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Abstract

In this paper, an iterative scheme for finding a common element of the
set of solutions of an equilibrium problem and the set of fixed points
of non-self asymptotically nonexpansive mappings is introduced in
Hilbert spaces, under some suitable conditions, a strong convergence
theorem is proved.

1. Introduction

Let H be a real Hilbert space with inner product (-, -) and norm |- |. Let

C be a nonempty closed convex subset of H and @ :CxC — R be a
bifunction, where R is the set of real numbers. The equilibrium problem (for

short, EP) for @ is to find x* € C such that

© 2012 Pushpa Publishing House

2010 Mathematics Subject Classification: 47HQ9, 47J25.

Keywords and phrases: iteration method, equilibrium problem, common element, non-self
asymptotically nonexpansive mappings, fixed point.

Received September 30, 2011




258 Li-Juan Qin
®(x*, y)=0, VyeC. (1.1)
The set of solutions of EP(1.1) is denoted by EP(®), this is
EP(®) = {x* e C: ®(x", y) >0, Vy e Cl. (1.2)

Let E be a real Banach space. Then a mapping T : E — E is said to be
L-Lipschitzian if there exists an L > 0 such that

ITx=Ty|<L|x-y], ¥ yeE. (1.3)

T is said to be nonexpansive if L =1 in (1.3). The set of all fixed points
of T is denoted by F(T), thatis F(T) = {x € K : Tx = x}. If C is a bounded

nonempty closed convex subset of H and T is a honexpansive mapping from
C into itself, then F(T) is nonempty [13]. A mapping T is said to be an

asymptotically nonexpansive from C into itself if there exists {k,} < [1, +o)

satisfying lim,_,,, k, =1 such that ||T"x-T"y|<k,|x-y]| for all
X, y € C.

Being an important generalization of the concept of nonexpansive
mapping, the concept of asymptotically nonexpansive mapping was
introduced by Goebel and Kirk [6] in 1972. They proved that an
asymptotically nonexpansive mapping has a fixed point if C is a nonempty
closed convex subset of a real uniformly convex Banach space.

It is well known that EP(1.1) contains as special cases, for instance,
optimization problems, Nash equilibrium problems, complementarity
problems, fixed point problems, variational inequalities and some problems
arising from physics and engineering. The solutions of EP(1.1) has been
widely studied by many authors (see, e.g., [4, 7-9, 11, 12] and references
therein). They constructed many iteration methods to approximate a common
element of the set of solutions of EP(1.1) and the set of fixed points of
nonexpansive mappings in Hilbert spaces. But in some of iteration methods,
they have to compute project subsets at each step of iteration processes (see,
e.g., [7, 12]). It is a very difficult work. For example, in [12], for finding a
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common element of EP(®) and F(T), Tada and Takahashi [12] introduced

the following iterative scheme for nonexpansive mapping in a Hilbert space:
For any given xy € H and let

Uy € C such that F(uy, y)+ri<y—un, Uy — Xn) 20, ¥y € C,
n

Wy = (1—an) Xy + anTup,

Co={zeH Wy —z]<]x -zl

Qn={zeH: (X, -1z % —X,) =0},

Xn+1 = Pe,no, Xo

for each nonnegative integer n, under some mild assumptions on parameters
{on} and {r,}, they proved that {x,} and {u,} converge strongly to z e

F(T)N EP(®), where z = Pr(1)nEP(@)Xo-

In 2003, Chidume et al. [2] introduced the concept of non-self
asymptotically nonexpansive mappings to be a generalization of
asymptotically nonexpansive self-mappings as follows: Let C be a nonempty
closed convex subset of a real normed linear space E, P be a nonexpansive
retraction from E onto C, a non-self mapping T : C — E is said to be non-

self asymptotically nonexpansive if there exists {k,} = [1, +o0) satisfying

limy_,o ky =1 such that | T(PT)" Ix = T(PT)" Ly | <k, x - y| for all
X, ¥ € C and each integer n > 1. Since then some authors (see, e.g., [2, 3,
14-17]) have obtained some strong and weak convergence theorems for such

mappings in uniformly convex Banach spaces.

Inspired and motivated by the work of [2, 7, 12] and [15], we introduce
an iteration scheme, which reduces the burden of computation task to
compute C,, and Q, in iterative processes, and show that the iteration
schemes {x,} and {u,} converge strongly to a common element of the set of

solutions of EP(1.1) and the set of fixed points of a non-self asymptotically
nonexpansive mapping in Hilbert spaces.
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2. Preliminaries

Throughout this paper, let H be a Hilbert space with inner product (-, -)
and norm | -], C be a nonempty closed convex subset of H. We denote the
strong convergence, weak convergence of a sequence {x,} to a point x € X

by X, = X, X, — X as n — oo, respectively.

In this paper, we always assume that bifunction @ : C x C — R satisfies
the following conditions:

(Al) ©(x, x) =0, Vx e C;
(A2) ©(x, y)+ D(y, x) <0, VX, yeC;

(A3) Forall x, y, zeC, lim ,®(tz+(1-1t)x, y) < D(X, y);

(A4) For each x e C, the function y > ®(x, y) is convex and lower

semicontinuous.

