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Abstract 

Our objective is to investigate the fuzzy aspects of prime submodules 
of an R-module M. Using the concepts of fuzzy prime ideals and fuzzy 
residual quotients, we establish various results on fuzzy prime 
submodules of M. Finally, we define fuzzy prime decomposition, 
irredundant fuzzy prime decomposition and normal fuzzy prime 
decomposition, and obtain some related theorems. 

1. Introduction 

In 1965, Zadeh introduced the concept of fuzzy set [13], and it was a new 
episode towards the development of science and technology. Rosenfeld used 
the concept of Zadeh in abstract algebra [11] and opened up a new insight in 
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the field of Mathematical Science. Since then, many researchers have been 
working on the concepts like fuzzy semigroups, fuzzy groups, fuzzy rings, 
fuzzy semi-rings, fuzzy near-rings, fuzzy sub-rings, fuzzy ideals and so on. 
Fuzzy submodules of an R-module M were first introduced by Negoita and 
Ralescu [9]. Pan [10] studied fuzzy finitely generated modules and quotient 
modules. In [12], Sidky introduced the notion of radical of a fuzzy 
submodule and also defined primary fuzzy submodules and obtained some 
important properties. Recently, the notion of fuzzy prime submodules and 
Zariski topology on Spec(M), the set of fuzzy prime submodules of an 
R-module M, have been studied by many authors (for example, see [1, 5, 6]). 
In this paper, our attempt is to investigate the fuzzy aspects of prime 
submodules of an R-module M and their relation with fuzzy prime ideals of 
R. Using the concepts of fuzzy prime submodules, fuzzy prime ideals and 
fuzzy residual quotients; it is proved that if μ is a fuzzy prime submodule of 
an R-module M and ν is any fuzzy submodule of M, with ,1: R≠νμ  then 

νμ :  is a fuzzy prime ideal of R. If f is an epimorphism from an R-module M 

to an R-module N, μ is a fuzzy prime submodule of M which is f-invariant, 
then ( ) .1:1: NM Mf=μ  It is shown that the finite intersection of fuzzy 

prime submodules of M is also a fuzzy prime submodule of M. Finally, we 
define fuzzy prime decomposition, irredundant fuzzy prime decomposition 
and normal fuzzy prime decomposition and establish some related theorems. 

2. Definitions and Notation 

Throughout this paper, R denotes a commutative ring with unity and M 
denotes a module over R. 

Definition 2.1. A map [ ]1,0: →μ X  is called a fuzzy subset of the set 

X. The set of all fuzzy subsets of X is denoted by [ ] .1,0 X  

Definition 2.2. Let [ ] .1,0, X∈νμ  Then μ is contained in ν if ( ) ≤μ x  

( ) Xxx ∈∀ν ,  and is denoted by .ν⊆μ  
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Definition 2.3. Let [ ] .1,0, X∈νμ  The union and intersection of μ and 

ν, denoted by νμ ∪  and ,νμ ∩  are defined as ( )( ) ( ) ( )xxx ν∨μ=νμ ∪  

and ( ) ( ) ( ) ( )xxx ν∧μ=νμ ∩  for all ,Xx ∈  respectively. 

Definition 2.4. A fuzzy subset μ of X of the form 

( )
⎩
⎨
⎧

≠

=
=μ

xy

xyt
y

if0

if
 

is said to be a fuzzy point with support x and value t and is denoted by .tx  

Definition 2.5. Let f be a mapping from a non-empty set X into a 

non-empty set Y and let [ ] ,1,0 X∈μ  [ ] .1,0 Y∈ν  Then ( ) [ ]Yf 1,0∈μ  and 

( ) [ ]Xf 1,01 ∈ν−  are defined as follows: 

( ) ( )
{ ( ) ( )} ( )

⎪⎩

⎪
⎨
⎧ ∅≠∈μ

=μ
−−

otherwise0

if: 11 yfyfxx
yf

∨
 

and 

( ) ( ) ( )( ) .,1 Xxxfxf ∈∀ν=ν−  

Definition 2.6. A fuzzy subset μ of R is called a fuzzy ideal if it satisfies 
the following properties: 

