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Abstract

The purpose of the present paper is to investigate a characterization of
closed sets and open sets in the product of closure spaces.
Furthermore, it is proved that all projection maps are open.

1. Introduction

In [3], Cech has first introduced the concept of Cech closure spaces. A

Cech closure space (X, u) is a set X equipped with a Cech closure operator

u that is obtained from the Kuratowski ones by omitting the requirement of
idempotency, i.e., u is grounded, extensive, additive. In [5], glapal
introduced generalized Cech closure operators which are called closure
operators. Such a closure operator is not even supposed to be additive but it
retains the isotonicity. Later, some properties of continuous maps on closure
spaces were studied by Boonpok in [1]. In addition, he provided a
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characterization of closed sets of some kind in the product of closure spaces.
In [2], Boonpok and Khampakdee gave characterizations of generalized
closed sets of some kind in the product of closure spaces. In this paper, we
give a characterization of closed sets in the product of closure spaces.
Consequently, we obtain a characterization of open sets in the product of

closure spaces. It follows that all projection maps are open.
2. Preliminaries

We recall some basic definitions and notations. A map u : P(X) —
P(X) defined on the power set P(X) of a set X is called a closure operator
[5] on X and the pair (X, u) is called a closure space if the following axioms
are satisfied:

Cl: ud = O (i.e., uis grounded),

C2: 4 c ud forevery A < X (i.e., u is extensive),

C3: 4 c B implies u4 < uB foreach 4, B < X (i.e., u is isotonic).

A closure operator u on a set X is called additive (respectively,
idempotent) if u(AU B)=udUuB for each A4, B< X (respectively,
uud = uAd for each 4 < X). A subset 4 of X is closed in the closure space
(X, u) if ud = A and it is open if its complement is closed. The empty set

and the whole space are both open and closed. Let (X, u) and (X, w) be

closure spaces. The closure u is said to be finer than the closure w, or w is

said to be coarser than u, denoted by u < w, if ud c wA for every 4 c X.

The relation < is a partial order on the set of all closures on X.

Let (X, u) and (Y, v) be closure spaces. A map f : (X, u)— (¥, V) is
said to be continuous if f(uAd) < vf(A) for every subset 4 < X. One can
see that a map f : (X, u) = (Y, v) is continuous if and only if uf~'(B) <

£7Y(vB) for every B c Y. Clearly, if f: (X, u)—> (¥, v) is continuous,
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then f7'(F) is a closed subset of (X, u) for every closed subset F of
(Y, v). Similarly, if fis continuous, the #~'(G) is an open subset of (X, )

for every open subset G of (Y, v).

Let (X, u) and (Y, v) be closure spaces. A map f : (X, u)— (¥, v) is
said to be closed (respectively, open) [1, 2] if f(F) is a closed map
(respectively, open) subset of (Y, v) whenever F is a closed (respectively,

open) subset of (X, u).
The product [6] of a family {(X, u, ): o € I} of closure spaces, denoted

by Hae] (Xq» Uy ), is the closure space (Hae] X u), where Hae] X

denotes the Cartesian product of sets X, a € I, and u is the closure operator
generated by the projections g : Hae] Xo = Xp, B el, Le, is defined
by

ud = H Uy (A)

ael
for each A4 c[] _, Xq Clearly, if {(Xo,uy):0el} is a family of

closure spaces, then the projection map mg : I1.., (Xq, ug) = (X B Up) is

ael
closed and continuous for every 3 € [.

Now, we recall the properties of Cartesian products, see in [4].

Theorem 2.1. Let {X, |o € I} be a family of nonempty sets. For each
o € l, let Ay be a subset of X,. Then

M TTe; 4a = Nye; o (o),
@ [Toe; Xo =~ 75 (45) = w5 (Xp — 4p),

) HOLEI KXo~ Hote] Ao = Uae[ Tc&l(Xa - AO()'
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3. Main Results

Now, we will give a characterization of closed sets in product closure

spaces.
Theorem 3.1. Let {(Xq, Uy ): O € I} be a family of closure spaces and
Fc Hae] X Then F is a closed subset of Hae[ (Xo» uy) if and only if

F = Hae[ F, , where F is a closed subset of X for each o € I.

