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Abstract 

In this paper, some new generalized contractive type and generalized 
quasi-contractive type conditions for a pair of mappings in cone metric 
spaces are defined and certain common fixed point theorems for these 
mappings are established. 

1. Introduction and Preliminaries 

Recently, a fixed point theorem for mappings defined on cone metric 
spaces satisfying cone integral type contractive condition [2] is proved. 
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In this paper, we establish some new generalized contractive type and 
generalized quasi-contractive type conditions for a pair of mappings defined 
on cone metric spaces and prove some new common fixed point theorems for 
these mappings. Our results are the generalizations of results in [1, 2]. 

Let ( )τ,E  be a topological vector space and .EP ⊂  Then, P is called a 

cone whenever 

  (i) P is closed, non-empty and { };0≠P  

 (ii) Pbyax ∈+  for all Pyx ∈,  and non-negative real numbers a, b; 

(iii) ( ) { }.0=−PP ∩  

Given a cone ,EP ⊂  we define a partial ordering ≤  with respect to P 
by 

yx ≤  if and only if .Pxy ∈−  

We write yx <  to indicate that yx ≤  but .yx ≠  

For ,, Pyx ∈  yx  stands for ( ),Pintxy ∈−  where ( )Pint  is the 

interior of P. 

A cone P is called regular if every increasing sequence which is bounded 
from above is convergent. That is, if { }nu  is a sequence such that for some 

,Ez ∈  

,21 zuu ≤≤≤ "  

then there exists a Eu ∈  such that 

.0lim =−
∞→

uun
n

 

Equivalently, a cone P is regular if and only if every decreasing sequence 
which is bounded from below is convergent. 

If E is a normed space, then a cone P is called normal whenever there 
exists a number 1≥K  such that for all ,, Eyx ∈  yx ≤≤0  implies 

.yKx ≤  The least positive number satisfying this norm inequality is 

called the normal constant of P [1]. There are non-normal cones (see [3]). 
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It is well known [1] that every regular cone is normal (see also [3]). 

For a nonempty set X, a mapping EXXd →×:  is called cone metric 
[1] on X if the following conditions are satisfied: 

  (i) ( )yxd ,0 ≤  for all ,, Xyx ∈  and ( ) 0, =yxd  if and only if ;yx =  

 (ii) ( ) ( )xydyxd ,, =  for all ;, Xyx ∈  

(iii) ( ) ( ) ( )yzdzxdyxd ,,, +≤  for all .,, Xzyx ∈  

From now on, we assume that E is a normed space, P is a cone in E with 
( ) ∅≠Pint  and ≤  is a partial ordering with respect to P. And let X be a 

cone metric space with a cone metric d. 

The following definitions are found in [1]. 

Let ,Xx ∈  and let { }nx  be a sequence of points of X. Then 

(1) { }nx  converges to x (denoted by xxnn =∞→lim  or )xxn →  if for 

any ( ),Pintc ∈  there exists an N such that for all ,Nn >  ( ) ., cxxd n  

(2) { }nx  is Cauchy if for any ( ),int Pc ∈  there exists an N such that for 

all ,, Nmn >  ( ) ., cxxd mn  

(3) ( )dX ,  is complete if every Cauchy sequence in X is convergent. 

Note that if P is a normal cone, then { }nx  converges to x if and only if 

( ) .0,lim =∞→ xxd nn  Further, in this case, { }nx  is a Cauchy sequence in X 

if and only if ( ) 0,lim , =∞→ mnmn xxd  (see [1]). 

A function PPf →:  is called <-increasing (resp. ≤-increasing) if, for 

each ,, Pyx ∈  yx <  ( )yx ≤resp.  if and only if ( ) ( )yfxf <  (  resp.  

( ) ( )).yfxf ≤  

Let PPF →:  be a function such that 

(F1) ( ) 0=tF  if and only if ;0=t  

(F2) ( )tF0  for each ;0 t  
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(F3) F is <-increasing; 

(F4) F is continuous. 

We denote by ( )PP,ℑ  the family of functions satisfying (F1)-(F4). 

Example 1.1. (1) Let ( ) ttF =  for each .Pt ∈  Then ( )., PPF ℑ∈  

(2) Let ,, Eba ∈  and let [ ] ( ) [ ]{ }.1,0,1:, ∈−+=∈= tattbxExba  

Suppose that a mapping PP →ϕ :  is non-vanishing cone integrable on 

each [ ] Pba ⊂,  such that for each ( ),Pintc ∈  ( )∫ ∈ϕ
c

P Pintd
0

 (see [2]). 