 (i) ( ) ( ) ( ),yxyx μ∧μ≥−μ  for all ., Ryx ∈  

(ii) ( ) ( ) ( ),yxxy μ∨μ≥μ  for all ., Ryx ∈  

The set of all fuzzy ideals of R is denoted by ( ).RLI  

Definition 2.7. Let ( )., RLI∈νμ  We define ( )RLI∈μν  as follows: 

( ) ( ) ( ) ( ){ } .,,,: RxxyzRzyzyx ∈∀=∈ν∧μ=μν ∨  

Definition 2.8. Let ( ).RLI∈ζ  Then ζ is called a fuzzy prime ideal of R 

if ζ is non-constant and for every ( ) ζ⊆μν∈νμ ,, RLI  implies that ζ⊆μ  

or .ζ⊆ν  
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Definition 2.9. Let [ ).1,0∈c  Then c is called a prime element of [ ]1,0  

if ,cba ≤∧  implies that either ca ≤  or ,cb ≤  for all [ ].1,0, ∈ba  

Definition 2.10. Let [ ]R1,0∈ζ  and [ ] .1,0 M∈μ  We define 

[ ]M1,0∈ζμ  as follows: 

( ) ( ) ( ) ( ){ } .,,,: MxxryMyRryrx ∈∀=∈∈μ∧ζ=ζμ ∨  

Definition 2.11. A fuzzy submodule of M is a fuzzy subset [ ]M1,0∈μ  

such that 

  (i) ( ) ,1=θμ  where θ is the zero element of M; 

 (ii) ( ) ( ),xrx μ≥μ  for all Rr ∈  and Mx ∈  and 

(iii) ( ) ( ) ( ),yxyx μ∧μ≥+μ  for all ., Myx ∈  

The set of all fuzzy submodules of M is denoted by ( ).ML  

Definition 2.12. Let μ be a fuzzy submodule of M. Then =μ∗  

( ){ }.1: =μ∈ xMx  

Definition 2.13. For [ ]M1,0, ∈νμ  and [ ] ,1,0 R∈ζ  we define ∈νμ :  

[ ]R1,0  and [ ]M1,0: ∈ζμ  as follows: 

{ [ ] },:1,0: μ⊆ην∈η=νμ R∪  

{ [ ] }.:1,0: μ⊆ζν∈ν=ζμ M∪  

Definition 2.14. A non-constant fuzzy submodule μ of M is said to be 
prime if for ( )RLI∈ζ  and ( )ML∈ν  such that ,μ⊆ζν  then either 

μ⊆ν  or .1: Mμ⊆ζ  By ( ),MSpecF −  we mean the set of all fuzzy 

prime submodules of M. 

Definition 2.15. Let M, N be R-modules and NMf →:  be a module 

homomorphism. A fuzzy subset μ of M is called f-invariant if ( ) ( )yfxf =  

implies ( ) ( ),yx μ=μ  for all ., Myx ∈  
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Definition 2.16. Let ( ).ML∈μ  Then a decomposition of μ as a finite 

intersection, ,1 i
n
i μ=μ =∩  of fuzzy prime submodules ;...,,2,1, nii =μ  of 

M is called fuzzy prime decomposition of μ and the set { ,11: =|μ iMi  

}n...,,2  of fuzzy prime ideals is called the set of associated fuzzy prime 

ideals of μ. A fuzzy prime decomposition i
n
i μ=μ =1∩  is called irredundant 

if no iμ  contains j
n

ijj μ≠= ,1∩  and an irredundant fuzzy prime decomposition 

of μ is called normal if distinct iμ  have distinct associated fuzzy prime 

ideals. 

Definition 2.17. A fuzzy prime submodule iμ  in the normal prime 

decomposition i
n
i μ=μ =1∩  is isolated if the associated fuzzy prime ideal 

Mi 1:μ  is minimal in the set of associated fuzzy prime ideals of μ. 

3. Preliminaries 

This section contains some basic results needed in the sequel. 