Proof. Assume that F'is a closed subset of Hae[ (Xo» uy)- Then
F =uF = Huana(F).
oel
Fixed B € I. Thus, ng(F) = ugng(F) and so ng(F) is a closed subset of

Xg. Foreach a € I, let Fy, =y (F). Hence, F, is a closed subset of X,
forall o € I and
F=uF = Juama(F) = [ JuaFu = [ | Fo-
oel oel oel

Conversely, assume that F' = Hae 7 F,, where F is a closed subset of

X, for each o € I. Since n,(F) = F, is a closed subset of X for all

ael,
uF = [ Tuoma(F) =] [taFo = [ [ Fu = F.
ael ael aelF
Hence, F'is a closed subset of Hae 7 (Xo» Uy )- U

Next, we provide a characterization of open sets in product closure
spaces.

Theorem 3.2. Let {(X, uy ) : o € I} be a family of closure spaces and
G be a subset of Hae[ X, Then G is an open subset of Hae] (Xq» tg) if
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and only if G = Uae ; n&l(Ga), where G, is an open subset of X, for

each o € I.

Proof. Assume that G is an open subset of Hae ; (X ug). Then
[1,.; X« G isaclosed subset of [] X,. By Theorem 3.1, we obtain
that [] _, Xo —G =[], Fa> where F, is a closed subset of X, for
each a € /. By Theorem 2.1 (3), we have

-1
G=]]%-[]F = U (X - Fo).
oel oel oel
For each a € I, let G, = X, — F,. Then G, is an open subset of X, for
-1
each o € [ and G = Uae[ Ty (G, )-

Conversely, assume that G = Uae I TE&I(GQ), where G, 1s an open

subset of X for each o € I. Then X, — G, is a closed subset of X for
each a € / and, by Theorem 2.1 (3),

[T¥e-6=]]%«-Ura'Ga) =] (X - Ga)-
ael ael oel ael
Hence, Hae[ X, — G is a closed subset of Hae] (Xo» uy), and so G is
open in Hae] (Xo» Ug)- O
Next, we prove that all projection maps are open.

Theorem 3.3. Let {(Xy, uy): o €1} be a family of closure spaces.
Then the projection map mg H
Bel

(Xa» tg) = (X, ug) is open for all

ael

Proof. Fixed B € I and let G be an open subset of Hae[ (X Ug)-

Then G = Uae J n&l(Ga), where G, is an open subset of X, for each

a € 1. We see that
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0, '(G,) = Gy x [ | %o
ael
a#y

forall y e /. If there exists y € / suchthat y # B and G, # ¢, then

n(m,(Gy)) = mp| Gy x [ [ X | = X5
ael
a£y

and so ng(G) = Uae] nﬁ(nal(Ga )) = Xg is an open subset of (Xg, ug).

Suppose that G, = @ for all o # p. Then g (G, ) =@ forall o = p.
Thus, G = Uae] 15 (Gy) = ngl(GB). Hence, ng(G) = nﬁ(ngl(GB ) = Gg

is an open subset of (X B “B)' Thus, the proof is completed. [

Finally, we give a property of the closure operator of the product of a
family of closure spaces.

Theorem 3.4. Let {(X, uy): o € I} be a family of closure spaces and
w be a closure operator on Hae[ Xy such that g : (Hae] Xy w) —

(XB’ uﬁ) is continuous for all B € 1. Then w < u, where u is the closure
operator on the product of a family {(X, u,):oe€l}, ie, ud=
Haeluana(/l) Jorall Ac Hae] Xo-

Proof. Let 4 be a subset of Hae[ X Since, for each B e/, g

(Hae] X w) — (Xp, ug) is continuous, ng(wA) < ugmA. Then

H T, (wA) < Huana(A) = ud.

ael ael

By Theorem 2.1 (1), we obtain that

wA < ﬂae[ g (1 (wA)) = Hae[ Tty (WA).

Thus, wA < uA. Hence w < u. [l
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