Let ( ) ∫ ϕ=
t

PdtF
0

.  Then ( )., PPF ℑ∈  

Note that if PP →ϕ :  is subadditive, then F is subadditive (see [2]). 

Let ( )PP,Φ  be the family of ≤-increasing and continuous functions 

( ) { } ( ) { }00: ∪∪ PintPint →φ  satisfying the following conditions: 

(φ1) ( ) 0=φ t  if and only if ;0=t  

(φ2) for each ( ),Pintt ∈  ( ) ;ttφ  

(φ3) either ( ) ( )yxdt ,≤φ  or ( ) ( )tyxd φ≤,  for ( ) { }0∪Pintt ∈  and 

., Xyx ∈  

From now on, let ( ) { }paPpaC ≤∈= :  for ,Xa ∈  and let ∈F  

( )PP,ℑ  and ( )., PPΦ∈φ  

Lemma 1.1. Let E be a topological vector space. Then the following are 
satisfied: 

(1) If, for ,,, Ewvu ∈  vu  and ,wv ≤  then .wu <  

(2) If Eu ∈  such that for any ( ),Pintc ∈  ,0 cu≤  then .0=u  

(3) Let Euvu n ∈,,  such that nn vu ≤  for all .0≥n  
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If uunn =∞→lim  and ,lim vvnn =∞→  then .vu ≤  

(4) If Ecn ∈  and ,0→nc  then for each ( ),Pintc ∈  there exists an N 

such that ccn  for all .Nn >  

Lemma 1.2. Let EP ⊂  be a normal cone. Suppose that { },nu  { }nv  

and { }nw  are sequences of points in E such that nnn vwu ≤≤  for all 

.N∈n  If uunn =∞→lim  and uvnn =∞→lim  for some ,Eu ∈  then 

.lim uwnn =∞→  

Proof. Since ( ) ,Pwvuwuv nnnnnn ∈−=−−−  we have ≤− nn uw  

,nn uv −  and so ,nnnn uvKuw −≤−  where K is the normal constant 

of P. 

Thus we have 

uuuwuw nnnn −+−≤−  

uuuvK nnn −+−≤  

( ) .0→−+−+−≤ uuuuuvK nnn  

Hence .lim uwnn =∞→  ~ 

Lemma 1.3. Let E be a topological vector space and { } ( ).0 Pinta ∪∈  

If ( ) ( )( ),aFaF φ≤  then .0=a  

Lemma 1.4 [1]. Let EP ⊂  be a normal cone. Suppose that { }nx  and 

{ }ny  are sequences of points in X and ., Xyx ∈  

If xxnn =∞→lim  and ,lim yynn =∞→  then ( ) =∞→ nnn yxd ,lim  

( )., yxd  

2. Common Fixed Point Theorems 

We prove a generalized contractive type common fixed point theorem for 
a pair of mappings defined on cone metric space. 
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Theorem 2.1. Let ( )dX ,  be a complete cone metric space with regular 

cone P such that ( )yxd ,0  for Xyx ∈,  with .yx ≠  Suppose that 

mappings XXTS →:,  are satisfying 

 ( )( )( ) ( )( )( ) ∅≠φ yxmFSyTxdFC ,, ∩  (2.1) 

for all ,, Xyx ∈  where 

( ) ( ) ( ) ( ) ( ) ( ){ } .,,2
1,,,,,,,

⎭⎬
⎫

⎩⎨
⎧ += xSydyTxdySydxTxdyxdyxm  

Then S and T have a unique common fixed point in X. Moreover, for each 
,0 Xx ∈  the iterated sequence { }nx  with nn Txx 212 =+  and 1222 ++ = nn Sxx  

is convergent to the common fixed point of S and T. 

Proof. We first prove that any fixed point of T is also a fixed point of S, 
and conversely. 

