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Abstract 

In this paper, an iterative scheme for finding a common element of the 
set of solutions of an equilibrium problem and the set of fixed points 
of non-self asymptotically nonexpansive mappings is introduced in 
Hilbert spaces, under some suitable conditions, a strong convergence 
theorem is proved. 

1. Introduction 

Let H be a real Hilbert space with inner product ⋅⋅,  and norm .⋅  Let 
C be a nonempty closed convex subset of H and RCC →×Φ :  be a 
bifunction, where R is the set of real numbers. The equilibrium problem (for 

short, EP) for Φ is to find Cx ∈∗  such that 
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 ( ) .,0, Cyyx ∈∀≥Φ ∗  (1.1) 

The set of solutions of EP(1.1) is denoted by ( ),ΦEP  this is 

 ( ) { ( ) }.,0,: CyyxCxEP ∈∀≥Φ∈=Φ ∗∗  (1.2) 

Let E be a real Banach space. Then a mapping EET →:  is said to be 
L-Lipschitzian if there exists an 0>L  such that 

 .,, EyxyxLTyTx ∈∀−≤−  (1.3) 

T is said to be nonexpansive if 1=L  in (1.3). The set of all fixed points 
of T is denoted by ( ),TF  that is ( ) { }.: xTxKxTF =∈=  If C is a bounded 

nonempty closed convex subset of H and T is a nonexpansive mapping from 
C into itself, then ( )TF  is nonempty [13]. A mapping T is said to be an 

asymptotically nonexpansive from C into itself if there exists { } [ )∞+⊂ ,1nk  

satisfying 1lim =∞→ nn k  such that yxkyTxT n
nn −≤−  for all 

., Cyx ∈  

Being an important generalization of the concept of nonexpansive 
mapping, the concept of asymptotically nonexpansive mapping was 
introduced by Goebel and Kirk [6] in 1972. They proved that an 
asymptotically nonexpansive mapping has a fixed point if C is a nonempty 
closed convex subset of a real uniformly convex Banach space. 

It is well known that EP(1.1) contains as special cases, for instance, 
optimization problems, Nash equilibrium problems, complementarity 
problems, fixed point problems, variational inequalities and some problems 
arising from physics and engineering. The solutions of EP(1.1) has been 
widely studied by many authors (see, e.g., [4, 7-9, 11, 12] and references 
therein). They constructed many iteration methods to approximate a common 
element of the set of solutions of EP(1.1) and the set of fixed points of 
nonexpansive mappings in Hilbert spaces. But in some of iteration methods, 
they have to compute project subsets at each step of iteration processes (see, 
e.g., [7, 12]). It is a very difficult work. For example, in [12], for finding a 



Strong Convergence for Equilibrium Problem and Fixed Point … 259 

common element of ( )ΦEP  and ( ),TF  Tada and Takahashi [12] introduced 

the following iterative scheme for nonexpansive mapping in a Hilbert space: 
For any given Hx ∈0  and let 
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for each nonnegative integer n, under some mild assumptions on parameters 
{ }nα  and { },nr  they proved that { }nx  and { }nu  converge strongly to ∈z  

( ) ( ),ΦEPTF ∩  where ( ) ( ) .0xPz EPTF Φ= ∩  

In 2003, Chidume et al. [2] introduced the concept of non-self 
asymptotically nonexpansive mappings to be a generalization of 
asymptotically nonexpansive self-mappings as follows: Let C be a nonempty 
closed convex subset of a real normed linear space E, P be a nonexpansive 
retraction from E onto C, a non-self mapping ECT →:  is said to be non-
self asymptotically nonexpansive if there exists { } [ )∞+⊂ ,1nk  satisfying 

1lim =∞→ nn k  such that ( ) ( ) yxkyPTTxPTT n
nn −≤− −− 11  for all 

Cyx ∈,  and each integer .1≥n  Since then some authors (see, e.g., [2, 3, 

14-17]) have obtained some strong and weak convergence theorems for such 
mappings in uniformly convex Banach spaces. 