By using the conditions above, Combettes and Hirstoaga [5] obtained the
following results:

Lemma 2.1 [5]. Let C be a nonempty closed convex subset of Hilbert
space H and let ® : C xC — R be a bifunction satisfying (Al)-(A4). Let
r >0 and x € H. Then there existsa z € K such that

D(z, y)+%<y—z, z-x)20, vyeC. (2.2)

Lemma 2.2 [5]. Assume that @ : C x C — R satisfies (Al)-(A4). For
r >0 and x € H, define a mapping T,(x): H — H as follows:

Tr(x)z{z e C:d(z, y)+%<y—z, z-x)20, Vyec}, vxeH. (2.2

Then,

(1) T, issingle-valued;
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(2) T, is firmly nonexpansive, that is, for all x, y € H,
[Tex=Tey I < (Tex =Tey, x = y);
(3) F(T,) = EP(®);
(4) EP(®) is nonempty, closed and convex.
A mapping T with domain D(T) and range R(T) in E is said to be
demiclosed at p if whenever {x,} is a sequence in D(T) such that {x,}
converges weakly to x* € D(T) and {Tx,} converges strongly to p, then

™ = p.

Lemma 2.3 [2]. Let C be a nonempty closed convex subset of a
real uniformly convex Banach space E, and T :C — E be a non-self
asymptotically nonexpansive mapping. If T has a fixed point, then | — T is
demiclosed at zero.

Lemma 2.4 [10]. Let {x,} and {y,} be two bounded sequences in a real
uniformly convex Banach space E. If 0 < a < ap < b <1, limsupp_,.| Xq |
<r, limsupy_ollyn ST and limp_ .| onXy + @ —apn)yn || =1, then
limn ool Xn = ¥n [ = 0.

Lemma 2.5 [18]. Let {a,} and {B,} be two nonnegative real number

sequences satisfying

On41 S0y +Bp, N1

CD H -
If anlﬁn < oo, then lim,_,,, o, exists.

3. Main Results

Theorem 3.1. Let C be a nonempty closed convex subset of a real
Hilbert space H. Let ® : C xC — R be a bifunction satisfying (Al)-(A4),
and T :C — E Dbe a non-self asymptotically nonexpansive mapping with
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sequence {k,}c[1, o) such that Q=F(T)NEP(®)=< and Zc:zl(kn -1)
<o, Forany given x; € C, {x,} and {u,} are defined by

D(up, y)+%(y—un, Uy — X,) 20, vy € C,

Yn = P(L=Bn)Up + BT (PT)"Pup), n > 1, (3.1)

Xp+1 = P((L— o) Xy + O‘n-l-(l:)-r)n_lyn)v

where P is a projection operator from H onto C. If T is completely
continuous, and {a.,}, {Bn} and {r,} satisfy the following conditions:

(I)0<a<op<l-a<lnxy

(2) liminf,_, 1, >0, limy_,,| g —1|=0,
then {x,} and {u,} converge strongly to a common element q € Q.

Proof. For any p € Q, it follows from Lemma 2.2 that u, = Ty X, and
Jun =p| =]l T Xq = P | < %n—af Putky, =1+38,, from(3.1), we have
Iyn = pl<@=Bn)lun = p+Bn@+3n)un = P < (@+8n)] %0 = Pl 3:2)
in addition,

[ X041 = Pl < L= an)l| Xq = P+ an(l+8n)] Yo — P
S@=op)|[ %y = pf+onl+ 8n)2" Xn = P

<(1+25, +6%)” Xn — P |

n 2
< e2ka Xy oy (3.3)

Since Z:O:l(kn —1) <o, we have Z:;Sn < . Thus, it follows from

(3.3) that {x,} is bounded. Further, {u,}, {yn}, {T(PT)"u,} and
T(PT)" 1y, } are bounded, too.
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Set M = sup{| x, — p|, n =1}, from (3.3), we also have
[¥nsa =PI <1 %0 = P+ (28, +8)M. (3.4)
It follows from Lemma 2.5 that lim,,_, .| X, — p | exists forany p € Q.

We now show that limp_,,|| X, =T | =0. Assume that lim,_,|| X, — p/||

=r.Since |y, — p| < @+38,)| X, — p|, we may obtain
limsupp o0l yn = P < 1. (3.5)

On the other hand, since | T(PT)" 1y, — p || < 1+ 8,)| Yo — P, we
have

limsup, o] T(PT)" 2y, — p | <. (3.6)