If ,zTz =  then we have 

( ) ( ) ( ) ( ) ( ) ( ){ }
⎭⎬
⎫

⎩⎨
⎧ += zSzdzTzdzSzdzTzdzzdzzm ,,2

1,,,,,,,  

( ) ( ) .,2
1,,,0

⎭
⎬
⎫

⎩
⎨
⎧= zSzdzSzd  

Thus from (2.1) with ,zx =  ,zy =  we obtain 

( )( )( ) ( )( )( ) ∅≠φ zzmFSzTzdFC ,, ∩  

which implies 

( )( )( ) ( ) ( ) .,2
1,,,0, ∅≠⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧φ zSzdzSzdFSzzdFC ∩  

By Lemma 1.3, ( ) .0, =Szzd  Hence .Szz =  

Similarly, we have that if ,zSz =  then .zTz =  

We now show that if S and T have a common fixed point, then the 
common fixed point is unique. 
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If uTuSu ==  and ,vTvSv ==  then ( ) ( ){ }.,,0, vudvum =  

From (2.1) with ux =  and ,vy =  we have 

( )( )( ) ( ){ }( )( ) .,,0, ∅≠φ vudFvudFC ∩  

By Lemma 1.3, .vu =  

Let Xx ∈0  be fixed, and let ,212 nn Txx =+  1222 ++ = nn Sxx  for all 

.0≥n  

If there exists an N∈n  such that ,1 nn xx =+  then S or T has a fixed 

point, and so S and T have a common fixed point. Hence the proof is 
completed. 

Thus we assume that, for any ,0≥n  .1 nn xx ≠+  

From (2.1) with nxx 2=  and ,12 −= nxy  we have 

 ( )( )( ) ( )( )( ) ,,, 122122 ∅≠φ −− nnnn xxmFSxTxdFC ∩  (2.2) 

where 

( ) ( ) ( ) ( )
⎩
⎨
⎧= ++−− ,,,,,,, 212122122122 nnnnnnnn xxdxxdxxdxxm  

( ) ( ){ }
⎭
⎬
⎫+−+ nnnn xxdxxd 221212 ,,

2
1  

( ) ( ) ( ) .,2
1,,,, 1212212122 ⎭⎬

⎫
⎩⎨
⎧= −++− nnnnnn xxdxxdxxd  

Thus we have 

( )( )( )nn xxdFC 212 ,+  

( ) ( ) ( ) ∅≠⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧φ −++− 1212212122 ,2

1,,,, nnnnnn xxdxxdxxdF∩  

which implies 

( )( )( )nn xxdFC 212 ,+  

( ) ( ) ( ) .,,2
1,, 122212122 ∅≠⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧ +φ −+− nnnnnn xxdxxdxxdF∩  (2.3) 
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If 

 ( )( ) ( ) ( ){ } ,,,2
1, 212122212 ⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛ +φ≤ +−+ nnnnnn xxdxxdFxxdF  (2.4) 

then 

( )( ) ( ) ( ){ } ,,,2
1, 212122212 ⎟

⎠
⎞⎜

⎝
⎛ + +−+ nnnnnn xxdxxdFxxdF  

and so ( )( ) ( ) ( ){ } .,,2
1, 212122212 ⎟

⎠
⎞⎜

⎝
⎛ +< +−+ nnnnnn xxdxxdFxxdF  Since F 

is <-increasing, ( ) ( ) ( ){ }.,,2
1, 212122212 nnnnnn xxdxxdxxd +−+ +<  Thus, 

( ) ( ).,, 122212 −+ < nnnn xxdxxd  

From (2.4), we obtain ( )( ) ( )( )( ).,, 122212 −+ φ≤ nnnn xxdFxxdF  Thus 

(2.3) implies ( )( ) ( )( )( ).,, 122212 −+ φ≤ nnnn xxdFxxdF  

Similarly, we have ( )( ) ( )( )( ).,, 2121222 nnnn xxdFxxdF +++ φ≤  

Thus, we have 

( )( ) ( )( )( )11 ,, −+ φ≤ nnnn xxdFxxdF  for all .N∈n  

By (φ2), 

( )( ) ( )( )11 ,, −+ nnnn xxdFxxdF  for all N∈n  

and so 

( )( ) ( )( )11 ,, −+ < nnnn xxdFxxdF  for all .N∈n  

Thus, 

( ) ( )11 ,, −+ ≤ nnnn xxdxxd  for all .N∈n  

Since P is regular, there exists an ( )rr ≤0  such that ( )nn
n

xxd ,lim 1+
∞→

 

.r=  

Letting ∞→n  in (2.3), we obtain ( ) ( )( ) ( ),rFrFrF φ≤  which is a 

contradiction unless .0=r  
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Thus, 

 ( ) .0,lim 1 =+
∞→

nn
n

xxd  (2.5) 

We now show that { }nx  is a Cauchy sequence in X. 

Assume that { }nx  is not a Cauchy sequence. 