Inspired and motivated by the work of [2, 7, 12] and [15], we introduce 
an iteration scheme, which reduces the burden of computation task to 
compute nC  and nQ  in iterative processes, and show that the iteration 

schemes { }nx  and { }nu  converge strongly to a common element of the set of 

solutions of EP(1.1) and the set of fixed points of a non-self asymptotically 
nonexpansive mapping in Hilbert spaces. 
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2. Preliminaries 

Throughout this paper, let H be a Hilbert space with inner product ⋅⋅,  

and norm ,⋅  C be a nonempty closed convex subset of H. We denote the 

strong convergence, weak convergence of a sequence { }nx  to a point Xx ∈  

by ,xxn →  xxn  as ,∞→n  respectively. 

In this paper, we always assume that bifunction RCC →×Φ :  satisfies 
the following conditions: 

(A1) ( ) ,0, =Φ xx  ;Cx ∈∀  

(A2) ( ) ( ) ,0,, ≤Φ+Φ xyyx  ;, Cyx ∈∀  

(A3) For all ,,, Czyx ∈  ( )( ) ( );,,1lim 0 yxyxttzt Φ≤−+Φ↓  

(A4) For each ,Cx ∈  the function ( )yxy ,Φ6  is convex and lower 

semicontinuous. 

By using the conditions above, Combettes and Hirstoaga [5] obtained the 
following results: 

Lemma 2.1 [5]. Let C be a nonempty closed convex subset of Hilbert 
space H and let RCC →×Φ :  be a bifunction satisfying (A1)-(A4). Let 

0>r  and .Hx ∈  Then there exists a Kz ∈  such that 

 ( ) .,0,1, Cyxzzyryz ∈∀≥−−+Φ  (2.1) 

Lemma 2.2 [5]. Assume that RCC →×Φ :  satisfies (A1)-(A4). For 
0>r  and ,Hx ∈  define a mapping ( ) HHxTr →:  as follows: 

( ) ( ) .,,0,1,: HxCyxzzyryzCzxTr ∈∀
⎭⎬
⎫

⎩⎨
⎧ ∈∀≥−−+Φ∈=  (2.2) 

Then, 

(1) rT  is single-valued; 
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(2) rT  is firmly nonexpansive, that is, for all ,, Hyx ∈  

;,2 yxyTxTyTxT rrrr −−≤−  

(3) ( ) ( );Φ= EPTF r   

(4) ( )ΦEP  is nonempty, closed and convex. 

A mapping T with domain ( )TD  and range ( )TR  in E is said to be 

demiclosed at p if whenever { }nx  is a sequence in ( )TD  such that { }nx  

converges weakly to ( )TDx ∈∗  and { }nTx  converges strongly to p, then 

.pTx =∗  

Lemma 2.3 [2]. Let C be a nonempty closed convex subset of a           
real uniformly convex Banach space E, and ECT →:  be a non-self 
asymptotically nonexpansive mapping. If T has a fixed point, then TI −  is 
demiclosed at zero. 

Lemma 2.4 [10]. Let { }nx  and { }ny  be two bounded sequences in a real 

uniformly convex Banach space E. If ,10 <≤α≤< ba n  nn x∞→suplim  

,r≤  rynn ≤∞→suplim  and ( ) ,1lim ryx nnnnn =α−+α∞→  then 

.0lim =−∞→ nnn yx  

Lemma 2.5 [18]. Let { }nα  and { }nβ  be two nonnegative real number 

sequences satisfying 

.1,1 ≥β+α≤α + nnnn  

If ∑∞
= ∞<β1 ,n n  then nn α∞→lim  exists. 

3. Main Results 

Theorem 3.1. Let C be a nonempty closed convex subset of a real 
Hilbert space H. Let RCC →×Φ :  be a bifunction satisfying (A1)-(A4), 
and ECT →:  be a non-self asymptotically nonexpansive mapping with 
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sequence { } [ )∞⊂ ,1nk  such that ( ) ( ) ∅≠Φ=Ω EPTF ∩  and ( )∑∞
= −1 1n nk  

.∞<  For any given ,1 Cx ∈  { }nx  and { }nu  are defined by 
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 (3.1) 

where P is a projection operator from H onto C. If T is completely 
continuous, and { },nα  { }nβ  and { }nr  satisfy the following conditions: 

