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Abstract

In this paper we introduce and study the unified class U[p, n, a, B],

of p-valently starlike and p-valently convex functions of order a in the
open unit disk E. Some properties of functions belonging to U[p, n, o, ]

are obtained, which include radii of starlikeness and radii of convexity
involving Hadamard products (or convolution).

1. Introduction and Definition

Let 7(p, n) denote the class of functions f of the form:

o0

f(z) = 2P - Z akzk; ap, >0, pneN={,23, ..},
k=p+n

1.1

which are analytic and p-valent in the unit disk E = {z : z € C; | z| < 1}.

Let ST, (p, n) and CT,(p, n) be the subclasses of T'(p, n) consisting
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of p-valently starlike functions of order o and p-valently convex functions

of order a, respectively, that is,

ST, (p, n) = { e T(p, n): Re{'z}}:(( ))} >a (ze E)}

and

CT,(p, n)= {f e T(p, n): Re{l + Z};I(IS)} >a (ze E)},

where 0 < o < p. Yamakawa [2] easily derived the following:

feST,(p,n) < Z(k—a)akSp—(x; 0<ac<p, (1.2)
k=p+n
and
feCTly(p,n)< Z k(k—a)ap < p(p-a) 0<a<p. (1.3)
k=p+n

In this paper we consider new class 7 (p, n, @) given by Yamakawa
[2]. A function f € T (p, n) is said to be a member of the class 7 (p, n, o)
if it satisfies the inequality:

Re { };((2))}>(x (z € E),

where OSOC<l.
D

We note that 7 (p, n, o) is a subclass of 7 (p, n), since

Re{ f((z))} > o = Re{Z}}:((Z))} >0; 0<ac< %

For the class 7(p, n, a), Yamakawa [2] has given the following

lemma.

Lemma 1.1. Let f € T(p, n) satisfy the inequality

Z (2k — pka. — p)a;, < p(1 —ap), 0<a < (1.4)

1
k=p+n p

Then f € T(p, n, o).
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However, the converse of the lemma is not true and Yamakawa [2]
defined the subclass A(p,n,a) of 7(p,n,a) consisting of functions f

which satisfy (1.4). And let B(p, n, o) denote the subclass of 7(p, n)
consisting of functions f such that zf'(z) € A(p, n, o).

Thus Yamakawa [2] gave the following:

Lemma 1.2. A function f defined by (1.1) is in the class B(p, n, o) if
and only if

Z k(2k — pko — p)a;, < pil-op) 0<ac<-—. (1.5)

1
k=p+n p

In view of (1.4) and (1.5), we introduce and study some properties and

characteristics of the following general class U[p, n, a, B] of function

f € T(p, n) which also satisfy the inequality:

i 2k — pho - p)(l B+ ﬁ(%))ak <pll-apy 0<B<1. (L6

k=p+n
We can see easily

Z/[[p, n, a, B] = (1 - B)'A(p’ n, OL) + ﬁB(p’ n, (X),
so that

Ulp, n, o, 0] = A(p, n, o) and U[p, n, a, 1] = B(p, n, a).

The main objective here is to give some properties involving the
Hadamard products to the unified classes of A(p, n, o) and B(p, n, o) in

a more general form U(p, n, o, B). The idea is motivated from the work

done by Srivastava et al. [1]. In [1], the authors gave results on distortion
theorem and some characteristics on modified Hadamard products. In

fact, the properties mentioned for unification of the classes ST, (p,n)
and CT,(p,n) satisfying (1.2) and (1.3) respectively can be easily
derived. We note that when p =1 in the unification of classes ST, (p, n)

and CT,(p, n), all the properties mentioned above reduce to [1].
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2. Convolution Properties

Let the function f,, defined by

0

fn(z) = 2P - Z ak,mzk, m = (1, 2), 2.7)

k=p+n

be in the class 7(p, n), we denote by (f; * f3)(z) the convolution (or
Hadamard product) of the functions f(z) and fy(z), that is,

o0

(h*f)@)=2" = > apiapa2". (2.8)

k=p+n

Theorem 2.1. Let the functions f,,, for m = (1, 2) defined by (2.7) be
in class U[p, n, a, B]. Then

(A * ) (=) € Ulp, n, v, B,

where
2
y=1- > n(l - po) S (2.9)
P[0~ pa)(p+n)+nf[1-B+B(p+mn)n]-p(p+n)1-pa)
The result is sharp for functions f given by
_ P _ p(l - p(x) p+n _
(@)= [ pa) v n) + nl-p+ pprmyn) =12 @10