Lemma 3.1 [1]. Let [ ]1,0∈c  and N be a submodule of M. Then 

( ) .11:1 : RMNMMN cc ∪∪ =  

Lemma 3.2 [1]. Let ( ).ML∈μ  Then μ is a fuzzy prime submodule of M 

if and only if =μ  Mc∪
∗μ1  such that ∗μ  is a prime submodule of M and c 

is a prime element of [ ].1,0  

Lemma 3.3 [1]. If μ is a fuzzy prime submodule of M, then M1:μ  is a 

fuzzy prime ideal of R. 

Lemma 3.4 [1]. Let ( )ML∈ν  and ( ).MSpecF −∈μ  Then 

 (i) If ,μ⊆ν  then R1: =νμ  and 

(ii) If ,μν  then .1:: Mμ=νμ  
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Lemma 3.5 [1]. Let ( )ML∈μ  and ( ).RLI∈ζ  If μ is a fuzzy prime 

submodule of M, then the following statements are satisfied: 

 (i) if ( ),1: Mμζ  then μ=ζμ :  and 

(ii) if ( ),1: Mμ⊆ζ  then .1: M=ζμ  

Lemma 3.6 [1]. Let M and N be R-modules and f be a homomorphism 
from M onto N. Then the following statements are satisfied: 

 (i) Let ( )MSpecF −∈μ  be f-invariant. Then ( ) ( ).NSpecFf −∈μ  

(ii) If ( ),NSpecF −∈ν  then ( ) ( ).1 MSpecFf −∈ν−  

Lemma 3.7 [7]. Let [ ]M1,0, ∈νμ  and [ ] .1,0 R∈ζ  Then 

  (i) ( ) ,: μ⊆ννμ  

 (ii) ( ) ,: μ⊆ζμζ  

(iii) .:: ζμ⊆ν⇔νμ⊆ζ⇔μ⊆ζν  

Lemma 3.8 [7]. Let ( )( ) [ ]Mi setindexIi 1,0, ∈ν∈μ  and [ ] .1,0 R∈ζ  

Then 

 (i) ( ) ( ),:: νμ=νμ ∈∈ iIiiIi ∩∩  

(ii) ( ) ( ).:: ζμ=ζμ ∈∈ iIiiIi ∩∩  

Lemma 3.9 [7]. Let ( ),ML∈μ  ( )( ),setindexIii ∈μ  [ ]M1,0∈ν  and 

[ ] .1,0 R∈ζ  Then 

 (i) If [ ] ,,1,0 IiM
i ∈∈ν  then ( ) ( ).:: iIiiIi νμ=νμ ∈∈ ∩∪  

(ii) If [ ] ,,1,0 IiR
i ∈∈ζ  then ( ) ( ).:: iIiiIi ζμ=ζμ ∈∈ ∩∪  

Lemma 3.10 [7]. Let ( )., RLI∈νμ  Then .νμ⊆μν ∩  
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4. Main Results 

We now present our main results. 

Theorem 4.1. Let μ be a fuzzy prime submodule of M and ( ).ML∈ν  If 

,1: R≠νμ  then νμ :  is a fuzzy prime ideal of R. 

Proof. We assume .1: R≠νμ  Then μν  and ,1:: Mμ=νμ  by 

Lemma 3.4. Let ( )RLI∈ζη,  be such that νμ⊆ηζ :  and .: νμη  Now 

νμ⊆ηζ :  gives ( ) ,μ⊆νηζ  from Lemma 3.7. This implies ( ) ,μ⊆ζνη  

by [7, Theorem 3.1.4]. So, M1:μ⊆η  or ,μ⊆ζν  as μ is a fuzzy prime 

submodule of M. If ,1: Mμ⊆η  then ,1 μ⊆η M  by Lemma 3.7. Also, 

M1⊆ν  gives ,1Mη⊆ην  which gives μ⊆ην  as .1 μ⊆η M  Again using 

Lemma 3.7, we get ,: νμ⊆η  a contradiction. So μ⊆ζν  implies ⊆ζ  

,: νμ  from Lemma 3.7. Hence νμ :  is a fuzzy prime ideal of R.   