(1) ;1,110 ≥<−≤α≤< naa n  

(2) ,0lim,0inflim 1 =−> +∞→∞→ nnnnn rrr  

then { }nx  and { }nu  converge strongly to a common element .Ω∈q  

Proof. For any ,Ω∈p  it follows from Lemma 2.2 that nrn xTu n=  and 

.qxpxTpu nnrn n −≤−=−  Put ,1 nnk δ+=  from (3.1), we have 

 ( ) ( ) ( ) ,111 pxpupupy nnnnnnnn −δ+≤−δ+β+−β−≤−  (3.2) 

in addition, 

( ) ( ) pypxpx nnnnnn −δ+α+−α−≤−+ 111  

( ) ( ) pxpx nnnnn −δ+α+−α−≤ 211  

( ) pxnnn −δ+δ+≤ 221  

( ) .1
21

2
pxe

n
k kk −≤ ∑ = δ+δ  (3.3) 

Since ( )∑∞
= ∞<−1 ,1n nk  we have ∑∞

= ∞<δ1 .n n  Thus, it follows from 

(3.3) that { }nx  is bounded. Further, { },nu  { },ny  { ( ) }n
n uPTT 1−  and 

{ ( ) }n
n yPTT 1−  are bounded, too. 
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Set { },1,sup ≥−= npxM n  from (3.3), we also have 

 ( ) .2 2
1 Mpxpx nnnn δ+δ+−≤−+  (3.4) 

It follows from Lemma 2.5 that pxnn −∞→lim  exists for any .Ω∈p  

We now show that .0lim =−∞→ nnn Txx  Assume that pxnn −∞→lim  

.r=  Since ( ) ,1 pxpy nnn −δ+≤−  we may obtain 

 .suplim rpynn ≤−∞→  (3.5) 

On the other hand, since ( ) ( ) ,11 pypyPTT nnn
n −δ+≤−−  we 

have 

 ( ) .suplim 1 rpyPTT n
n

n ≤−−
∞→  (3.6) 

Since (from (3.3)) 

( ) ( ) ( ( ) )pyPTTpxpx n
n

nnnn −α+−α−≤− −
+

1
1 1  

( ) ,2 2 pxpx nnnn −δ+δ+−≤  

we have 

pxnn −+∞→ 1suplim  

( ) ( ) ( ( ) )pyPTTpx n
n

nnnn −α+−α−≤ −
∞→

11inflim  

( ) ( ) ( ( ) )pyPTTpx n
n

nnnn −α+−α−≤ −
∞→

11suplim  

( ) pxpx nnnnnn −δ+δ+−≤ ∞→∞→
22suplimsuplim  

.suplim pxnn −= ∞→  

Thus we have 

 ( ) ( ) ( ( ) ) .1lim 1 rpyPTTpx n
n

nnnn =−α+−α− −
∞→  (3.7) 

It follows from Lemma 2.4 and (3.6) that 

 ( ) .0lim 1 =− −
∞→ n

n
nn yPTTx  (3.8) 
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From (3.1), we may obtain that 

(( ) ( ) ) nn
n

nnnnn PxyPTTxPxx −α+α−=− −
+

1
1 1  

(( ) ( ) ) nn
n

nnn xyPTTx −α+α−≤ −11  

( ) ,1
nn

n
n PxyPTT −α= −  

hence, it follows from (3.8) that 

 0lim 1 =−+∞→ nnn xx  (3.9) 

and 

 ( ) .0lim 1
1 =− −
+∞→ n

n
nn yPTTx  (3.10) 

In addition, 

( ) ( ) ,11 pyyPTTxpx nnn
n

nn −δ++−≤− −  

taking inflim  on the both sides in inequality above and using (3.8), then 
.inflim rpynn ≥−∞→  Thus, since ,suplim rpynn ≤−∞→  we have 

.lim rpynn =−∞→  Using the same proof method of the equality (3.7), 

we can also obtain 

( ) ( ) ( ( ) ) .1lim 1 rpuPTTpu n
n

nnnn =−β+−β− −
∞→  

Notice that rpxpu nnnn =−≤− ∞→∞→ limsuplim  and 

( ) ( ) .1suplimsuplim 1 rpupuPTT nnnn
n

n ≤−δ+≤− ∞→
−

∞→  

So, it follows from Lemma 2.4 that 

 ( ) .0lim 1 =− −
∞→ n

n
nn uPTTu  (3.11) 

Further, from (3.1) and (3.11), we have 

 .0lim =−∞→ nnn uy  (3.12) 

