eccentric
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digraph of ED(F, ) is a 5-partite

nk—3k+4 nk-3k+4
2 ' 2

F
k-2,k-2,k,

digraph, for n odd.

5. Concluding Remarks

As mentioned in the previous section, the main goal of this paper is to

find the eccentric digraph of a given class of graphs. Some authors have
conducted research on this problem. Most of them have left some open
problems on their paper for the future research. We suggest the readers to
investigate the problem proposed by Boland and Miller [1] by considering
other classes of graphs.
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