Theorem 4.2. Let ( )ML∈μ  and ( ).RLI∈ζ  If μ is a fuzzy prime ideal 

of R and ,1: M≠ζμ  then ζμ :  is a fuzzy prime submodule of M. 

Proof. If ( ) ( )MLRLI ∈ν∈η ,  and ,: ζμ⊆ην  then ( ) ( )ηνζ=ζνη  

( ) ,: μ⊆ζμζ⊆  by Lemma 3.7. This gives μ⊆ζν  or ,1: Mμ⊆η  as μ is 

a fuzzy prime ideal of R. Therefore, we have ,: ζμ⊆ν  from Lemma 3.7.  

From ,1: M≠ζμ  we get .1 μζ M  As ( ) ( ),1::1:: MM ζμ=ζμ  thus 

( ) ,1:1:: MM μ=ζμ  by Lemma 3.4. This gives ζμ⊆ν :  or M1:μ⊆η  

( ) .1:: Mζμ=  Hence, ζμ :  is a fuzzy prime submodule of M.  

Theorem 4.3. Let M and N be two modules over R and f be an 
epimorphism of M onto N. 

 (i) If μ is a fuzzy prime submodule of M and is f-invariant, then 
( ) .1:1: NM f μ=μ  

(ii) If ν is a fuzzy prime submodule of N, then ( ) .1:1: 1
MN f ν=ν −  
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Proof. 

(i) We assume that μ is a fuzzy prime submodule of M and is f-invariant. 
Then ( )μf  is a fuzzy prime submodule of N, by Lemma 3.6. Also, =μ  

,1 Mc∪
∗μ  where ∗μ  is a prime submodule of M and c is a prime element of 

[ ],1,0  from Lemma 3.2. Now 

( ( ) ) ( ) ( )( ) ( )ycyyc NfNf ∨=
∗∗ μμ 11 ∪  

( )

( )⎪⎩

⎪
⎨
⎧

μ∉

μ∈
=

∗

∗

.if

,if1

fyc

fy
 

Also, 

( ) ( ) { ( ) ( )} ( ) φ≠∈μ=μ −− yfyfxxyf 11 if:∨  

{( ) ( ) ( )}yfxxcM
1:1 −

μ ∈=
∗
∪∨  

( )

( )⎪⎩

⎪
⎨
⎧

∈μ∉

∈μ∈
=

−
∗

−
∗

.,if

,,if1
1

1

yfxxc

yfxx
 

But  

( ) ( )
( )

( )⎪⎩

⎪
⎨
⎧

μ∉μ∉

μ∈μ∈
⇒=⇒∈

∗∗

∗∗−

.if

,if1

xfy

xfy
yxfyfx  

This gives ( ) ( ) .1 Nf cf ∪
∗μ=μ  Again, ( ) ==μ

∗μ MMM c 1:11: ∪  

RM c∪:1
∗μ  by Lemma 3.1. Similarly, ( ) ( ) .11: : RNfN cf ∪

∗μ=μ  Now, let 

( ) .: Nfr ∗μ∈  Then ( ).∗μ⊆ frN  This gives ( ) ( ),∗μ⊆ fMrf  as f is an 

epimorphism, which implies ( ) ( ).∗μ⊆ frMf  Let ., MmrMrmx ∈∈=  

Then ( ) ( ).rMfrmf ∈  Thus ( ) ( ).∗μ∈ frmf  This implies ( ) ( ),zfrmf =  

for some .∗μ∈z  As μ is f-invariant, so ( ) ( ) ,1=μ=μ zrm  i.e., .∗μ∈rm  

From this, we get ∗μ⊆rM  and this implies .: Mr ∗μ∈  So, ( ) Nf :∗μ  

.: M∗μ⊆  Again, let .: Mp ∗μ∈  Then .∗μ⊆pM  From this, ( ) ⊆pMf  
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( ).∗μf  So, ( ) ( ),∗μ⊆ fMpf  i.e., ( ),∗μ⊆ fpN  as f is an epimorphism. This 

implies ( ) .: Nfp ∗μ∈  Thus ( ) .:: NfM ∗∗ μ⊆μ  Therefore, ( ) Nf :∗μ  

.: M∗μ=  Hence ( ) .1:1: NM f μ=μ  

(ii) Similar to (i).   