Then there exists a ( )Pintc ∈  such that for all ,N∈k  there exists an 

knm kk >>  satisfying 

  (i) kn  is even, and km  is odd, 

 (ii) ( ) ( ),, 1 cxxd kk mn φ≤
−

 

(iii) ( ) ( )., kk mn xxdc ≤φ  

Then we have 

( ) ( ) ( ) ( ) ( ) ( ).,,,, 111 cxxdxxdxxdxxdc kkkkkkkk mmmmmnmn φ+≤+≤≤φ
−−−

 

By Lemma 1.2 and (2.5), 

 ( ) ( ).,lim cxxd kk mn
n

φ=
∞→

 (2.6) 

We obtain 

( ) ( ) ( ) ( ) ( )cxxdxxdxxdxxd kkkkkkkk nnmnnnmn φ+≤+≤ −−−−− ,,,, 11111  

and 

( ) ( ) ( ) ( ) ( ).,,,, 1111 kkkkkkkk mmmnnnmn xxdxxdxxdxxdc −−−− ++≤≤φ  

Thus we have 

( ) ( ) ( )kkkk mmnn xxdxxdc ,, 11 −− −−φ  

( )11, −−≤ kk mn xxd  

( ) ( ).,1 cxxd
kk nn φ+≤ −  
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By Lemma 1.2 and (2.5), we have 

 ( ) ( ).,lim 11 cxxd
kk mnn

φ=−−∞→
 (2.7) 

We have 

 ( ) ( )111 ,, −−− − kkkk mmmn xxdxxd  

( )1, −≤ kk nm xxd  

( ) ( ) ( )111 ,,, −−− ++≤ kkkkkk nnnmmm xxdxxdxxd  

( ) ( ) ( ).,, 11 cxxdxxd
kkkk nnmm φ++≤ −−  

By Lemma 1.2, (2.5) and (2.7), 

( ) ( ).,lim 1 cxxd
kk nmn

φ=−∞→
 

Also, we obtain 

( ) ( )1, −−φ kk mm xxdc  

( ) ( )1,, −−≤ kkkk mmmn xxdxxd  

( )1, −≤ kk mn xx  

( ).cφ≤  

By Lemma 1.2 and (2.5), 

( ) ( ).,lim 1 cxxd
kk mnn

φ=−∞→
 

From (2.1) with 1−= knxx  and ,1−= kmxy  we obtain 

( ( ( ))) ( ( ( ))) ,,, 1111 ∅≠φ
−−−− kkkk mnmn xxmFSxTxdFC ∩  

where 

( ) ( ) ( ) ( )
⎩
⎨
⎧

=
−−−−−−

,,,,,,, 111111 kkkkkkkk mmnnmnmn xxdxxdxxdxxm  

( ) ( ) .,,2
1

11 ⎭
⎬
⎫

+
−− kkkk mnnm xxdxxd  
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Letting ∞→k  in above inequality, we obtain 

( )( )( ) ( ){ }( )( ) .,0 ∅≠φφφ cFcFC ∩  

By Lemma 1.3, ( ) ,0=φ c  and hence ,0=c  which is a contradiction. 

Therefore, { }nx  is a Cauchy sequence in X. 

Since X is complete, there exists an Xa ∈  such that .lim axnn =∞→  

From (2.1) with nxx 2=  and ,ay =  we obtain 

 ( )( )( ) ( )( )( ) ,,, 212 ∅≠φ+ axmFSaxdFC nn ∩  (2.8) 

where 

( )axm n ,2  

( ) ( ) ( ) ( ) ( ){ } .,,2
1,,,,,, 2122122 ⎭

⎬
⎫

⎩
⎨
⎧ += ++ nnnnn xSadaxdaSadxxdaxd  

Letting ∞→n  in (2.8), we obtain 

( )( )( ) ( ) ( ) .,2
1,,,0, ∅≠⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧φ aSadaSadFSaadFC ∩  

By Lemma 1.3, ( ) .0, =Saad  Thus, .aSa =  

By the proof above, a is a unique common fixed point of S and T. ~ 

Corollary 2.2. Let ( )dX ,  be a complete cone metric space with regular 

cone P such that ( )yxd ,0  for Xyx ∈,  with .yx ≠  Suppose that a 

mapping PP →ϕ :  is non-vanishing cone integrable on each [ ] Pba ⊂,  

such that for each ( ),Pintc ∈  ( )∫ ∈ϕ
c

P Pintd
0

.  