Since (from (3.3))

| %1 = P <[ (= an) (%0 = P) + an(T(PT)" "y, = p) |

<[ % = Pl + (23, +87)] %0 = b1,
we have
lim supn ]| X1 = Pl

< liminfy_ o] L - an) (X, = p) + o (T(PT)" Ly, = p) |

< 1imsupp_oo| (1= 0tn) (% = P) + an(T(PT)" y, — p) |

< liMsUPy oo Xy — P | + liMsupy o0 (28, +82)| X, — P

= limsupp 00| Xp — P |-
Thus we have

limn ool (L= 0tn) (65 = P) + an(T(PT" Hyy = p) =1 (37)
It follows from Lemma 2.4 and (3.6) that

limp o] Xn ~T(PT)" Yy, I=o0. (38)
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From (3.1), we may obtain that
-1
| Xns1 = Xn || = | P(@ = atn) Xy + oqT(PT) " yn) = Pxq |
-1
<A =op)xn + onT(PT)" ™ yn) — Xq I
= oy T(PT)n_lyn - Pxp |,
hence, it follows from (3.8) that
limp o0 Xns1 = Xn [ =0 (3.9)
and
limn o Xn41 = T(PT) "y, | = 0. (3.10)
In addition,
-1
[ %0 =PI % =TPT) Ty, [+ @€+ 80)] ya - P,

taking liminf on the both sides in inequality above and using (3.8), then
liminf,_.| yn — P|| = r. Thus, since limsup,_,.| Yo — P|| <1, we have

limp o] Yn — P|| = . Using the same proof method of the equality (3.7),

we can also obtain
. -1
limp | @ —Bp)(Un — p) + Bn(T(PT)n u, - p)=r.
Notice that limsupp_yo||Un = P || < limy_00| Xy — p| = r and
limsupp o T(PT)n_lun —p|<limsupy_,o(1+38p)[up — p| <.
So, it follows from Lemma 2.4 that
limp o] Up — T(PT)" 2, | = 0. (3.12)
Further, from (3.1) and (3.11), we have

limp ool Yn = tn || = 0. 3.12)

Since non-self asymptotically nonexpansive mappings are L-Lipschitzian,
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there exists a constant L >0 such that | T(PT)"x-T(PT)"ly| <

L||x—y| forall x, y e C andeach n >1, so
% = tn | <[ %0 = TPT) yq [+ T(PT)yy = T(PT)" My |
[ TPT)"uy —up |
<[ %0 =TT yy [+ Ll yn = un [+ T(PT)"uy —up ||
From (3.8), (3.11) and (3.12), we have
iMoo X0 = Un | =0, 1iMp_yorl| Xy — Yo | = 0. (3.13)
Furthermore, since
[ %0 =TT ™ xq [ <] %0 ~T(PT)" yq [+ T(PT) 2y, ~T(PT)"xy |
< %n _T(PT)n_l)/n I+ L yn = Xa [l
it follows from (3.8), (3.9) and (3.13) that
limp ool X = T(PT)"2x, [ = 0
and
limp ool Xnia = T(PT)" x| = 0. (3.14)
For n > 2, we have
[0 =Txa [ <[ %0 =TT xq [+ T(PT)  xy =Ty |
<[ % =TT [+ LI TPT) 2%, — % |
< || % = T(PT)" g [+ L T(PT)""2x, = T(PT)" 2%, |
L TPT) 2xy g =%y |

<[ %y =T(PT )n_lxn |+ LZ" Xn = Xn_1 |+ L T(PT)n_Z Xn-1—Xp |-
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Therefore, from (3.9) and (3.14), we obtain
liMp 0] Xp = TX || = 0. (3.15)
Finally, we show that {x,} and {u,} converge strongly to a point in Q.

Since {x,} is bounded, there exists a subsequence {xnj} of {x,} such
that {an} converges weakly to a g e C. It follows from (3.15) and Lemma
2.3 that q € F(T). Since lim|x, —u, | =0, we know that {unj }—q as
j — . We now show that q € EP(®D).

As a matter of fact, from u, =T, x,, we have
CD(unj, y) + ri(y = Un;, Un; = an> >0, VyeC. (3.16)
.
j

From (A2), we have

1
r—(y = Un;» Un; — an> > Dy, Un, ), VyeC. (3.17)
nj

Since {X,}, {un} are bounded, {unj}éq as j — o and ®(x, y) is lower
semicontinuous for the second variable, thus as j — oo in (3.17), we have
®(y,q) <0, VyeC. (3.18)

Forall yeC, lett €(0,1), put y; =ty +(L-t)g. Then y; € C and
®(yt, q) < 0. It follows from (A1) and (A4) that

0= (Y, ¥i) <t@(yy, ¥)+ (L -t)D(y;, q) < t(yy, ¥), Vy €C,

this yields that ®(y;, y) > 0 for any y e C. Further, as t — 0", we have
®(q, y) > 0 forall y e C. This implies that g € EP(®).

Since T is completely continuous, Txnj — Qg as j — c. From (3.15),

we know that lim,_, | Xn; =@ | = 0. Further, since limp_,,[ X, —q|
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exists, we may conclude that lim,_, || X, — @ | = 0. This implies that {x,}

converges strongly to gqe Q. On the other hand, since |u, —q] <

| o —ql, we also know that {u,} converges strongly to q e Q. The proof

is completed.

Remark. In fact, the sequences {x,} and {u,} defined in (3.1)

also converge strongly to a common element g € Q when the non-self

asymptotically nonexpansive mapping T is demi-compact, since we have

obtained the inequality (3.15). In addition, when ®(x, y)=0 for all

X, Y € C, the sequence {x,} converges strongly to a fixed point of T.
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