Theorem 4.4. The intersection of a finite number of fuzzy prime 
submodules of M is a fuzzy prime submodule of M. 

Proof. It is sufficient to prove this for two fuzzy prime submodules of M. 
Let νμ,  be two fuzzy prime submodules of M. Now, we have Ma∪

∗μ=μ 1  

and ,1 Mb∪
∗ν=ν  where ,∗μ ∗ν  are fuzzy prime submodules of M, a, b are 

prime elements in [ ]1,0 , from Lemma 3.2. So, using Lemma 3.1, =μ M1:  

( ) .111:1 :: RMRMMM baa ∪∪∪
∗∗∗ νμμ ==  Thus ba =  and =μ∗ M:  

.: M∗ν  Clearly, .1 Ma∪∩ ∩ ∗∗ νμ=νμ  Since ∗∗ νμ ,  are fuzzy prime 

submodules of M, it follows that ∗∗ νμ ∩  is also a fuzzy prime submodule of 

M. Therefore, νμ ∩  is a fuzzy prime submodule of M.   

Theorem 4.5. If ( )nii ≤≤μ 1  are fuzzy prime submodules of M, then 

( ) Mi
n
i 1:1 μ=∩  is a fuzzy prime ideal of R. 

Proof. Since iμ  is a fuzzy prime submodule of M, for .1 ni ≤≤  So, 

i
n
i μ=1∩  is a fuzzy prime submodule of M, by Theorem 4.4. Thus, using 

Lemma 3.3, we get ( ) Mi
n
i 1:1 μ=∩  is a fuzzy prime ideal of R.   

Theorem 4.6. Let ( ),ML∈μ  and i
n
i μ=μ =1∩  be an irredundant fuzzy 

prime decomposition of μ, where iμ  are fuzzy prime submodules of M. Then 

a fuzzy prime ideal { }niMi ...,,2,11: =|μ∈α  if and only if there exists 

( )ML∈ν  such that .: α=νμ  Hence, the set of fuzzy prime ideals 

{ }niMi ...,,2,11: =|μ  is independent of the particular irredundant fuzzy 

prime decomposition of μ. 
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Proof. Let ( ),ML∈μ  and i
n
i μ=μ =1∩  be an irredundant fuzzy prime 

decomposition of μ, where iμ  are fuzzy prime submodules of M. Now, for 

( ),ML∈ν  we have ( ) =νμ=νμ = :: 1 i
n
i∩  ( )νμ= :1 i

n
i∩  by Lemma 3.8. 

Again, from Lemma 3.4 and Theorem 4.2, we get Ri 1: =νμ   if iμ⊆ν  and 

νμ :i  is a fuzzy prime ideal of R if .iμν  Hence ( ).: RLIi ∈νμ  Thus 

( ) ( ),1::: 11 μ== μ=νμ=νμ js
m
ji

n
i ∩∩  where the intersection is taken over 

those js  such that .jsμν  Also, νμ :  is a fuzzy prime ideal of R. We 

suppose that .: α=νμ  From this, we get ( ) ( )MsMs 1:1: 21 μμ⊇α  

( )Msm 1:μ  by Lemma 3.10 and this gives Ms j 1:μ⊇α  for some .js  

Also, ,1: Ms jμ⊆α  so .1: Ms jμ=α  Next, consider any one of the 

associated fuzzy prime ideals Mi 1:μ  of .1 i
n
i μ=μ =∩  Let .1,1 j

n
jj μ=ν ≠=∩  

Then by Lemma 3.8, we have ( ) ( )j
n

ijjk
n
k μμ=νμ ≠== ,11 :: ∩∩  

( ) ( ).:: ,1,11 j
n

ijjij
n

ijjk
n
k μμ=μμ= ≠=≠== ∩∩∩  Also, .,1 ij

n
ijj μμ≠=∩  

This gives ,1:: Miμ=νμ from Lemma 3.4. Hence the theorem.   