If mappings XXTS →:,  are satisfying 

( )
( ) ∅≠⎟

⎠
⎞

⎜
⎝
⎛

⎭
⎬
⎫

⎩
⎨
⎧ ∈ϕφ⎟

⎠
⎞

⎜
⎝
⎛ ϕ ∫∫

u
P

SyTxd
P yxmuddC

0

,

0
,:∩  

for all ,, Xyx ∈  then S and T have a unique common fixed point in X. 
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Moreover, for each ,0 Xx ∈  the iterated sequence { }nx  with nn Txx 212 =+  

and 1222 ++ = nn Sxx  is convergent to the common fixed point of S and T. 

Theorem 2.3. Let ( )dX ,  be a complete cone metric space with normal 

cone P. Suppose that mappings XXTS →:,  are satisfying 

 ( )( )( ) ( )( ) ∅≠yxmkFSyTxdFC ,, ∩  (2.9) 

for all ,, Xyx ∈  where [ ),1,0∈k  and PPF →:  is satisfying (F1), (F3) 

and (F4) such that 

(1) F is subadditive; 

(2) if, for { } ( ) ,0lim, =⊂ ∞→ nnn cFPc  then .0lim =∞→ nn c  

Then S and T have a unique common fixed point in X. Moreover, for each 
,0 Xx ∈  the iterated sequence { }nx  with nn Txx 212 =+  and 1222 ++ = nn Sxx  

is convergent to the common fixed point of S and T. 

Proof. As in the proof of Theorem 2.1, we have that any fixed point of T 
is also a fixed point of S, and conversely. Also, if S and T have a common 
fixed point, then the common fixed point is unique. 

Let Xx ∈0  be fixed, and let ,212 nn Txx =+  1222 ++ = nn Sxx  for all 

.0≥n  

Then we may assume that for any ,0≥n  .1 nn xx ≠+  

Let nxx 2=  and 12 −= nxy  in (2.9). 

Then, as in proof of Theorem 2.1, we have 

( )( )( )nn xxdFC 212 ,+  

( ) ( ) ( ){ } .,,2
1,, 122212122 ∅≠⎟

⎠
⎞⎜

⎝
⎛

⎭⎬
⎫

⎩⎨
⎧ + −+− nnnnnn xxdxxdxxdkF∩  (2.10) 
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If 

 ( )( ) ( ) ( ){ } ,,,2
1, 212122212 ⎟

⎠
⎞⎜

⎝
⎛ +≤ +−+ nnnnnn xxdxxdkFxxdF  (2.11) 

then ( )( ) ( ) ( ){ } .,,2
1, 212122212 ⎟

⎠
⎞

⎜
⎝
⎛ +< +−+ nnnnnn xxdxxdFxxdF  

Since F is <-increasing, 

( ) ( ) ( ){ }.,,2
1, 212122212 nnnnnn xxdxxdxxd +−+ +<  

Thus, ( ) ( ).,, 122212 −+ < nnnn xxdxxd  

From (2.11), we obtain ( )( ) ( )( ).,, 122212 −+ ≤ nnnn xxdkFxxdF  Thus 

(2.10) implies ( )( ) ( )( ).,, 122212 −+ ≤ nnnn xxdkFxxdF  

Similarly, we have ( )( ) ( )( ).,, 2121222 nnnn xxdkFxxdF +++ ≤  

Thus, we have 

( )( ) ( )( )11 ,, −+ ≤ nnnn xxdkFxxdF  for all .N∈n  

Hence 

( )( ) ( )( ) ( )( ).,,, 0111 xxdFkxxdkFxxdF n
nnnn ≤≤≤ −+ "  

We now show that { }nx  is a Cauchy sequence in X. 

For ,nm >  we have that 

 ( )( ) ( ) ( ) ( )( )mmnnnnmn xxdxxdxxdFxxdF ,,,, 1211 −+++ +++≤ "  

( )( ) ( )( ) ( )( )mmnnnn xxdFxxdFxxdF ,,, 1211 −+++ +++≤ "  

( )( ) ( )( ) ( )( )01
1

01
1

01 ,,, xxdFkxxdFkxxdFk mnn −+ +++≤ "  

( )( ) .0,1 01 →
−

≤ xxdFk
km
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Hence ( ) .0,lim , =∞→ mnmn xxd  By Lemma 1.1, for any ( ),Pintc ∈  

there exists an N such that for all ,Nn >  ( ) ., cxxd mn  

Hence { }nx  is a Cauchy sequence in X, and hence Xaxnn ∈=∞→lim  

exists. As in the proof of Theorem 2.1, a is a unique common fixed point of S 
and T. ~ 

Remark 2.1. Let a mapping PP →ϕ :  be non-vanishing and 

subadditive cone integrable on each [ ] Pba ⊂,  such that for each ( ),Pintc∈  

( )∫ ∈ϕ
c

P Pintd
0

.  