Proof. To prove Theorem 2.1, we must find the largest y such that

D)

p( —p)

ak,lak,Q < ].,
k=p+n

for f,, € U[p, n, v, B], (m =1, 2). Since f,, € U[p, n, a, B], for m = (1, 2),

we have

c oo
p(1 - ap)

ag, i <1.
k=p+n
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Therefore, by the Cauchy-Schwarz inequality, we get

k
i (2k — apk ;(f)_(;;)ﬁ + B(FD <1 o

This implies that we need only show that
k

el

(k- apk - p1-p+p2))
- (1 - pa)

j=i+1

ap a2, (k2 (p+n)),

or equivalently, that

107 2 < (1 - py)(2k — apk — p) (k= (p+n))

(1 - pa)(2k - ypk — p)’

Hence, by the inequality (2.11), it suffices to prove that

p(1-ap) (1 - py)(2k — apk — p)
< ,(k>(p+n)). (2.12)
(2k — apk —p)(l—B+ B(%D (- pa)(2k - ypk = p)

It follows from (2.12), that

1 (p— k)1 - pa)®
<l (k2 (p+n). 2.13)
P (2k - apk - p)2[1 -B+ B(%ﬂ — pk(1 - pa)’

Now, defining the function t(k) by

2
k)= L+ (k)1 - pa) (k> (p+n). (2.14)
P (2k - apk - p)* [l -B+ B(%ﬂ — pk(1 - pa)?

We see that t(k) is an increasing function of k = p + n. Therefore, we

conclude that

ySr(p+n):=i— n(1-po)* .
P [(1—ap)<p+n)+n]z[l—ms(p;”)}—p(pm)a—pa)z

(2.15)

The proof is complete.
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Letting f = 0 and B =1, we will find Corollary 2.2 and Corollary 2.3,

respectively.

Corollary 2.2. Let the functions f,,, for m = (1, 2) defined by (2.7) be
in class A(p, n, o). Then

(h * f)(z) € Alp, n, v),

where
2
y=Li_ n(l ‘21’0‘) . (2.16)
P [1-pa)(p+n)+n]” - p(p+n)1-pa)
The result is sharp for functions f given by
fn(2) = 2P — p(L - pa) 2P m o= (1, 2). (2.17)
m 1-pa)(p+n)+n ’ ’

Corollary 2.3. Let the functions f,,, for m = (1, 2) defined by (2.7) be
in class B(p, n, o). Then

(fl * f2)(2) € B(p’ n, y)a

where
1 n(l - pa)?
== e . (2.18)
P[0 p)(p o+ n) s (250 )< plp + m)1 - pa)
The result is sharp for functions f given by
flz) = 2P - p(L - po) 2P m=(1,2). (2.19)

(@~ po)(p + m)+ ) 252

Theorem 2.4. Let the functions f,,, for m = (1, 2) defined by (2.7) be
in class U[p, n, a, B]. Then the function h(z) defined by

hz):=zP - Z (a,%,l + a;%,Q)zk, (2.20)
k=p+n

belongs to the class U[p, n, v, B], where
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1 2n(1 - pa)” (2.21)
P [1-pa)(p+n)+nPL—B+p(p+n)/n]-2p(p+n)1 - pa)

’Y:

The result is sharp for the functions

p( - pa)

&= = paip ) alll - g Byl S T2 22D

Proof. Noting that

e nfuols)

Ak m

Licpen p*(1 - apy’

— apk - _ E
Ay 2 “pkp(f}_(jxp)‘“ﬁ(p))ak,m

for f,, € U[p, n, a, B], for m = (1, 2), we have

p 2

2
ak’l + ak’z] <1.

» {2k — apk - p}z(l -B+ B(Ejf
potn 2p*(1 - ap)’ [

Therefore, we have to find the largest y such that

{2k~ apk - p(1-p+ 2 )

{2k — ypk - p} _

s 2.23
1-py 2p(1 - pa)’ @29
that is,
2
y£%+ 22(19"3)(1‘50‘) (k> (p+ ). @20
@k~ aph - | 1=+ B % || - 20K - pa)
Now, defining the function t(k) by
2

(k)= L4 2p — k)1 - po) (k> (p+n)). (2.25)

P (2h-aph-pP|1-p+ B £ ]| -2pb1- poy®
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We see that 1(k) is an increasing function of k. Thus, we conclude that
2
1 2n(1-
y<t(p+n)=—- > n( po—?n 5
P 0-ap)(pn) el 1-pe B 22| -2p(p n)1- po)

(2.26)

The proof is completed.

