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Abstract 

The purpose of the present paper is to investigate a characterization of 
closed sets and open sets in the product of closure spaces. 
Furthermore, it is proved that all projection maps are open. 

1. Introduction 

In [3], Čech has first introduced the concept of Čech closure spaces. A 
Čech closure space ( )uX ,  is a set X equipped with a Čech closure operator 

u that is obtained from the Kuratowski ones by omitting the requirement of 
idempotency, i.e., u is grounded, extensive, additive. In [5], Šlapal 
introduced generalized Čech closure operators which are called closure 
operators. Such a closure operator is not even supposed to be additive but it 
retains the isotonicity. Later, some properties of continuous maps on closure 
spaces were studied by Boonpok in [1]. In addition, he provided a 
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characterization of closed sets of some kind in the product of closure spaces. 
In [2], Boonpok and Khampakdee gave characterizations of generalized 
closed sets of some kind in the product of closure spaces. In this paper, we 
give a characterization of closed sets in the product of closure spaces. 
Consequently, we obtain a characterization of open sets in the product of 
closure spaces. It follows that all projection maps are open. 

2. Preliminaries 

We recall some basic definitions and notations. A map ( ) →XPu :  

( )XP  defined on the power set ( )XP  of a set X is called a closure operator 

[5] on X and the pair ( )uX ,  is called a closure space if the following axioms 

are satisfied: 

C1: ∅=∅u  (i.e., u is grounded), 

C2: uAA ⊆  for every XA ⊆  (i.e., u is extensive), 

C3: BA ⊆  implies uBuA ⊆  for each XBA ⊆,  (i.e., u is isotonic). 

A closure operator u on a set X is called additive (respectively, 
idempotent) if ( ) uBuABAu ∪∪ =  for each XBA ⊆,  (respectively, 

uAuuA =  for each .)XA ⊆  A subset A of X is closed in the closure space 

( )uX ,  if AuA =  and it is open if its complement is closed. The empty set 

and the whole space are both open and closed. Let ( )uX ,  and ( )wX ,  be 

closure spaces. The closure u is said to be finer than the closure w, or w is 
said to be coarser than u, denoted by ,wu ≤  if wAuA ⊆  for every .XA ⊆  

The relation ≤ is a partial order on the set of all closures on X. 

Let ( )uX ,  and ( )vY ,  be closure spaces. A map ( ) ( )vYuXf ,,: →  is 

said to be continuous if ( ) ( )AvfuAf ⊆  for every subset .XA ⊆  One can 

see that a map ( ) ( )vYuXf ,,: →  is continuous if and only if ( ) ⊆− Buf 1  

( )vBf 1−  for every .YB ⊆  Clearly, if ( ) ( )vYuXf ,,: →  is continuous, 
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then ( )Ff 1−  is a closed subset of ( )uX ,  for every closed subset F of 

( )., vY  Similarly, if f is continuous, the ( )Gf 1−  is an open subset of ( )uX ,  

for every open subset G of ( )., vY  

Let ( )uX ,  and ( )vY ,  be closure spaces. A map ( ) ( )vYuXf ,,: →  is 

said to be closed (respectively, open) [1, 2] if ( )Ff  is a closed map 

(respectively, open) subset of ( )vY ,  whenever F is a closed (respectively, 

open) subset of ( )., uX  

The product [6] of a family ( ){ }IuX ∈ααα :,  of closure spaces, denoted 

by ( )∏ ∈α ααI uX ,,  is the closure space ,, ⎟
⎠
⎞⎜

⎝
⎛∏ ∈α αI uX  where ∏ ∈α αI X  

denotes the Cartesian product of sets ,, IX ∈αα  and u is the closure operator 

generated by the projections ∏ ∈α βαβ ∈β→π I IXX ,,:  i.e., is defined 

by 

( )∏
∈α

ααπ=
I

AuuA  

for each ∏ ∈α α⊆ I XA .  Clearly, if ( ){ }IuX ∈ααα :,  is a family of 

closure spaces, then the projection map ( ) ( )∏ ∈α ββααβ →π I uXuX ,,:  is 

closed and continuous for every .I∈β  

Now, we recall the properties of Cartesian products, see in [4]. 

Theorem 2.1. Let { }IX ∈α|α  be a family of nonempty sets. For each 

,I∈α  let αA  be a subset of .αX  Then 

(1) ( )∏ ∈α ∈α α
−
αα π=I I AA ∩ ,1  

(2) ( ) ( )∏ ∈α ββ
−
ββ

−
βα −π=π−I AXAX ,11  

(3) ( )∏ ∏∈α ∈α ∈α αα
−
ααα −π=−I I I AXAX ∪ .1  
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3. Main Results 

Now, we will give a characterization of closed sets in product closure 
spaces. 

Theorem 3.1. Let {( ) }IuX ∈ααα :,  be a family of closure spaces and 

∏ ∈α α⊆ I XF .  Then F is a closed subset of ( )∏ ∈α ααI uX ,  if and only if 

,∏ ∈α α= I FF  where αF  is a closed subset of αX  for each .I∈α  

Proof. Assume that F is a closed subset of ( )∏ ∈α ααI uX .,  Then 

( )∏
∈α

ααπ==
I

FuuFF .  