Let ( ) ∫ ϕ=
t

PdtF
0

.  Then F satisfies (F1), (F3), (F4), and conditions (1) 

and (2) in Theorem 2.3. 

Corollary 2.4. Let ( )dX ,  be a complete cone metric space with       

normal cone P. Suppose that a mapping PP →ϕ :  is non-vanishing         

and subadditive cone integrable on each [ ] Pba ⊂,  such that for each 

( ),Pintc ∈  ( )∫ ∈ϕ
c

P Pintd
0

.  Suppose that mappings XXTS →:,  are 

satisfying 

( )
( ) ∅≠

⎭
⎬
⎫

⎩
⎨
⎧ ∈ϕ⎟

⎠
⎞

⎜
⎝
⎛ ϕ ∫∫

u
P

SyTxd
P yxmudkdC

0

,

0
,:∩  

for all ,, Xyx ∈  where [ ).1,0∈k  

Then S and T have a unique common fixed point in X. Moreover,           
for each ,0 Xx ∈  the iterated sequence { }nx  with nn Txx 212 =+  and 

1222 ++ = nn Sxx  is convergent to the common fixed point of S and T. 

Corollary 2.5 [2]. Let ( )dX ,  be a complete cone metric space with 

normal cone P. Suppose that a mapping PP →ϕ :  is non-vanishing and 

subadditive cone integrable on each [ ] Pba ⊂,  such that for each ∈c  
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( ),Pint  ( )∫ ∈ϕ
c

P Pintd
0

.  Suppose that mapping XXT →:  is satisfying 

( )( )
∫ ∫ ϕ≤ϕ

TyTxd yxd
PP dkd

,

0

,

0
 

for all ,, Xyx ∈  where [ ).1,0∈k  

Then T has a unique fixed point in X. Moreover, for each ,0 Xx ∈  the 

iterated sequence { }nx  with nn Txx =+1  is convergent to the fixed point of T. 

Theorem 2.6. Let ( )dX ,  be a complete cone metric space with normal 

cone P. Suppose that mappings XXTS →:,  are satisfying 

 ( )( )( ) ( )( ) ∅≠yxMkFSyTxdFC ,, ∩  (2.12) 

for all ,, Xyx ∈  where ⎟
⎠
⎞

⎢⎣
⎡∈ 2

1,0k  and 

( ) ( ) ( ) ( ) ( ) ( ){ },,,,,,,,,,, xSydyTxdySydxTxdyxdyxM =  

and PPF →:  is satisfying (F1), (F3) and (F4) such that 

(1) F is subadditive; 

(2) if, for { } ,Pcn ⊂  ( ) ,0lim =∞→ nn cF  then .0lim =∞→ nn c  

Then S and T have a unique common fixed point in X. Moreover, for each 
,0 Xx ∈  the iterated sequence { }nx  with nn Txx 212 =+  and 1222 ++ = nn Sxx  

is convergent to the common fixed point of S and T. 

Proof. As in the proof of Theorem 2.1, we have that any fixed point of T 
is also a fixed point of S, and conversely. Also, we have that if S and T have 
a common fixed point, then the common fixed point is unique. 

Let Xx ∈0  be fixed, and let ,212 nn Txx =+  1222 ++ = nn Sxx  for all 

.0≥n  

Then we may assume that, for any ,0≥n  .1 nn xx ≠+  
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In fact, if there exists an N∈n  such that ,1 nn xx =+  then S or T has a 

fixed point, and so S and T have a common fixed point. Hence the proof is 
completed. 

From (2.12) with nxx 2=  and ,12 −= nxy  we have 

 ( )( )( ) ( )( ) ,,, 122122 ∅≠−− nnnn xxMkFSxTxdFC ∩  (2.13) 

where 

( )122 , −nn xxM  

( ) ( ){ ( ) ( ) ( )}nnnnnnnnnn xxdxxdxxdxxdxxd 221212212122122 ,,,,,,,,, −+++−=  

( ) ( ) ( ){ }.,,,,, 1212212122 +++−= nnnnnn xxdxxdxxd  

Thus we have 

( )( )( ) ( ) ( ){ }( ) ∅≠−+−+ 1212122212 ,,,, nnnnnn xxdxxdkFxTxdFC ∩  

which implies 

( )( )( )nn xxdFC 212 ,+  

( ) ( ) ( ){ }( ) .,,,, 122212122 ∅≠+ −+− nnnnnn xxdxxdxxdkF∩  (2.14) 