By setting p = 0, we will arrive at the following corollary.

Corollary 2.5. Let the functions f,,, for m = (1, 2) defined by (2.7) be
in class A(p, n, o). Then the function h(z) defined by (2.20) belongs to
the class A(p, n, y), where

v =L 2n(l - pa)* _
P [1-pa)(p+n)+nf -2p(p+n)1- pa)

The result is sharp for the functions given by (2.17).

(2.27)

Letting f = 1, we will find a corollary as follows:

Corollary 2.5'. Let the functions f,,, for m=(1,2) defined by (2.7) be
in class B(p, n, o). Then the function h(z) defined by (2.20) belongs to the
class B(p, n, v), where

2
y=2- 2n(l - po) . (228

P a-pa)(p+ )+ nP( 250 )< 2p(p + n)(1 - pa)

The result is sharp for the functions given by (2.19).
3. Radii Convexity and Starlikeness

The radii of convexity for class U[p, n, o, B] is given by the following

theorem.

Theorem 3.6. Let the functions f be in the class U[p, n, o, B]. Then

the function f is p-valently convex in the disk | z | <n(p, n, a, 8), where

e (s ) e
k(1 - pa)(k - 8)

n(p, n, a, 8) = i%f (3.29)
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Proof. It is sufficient to show that

) B k-p
Zk:ern k(k — a)ayz

o0
D - Z kay,z" P
k=p+n

o0 _ k_p
Zk=p+n k(k - o)ay| 2 |

#C) (-
e -]

< — - (3.30)
_ -p
p Zk:p+n kay| z |
which implies that
(p-38)- Z}{,(S) -(p —1)‘

Zw k(k-o)a,z"P

k=p+n
>(p-38)-
I k-p
p Zk:pmkakz
0 kh—
pp=8)-3  [kp-5)+k(k-plla|z|*”

_\"” k-p
p Zk=p+n kay| z |

pp-8)-> " k(k-8)ayz|t"
> Zk:p*" * . (3.31)

o0 k—
p- Zk:ernkakl c | ’

Hence from (3.29), if

bp - (p—9) (2k — pka - p)(l -B+ B(%D | 352

~ k(k-95) (1 - pa)

According to (1.6)

pp-8)- Z k(k - 8)ay| z|F P > p(p-8) - p(p -8) = 0.  (3.33)
k=p+n
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Hence from (3.31), we obtain

-

<p-0.

Therefore

Re{l + zf"(’(;))} > 0,

which shows that f is p-valently convex in the disk | z | < r(p, n, a, 3).
By setting f = 0 and = 1, we have Corollary 3.7 and Corollary 3.8,
respectively.

Corollary 3.7. Let the functions f be in the class A(p, n, o). Then the

function f is p-valently convex in the disk | z | < ry(p, n, a, 8), where

1
r(p, n, a, 8) = i%f{(p ;(?—(21]:0:) (‘Zkfs_) p)}k_p. (3.34)

Corollary 3.8. Let the functions f be in the class B(p, n, o). Then the

function f is p-valently convex in the disk | z | < r3(p, n, a, 8), where

(p_&@k—phx—pm%)%%;

RI = pa)(E=9) (3.35)

r(p, n, o, §) = ir];f

Theorem 3.9. Let the functions f be in the class U[p, n, o, B]. Then

the function f is p-valently starlike in the disk | z | < ry(p, n, a, 8), where
1

R et
20— pa) (% —5)

r4(p, n, o, 8) = i%f (3.36)

Proof. It is sufficient to show that

f'(z)
) ~ P

By using the similar method of Theorem 3.6 and (1.6), we will obtain
(3.36).

< p-2a.
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Letting B = 0 and B =1, we have Corollary 3.10 and Corollary 3.11,
respectively.

Corollary 3.10. Let the functions [ be in the class A(p, n, o). Then

the function f is p-valently starlike in the disk | z | < r5(p, n, o, §), where

1
r5(p, n, a, 8) = ir];f{(p ;)(?)—(21]3%&_) ék?g)p)}k_p. (3.37)

Corollary 3.11. Let the functions f be in the class B(p, n, o). Then

the function f is p-valently starlike in the disk | z | < 15(p, n, a, 8), where

1
(p-98)(2k —pka_p)(%) k—p
p(l - pa)(k - 3)

rs(p, n, 0, 8) = i%f (3.38)
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