Fixed .I∈β  Thus, ( ) ( )FuF βββ π=π  and so ( )Fβπ  is a closed subset of 

.βX  For each ,I∈α  let ( ).FF αα π=  Hence, αF  is a closed subset of αX  

for all I∈α  and 

( )∏ ∏ ∏
∈α ∈α ∈α

ααααα ==π==
I I I

FFuFuuFF .  

Conversely, assume that ,∏ ∈α α= I FF  where αF  is a closed subset of 

,αX  for each .I∈α  Since ( ) αα =π FF  is a closed subset of αX  for all 

,I∈α  

( )∏ ∏ ∏
∈α ∈α ∈α

ααααα ===π=
I I F

FFFuFuuF .  

Hence, F is a closed subset of ( )∏ ∈α ααI uX .,  � 

Next, we provide a characterization of open sets in product closure 
spaces. 

Theorem 3.2. Let ( ){ }IuX ∈ααα :,  be a family of closure spaces and 

G be a subset of ∏ ∈α αI X .  Then G is an open subset of ( )∏ ∈α ααI uX ,  if 
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and only if ( ),1∪ I GG ∈α α
−
απ=  where αG  is an open subset of αX  for 

each .I∈α  

Proof. Assume that G is an open subset of ( )∏ ∈α ααI uX .,  Then 

∏ ∈α α −I GX  is a closed subset of ∏α α.X  By Theorem 3.1, we obtain 

that ,∏ ∏∈α ∈α αα =−I F FGX  where αF  is a closed subset of αX  for 

each .I∈α  By Theorem 2.1 (3), we have 

( )∏ ∏
∈α ∈α ∈α

αα
−
ααα −π=−=

I I I

FXFXG ∪ .1  

For each ,I∈α  let .ααα −= FXG  Then αG  is an open subset of αX  for 

each I∈α  and ( )∪ I GG ∈α α
−
απ= .1  

Conversely, assume that ( ),1∪ I GG ∈α α
−
απ=  where αG  is an open 

subset of αX  for each .I∈α  Then αα − GX  is a closed subset of αX  for 
each I∈α  and, by Theorem 2.1 (3), 

( ) ( )∏ ∏ ∏
∈α ∈α ∈α ∈α

ααα
−
ααα −=π−=−

I I I I
GXGXGX ∪ .1  

Hence, ∏ ∈α α −I GX  is a closed subset of ( )∏ ∈α ααI uX ,,  and so G is 

open in ( )∏ ∈α ααI uX .,  � 

Next, we prove that all projection maps are open. 

Theorem 3.3. Let ( ){ }IuX ∈ααα :,  be a family of closure spaces. 

Then the projection map ( ) ( )∏ ∈α ββααβ →π I uXuX ,,:  is open for all 

.I∈β  

Proof. Fixed I∈β  and let G be an open subset of ( )∏ ∈α ααI uX .,  

Then ( ),1∪ I GG ∈α α
−
απ=  where αG  is an open subset of αX  for each 

.I∈α  We see that 
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( ) ∏
∈α
γ≠α

αγγ
−
γ ×=π

I
XGG1  

for all .I∈γ  If there exists I∈γ  such that β≠γ  and ,∅≠γG  then 

( ( )) ,1
βαγβγ

−
γβ =

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛
×π=ππ ∏

∈α
γ≠α

XXGG
I

 

and so ( ) ( ( ))∪ I XGG ∈α βα
−
αββ =ππ=π 1  is an open subset of ( )., ββ uX  

Suppose that ∅=αG  for all .β≠α  Then ( ) ∅=π α
−
α G1  for all .β≠α  

Thus, ( ) ( )∪ I GGG ∈α β
−
βα

−
α π=π= .11  Hence, ( ) ( ( )) ββ

−
βββ =ππ=π GGG 1  

is an open subset of ( )., ββ uX  Thus, the proof is completed.  � 

Finally, we give a property of the closure operator of the product of a 
family of closure spaces. 

Theorem 3.4. Let ( ){ }IuX ∈ααα :,  be a family of closure spaces and 

w be a closure operator on ∏ ∈α αI X  such that →⎟
⎠
⎞⎜

⎝
⎛π ∏ ∈α αβ I wX ,:  

( )ββ uX ,  is continuous for all .I∈β  Then ,uw ≤  where u is the closure 

operator on the product of a family ( ){ },:, IuX ∈ααα  i.e., =uA  

( )∏ ∈α ααπI Au  for all ∏ ∈α α⊆ I XA .  

Proof. Let A be a subset of ∏ ∈α αI X .  Since, for each ,I∈β  :βπ  

( )ββ∈α α →⎟
⎠
⎞⎜

⎝
⎛∏ uXwXI ,,  is continuous, ( ) .AuwA βββ π⊆π  Then 

( ) ( )∏ ∏
∈α ∈α

ααα =π⊆π
I I

uAAuwA .  

By Theorem 2.1 (1), we obtain that 

( )( ) ( )∩ I I
wAwAwA

∈α ∈α αα
−
α ∏ π=ππ⊆ .1  

Thus, .uAwA ⊆  Hence .uw ≤  � 
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