If 

( )( ) ( )( ),,, 122212 −+ ≤ nnnn xxdkFxxdF  

then ( )( ) ( )( )122212 ,1, −+ −
≤ nnnn xxdFk

kxxdF  because .1 k
kk
−

≤  

If 

( )( ) ( ) ( )( ),,,, 212122212 nnnnnn xxdxxdkFxxdF +−+ +≤  

then ( )( ) ( )( ) ( )( ),,,, 212122212 nnnnnn xxdkFxxdkFxxdF +−+ +≤  and so 

( )( ) ( )( ).,1, 122212 −+ −
≤ nnnn xxdFk

kxxdF  
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Thus, (2.14) implies ( )( ) ( )( ).,1, 122212 −+ −
≤ nnnn xxdFk

kxxdF  

Similarly, we have ( )( ) ( )( ).,1, 2121222 nnnn xxdFk
kxxdF +++ −

≤  

Thus, we have 

( )( ) ( )( )11 ,, −+ ≤ nnnn xxdhFxxdF  for all ,N∈n  where .1 k
kh
−

=  

Hence 

( )( ) ( )( ).,, 011 xxdFhxxdF n
nn ≤+  

As in the proof of Theorem 2.3, we have that { }nx  is a Cauchy sequence 

in X, and so the limit Xaxnn ∈=∞→lim  exists. 

From (2.12) with nxx 2=  and ,ay =  we obtain 

 ( )( )( ) ( )( ) ,,, 212 ∅≠+ axMkFSaxdFC nn ∩  (2.15) 

where 

( ) ( ) ( ) ( ) ( ) ( ){ }.,,,,,,,,,, 21221222 nnnnnn xSadaxdaSadxxdaxdaxM ++=  

Letting ∞→n  in (2.15), we obtain 

( )( )( ) ( ){ }( ) .,,0, ∅≠aSadkFSaadFC ∩  

By Lemma 1.3, ( ) .0, =Saad  Thus, .aSa =  

Therefore, a is a unique common fixed point of S and T. ~ 

Corollary 2.7. Let ( )dX ,  be a complete cone metric space with normal 

cone P. Suppose that a mapping PP →ϕ :  is non-vanishing and subadditive 

cone integrable on each [ ] Pba ⊂,  such that for each ( ),Pintc ∈  ∫ ϕ
c

Pd
0

 

( ).Pint∈  Suppose that mappings XXTS →:,  are satisfying 



      Seong-Hoon Cho, Jee-Won Lee, Jong-Sook Bae and Kwang-Soo Na 198 

( )
( ) ∅≠

⎭
⎬
⎫

⎩
⎨
⎧ ∈ϕ⎟

⎠
⎞

⎜
⎝
⎛ ϕ ∫∫

u
P

SyTxd
P yxMudkdC

0

,

0
,:∩  

for all ,, Xyx ∈  where .2
1,0 ⎟
⎠
⎞

⎢⎣
⎡∈k  

Then S and T have a unique common fixed point in X. Moreover,          
for each ,0 Xx ∈  the iterated sequence { }nx  with nn Txx 212 =+  and 22 +nx  

12 += nSx  is convergent to the common fixed point of S and T. 

The following example illustrates our main theorem. 

Example 2.1. Let 2R=E  and ( ){ }.0,:, ≥∈= yxEyxP  

Let { },0...,2,1:1 ∪
⎭⎬
⎫

⎩⎨
⎧ == nnX  and let ( ) ( ).,, yxyxyxd −−=  

Then ( )dX ,  is a complete cone metric space and P is regular. 

Let ( ) ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
= ts tstsF

11
,,  for all ( ) Pts ∈,  and ( ) ( )baba ,2

1, =φ  for all 

( ) ( ) { }.0, ∪Pintba ∈  

Suppose that mappings S and T are defined by 

⎪⎩

⎪
⎨
⎧

≥=
+

=
==

.1,1,1
1

,0,0

nnxn

x
SxTx  

We show that (2.1) is satisfied. 