Since non-self asymptotically nonexpansive mappings are L-Lipschitzian, 
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there exists a constant 0>L  such that ( ) ( ) ≤− −− yPTTxPTT nn 11  

yxL −  for all Cyx ∈,  and each ,1≥n  so 

( ) ( ) ( ) n
n

n
n

n
n

nnn uPTTyPTTyPTTxux 111 −−− −+−≤−  

( ) nn
n uuPTT −+ −1  

( ) ( ) .11
nn

n
nnn

n
n uuPTTuyLyPTTx −+−+−≤ −−  

From (3.8), (3.11) and (3.12), we have 

 .0lim,0lim =−=− ∞→∞→ nnnnnn yxux  (3.13) 

Furthermore, since 

( ) ( ) ( ) ( ) n
n

n
n

n
n

nn
n

n xPTTyPTTyPTTxxPTTx 1111 −−−− −+−≤−  

( ) ,1
nnn

n
n xyLyPTTx −+−≤ −  

it follows from (3.8), (3.9) and (3.13) that 

( ) 0lim 1 =− −
∞→ n

n
nn xPTTx  

and 

 ( ) .0lim 1
1 =− −
+∞→ n

n
nn xPTTx  (3.14) 

For ,2≥n  we have 

( ) ( ) nn
n

n
n

nnn TxxPTTxPTTxTxx −+−≤− −− 11  

( ) ( ) nn
n

n
n

n xxPTTLxPTTx −+−≤ −− 21  

( ) ( ) ( ) 1
221

−
−−− −+−≤ n

n
n

n
n

n
n xPTTxPTTLxPTTx  

( ) nn
n xxPTTL −+ −
−

1
2  

( ) ( ) .1
2

1
21

nn
n

nnn
n

n xxPTTLxxLxPTTx −+−+−≤ −
−

−
−  
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Therefore, from (3.9) and (3.14), we obtain 

 .0lim =−∞→ nnn Txx  (3.15) 

Finally, we show that { }nx  and { }nu  converge strongly to a point in Ω. 

Since { }nx  is bounded, there exists a subsequence { }jnx  of { }nx  such 

that { }jnx  converges weakly to a .Cq ∈  It follows from (3.15) and Lemma 

2.3 that ( ).TFq ∈  Since ,0lim =− nn ux  we know that { } qu jn  as 

.∞→j  We now show that ( ).Φ∈ EPq  

As a matter of fact, from ,nrn xTu n=  we have 

 ( ) .,0,1, Cyxuuyryu jjj
j

j nnn
n

n ∈∀≥−−+Φ  (3.16) 

From (A2), we have 

 ( ) .,,,1 Cyuyxuuyr jjjj
j

nnnn
n

∈∀Φ≥−−  (3.17) 

Since { },nx  { }nu  are bounded, { } qu jn  as ∞→j  and ( )yx,Φ  is lower 

semicontinuous for the second variable, thus as ∞→j  in (3.17), we have 

 ( ) .,0, Cyqy ∈∀≤Φ  (3.18) 

For all ,Cy ∈  let ( ),1,0∈t  put ( ) .1 qttyyt −+=  Then Cyt ∈  and 

( ) .0, ≤Φ qyt  It follows from (A1) and (A4) that 

( ) ( ) ( ) ( ) ( ) ,,,,1,,0 Cyyytqytyytyy ttttt ∈∀Φ≤Φ−+Φ≤Φ=  

this yields that ( ) 0, ≥Φ yyt  for any .Cy ∈  Further, as ,0+→t  we have 

( ) 0, ≥Φ yq  for all .Cy ∈  This implies that ( ).Φ∈ EPq  

Since T is completely continuous, qTx jn →  as .∞→j  From (3.15), 

we know that .0lim =−∞→ qx jnn  Further, since qxnn −∞→lim  
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exists, we may conclude that .0lim =−∞→ qxnn  This implies that { }nx  

converges strongly to .Ω∈q  On the other hand, since ≤− qun  

,qxn −  we also know that { }nu  converges strongly to .Ω∈q  The proof 

is completed. 

Remark. In fact, the sequences { }nx  and { }nu  defined in (3.1)           

also converge strongly to a common element Ω∈q  when the non-self 

asymptotically nonexpansive mapping T is demi-compact, since we have 
obtained the inequality (3.15). In addition, when ( ) 0, =Φ yx  for all 

,, Cyx ∈  the sequence { }nx  converges strongly to a fixed point of T. 
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