Theorem 4.7. Let ( ).ML∈μ  If μ has a fuzzy prime decomposition, then 

μ has a normal fuzzy prime decomposition. 

Proof. We assume that μ has a fuzzy prime decomposition .1 i
n
i μ=μ =∩  

If { }nii k μμμ∈μμ ...,,,...,, 211  are such that =μ==μ MiMi k 1:1:1  

,1: Miμ  let .1 ji
k
ji μ=μ′ =∩  Then iμ′  is a fuzzy prime submodule of M and 

,1:1: MiMi μ=μ′  by Theorem 4.4. Thus ,1 mμ′μ′=μ ∩∩  where the iμ′  

have distinct associated fuzzy prime ideals. If j
m

ijji μ′⊇μ′ ≠= ,1∩  for some i, 

then iμ′  is deleted. Therefore, μ has a normal fuzzy prime decomposition.  

Theorem 4.8. Let ( ).ML∈μ  Suppose that i
n
i μ=μ =1∩  is a normal 

fuzzy prime decomposition of μ. Then there exists a finite set { ...,,1:1 Mμ  
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} ,,1: nmMm ≤μ  where the Mi 1:μ  are minimal in the set of associated 

fuzzy prime ideals of ,1 i
n
i μ=μ =∩  such that ( )Mi

m
iM 1:1: 1 μ=μ =∩  and 

( ( )) μ=μμ = Mi
m
i 1:: 1∪  when .2≥m  

Proof. Suppose that i
n
i μ=μ =1∩  is a normal fuzzy prime decomposition 

of μ. Then ( ) ( ),1:1:1: 11 Mi
n
iMi

n
iM μ=μ=μ == ∩∩  by Lemma 3.8. 

Let  ζ  be any fuzzy prime ideal of R such that .1: Mμ⊇ζ  Then ⊇ζ  

( ) ( ) ( ),1:1:1: 11 MnMMi
n
i μμ⊇μ=∩  by Lemma 3.10. So, ( )Mi 1:μ⊇ζ  

for some i. Thus ζ contains some ( )Mi 1:μ  that are minimal among 

( ) ( ).1:...,,1:1 MnM μμ  Hence, if we select those ( )Mi 1:μ  in 
( ) ( ){ }MnM 1:...,,1:1 μμ  that are minimal and reindex, then we have M1:μ  

( ).1:1 Mi
m
i μ= =∩  If ,2≥m  then ( ( )) ( )( ),1::1:: 11 Mi

m
iMi

m
i μμ=μμ == ∩∪  

from Lemma 3.9. As ( ) ( ) ( ),1:1:1: 1 Mi
m
iMMi μ=μμ =∩  therefore by 

Lemma 3.5, we have ( ) ,1:: μ=μμ Mi  { }....,,2,1 ni ∈∀  Hence :μ  

( ( )) .1:1 μ=μ= Mi
m
i∪   

Theorem 4.9. Let i
n
i μ=μ =1∩  be a normal fuzzy prime decomposition 

of μ, and iμ  be isolated fuzzy prime submodules of M. Then  

( ( )) { }....,,2,1,1:: ,1 niMj
n

ijj ∈∀μμ=μ ≠=∩  

Proof. Since ( ) ( ) ( ) ( ) n
ijjMnMiMiM ≠=+− ⊆μμμμ ,1111 1:1:1:1: ∩  

( ),1: Mjμ  it follows from the minimality of Mi 1:μ  that ( )Mj
n

ijj 1:,1 μ≠=∩  

( ),1: Miμ  and hence ( ) ( ) ( ).1:1:1: 1,1 MMj
n
jMj

n
ijj μ=μμ =≠= ∩∩  

Thus by Lemma 3.5, we get ( ( )) ,1:: ,1 μ=μμ ≠= Mj
n

ijj∩  { }....,,2,1 ni ∈∀  

Hence the theorem.  
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