We consider the following three cases: 

Case 1. .yx =  

Then ( ) 0, =yxd  and ( )( ) .0, =yxdF  Thus ( )( ) ( ) == 0, FSyTxdF  

( )( ) ( )( )( ),,0 yxdFF φ=φ  and so (2.1) is satisfied. 
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Case 2. .0,1or1,0 ⎟
⎠
⎞⎜

⎝
⎛ ==== ynxnyx  

Then 

 ( )( ) ⎟
⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛

+
= 1

1,0, ndFSyTxdF  

⎟
⎠
⎞⎜

⎝
⎛

++
= 1

1,1
1

nnF  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

+⎟
⎠
⎞

⎜
⎝
⎛

+
=

++ 11

1
1,1

1 nn

nn  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

++⎟
⎠
⎞

⎜
⎝
⎛

++
=

nn

nnnn 1
1

1
1,1

1
1

1  

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛≤

nn

nn
1

2
1,1

2
1  

( )( )( )., yxdFφ=  

Case 3. .1,1
mynx ==  

Then 

( )( )SyTxdF ,  

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛

++
= 1

1,1
1

mndF  

⎟
⎠
⎞

⎜
⎝
⎛

+
−

++
−

+
= 1

1
1

1,1
1

1
1

mnmnF  

( ) ( )

( ) ( )

( ) ( )

( ) ( )

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

++
−

⎟
⎠
⎞

⎜
⎝
⎛

++
−

= −
++

−
++

mn
mn

mn
mn

mn
mn

mn
mn

1111

11,11  
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( ) ( ) ( ) ( ) ,11,11

1
mn

nm
mn

nm
mn

mn

nm
mn

mn
nm

mn
mn −−−

++

⎟
⎠
⎞

⎜
⎝
⎛ −

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞⎜

⎝
⎛

++⎟
⎠
⎞

⎜
⎝
⎛

++
−

=  

( ) ( ) ( ) ( ) ⎟
⎟
⎟

⎠

⎞
⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛

++⎟
⎠
⎞

⎜
⎝
⎛

++
− −−−

++
mn

nm
mn

nm
mn

mn

nm
mn

mn
nm

mn
mn

11,11

1

 

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −
⋅⋅⎟

⎠
⎞

⎜
⎝
⎛ −
⋅⋅≤ −− mn

nm
mn

nm

nm
mn

nm
mn 12

1,12
1  

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ −

= −− mn
nm

mn
nm

nm
mn

nm
mn ,2

1  

( )( )( )., yxdFφ=  

Thus S and T satisfy all conditions of Theorem 2.1, and so they have a 
unique common fixed point. 

But we cannot obtain 

( )( ) ( ) ∅≠yxkmSyTxdC ,, ∩  

for all ,, Xyx ∈  where [ ).1,0∈k  

That is, the following general contractive inequality is not satisfied: 

There exists a [ )1,0∈k  such that for all ,, Xyx ∈  

 ( ) kuSyTxd ≤,  (2.16) 

for some ( )., yxmu ∈  

Suppose that (2.16) is satisfied. 

Let nx 1
=  and .1

1
+

= ny  

Then we have 

( ) ( ) ( ) ( ) ( ) ⎟⎠
⎞

⎜
⎝
⎛

++++
= 21

1,21
1, nnnnSyTxd  
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and 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .21
1,21

1,1
1,1

1,
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠
⎞

⎜
⎝
⎛

++++⎟
⎠
⎞

⎜
⎝
⎛

++
= nnnnnnnnyxm  

If 

( ) ( ) ( ) ( ) ,21
1,21

1
⎟
⎠
⎞

⎜
⎝
⎛

++++
= nnnnu  

then 

( ) ( ) ( ) ( ) ( )SyTxdnnnn ,21
1,21

1
=⎟

⎠
⎞

⎜
⎝
⎛

++++
 

( ) ( ) ( ) ( ) ⎟⎠
⎞

⎜
⎝
⎛

++++
≤ 21

1,21
1

nnnnk  

which is a contradiction. 

If 

( ) ( ) ,1
1,1

1
⎟
⎠
⎞

⎜
⎝
⎛

++
= nnnnu  

then 

( ) ( ) ( ) ( ) ( ) ( ) ( ) .1
1,1

1,21
1,21

1
⎟
⎠
⎞

⎜
⎝
⎛

++
≤=⎟

⎠
⎞

⎜
⎝
⎛

++++ nnnnkSyTxdnnnn  

Thus we obtain 

( ) ( ) ( ) ( ) ( ) ( ) ,21
1

1,21
1

1 Pnnnn
k

nnnn
k

∈⎟
⎠
⎞

⎜
⎝
⎛

++
−

+++
−

+
 

and so 

( ) ( ) ( ) ,21
1

10
++

−
+

≤ nnnn
k  

and hence ,1≥k  which is a contradiction. 

Hence (2.16) is not satisfied. 
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