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Abstract

Our objective is to investigate the fuzzy aspects of prime submodules
of an R-module M. Using the concepts of fuzzy prime ideals and fuzzy
residual quotients, we establish various results on fuzzy prime
submodules of M. Finally, we define fuzzy prime decomposition,
irredundant fuzzy prime decomposition and normal fuzzy prime
decomposition, and obtain some related theorems.

1. Introduction

In 1965, Zadeh introduced the concept of fuzzy set [13], and it was a new
episode towards the development of science and technology. Rosenfeld used
the concept of Zadeh in abstract algebra [11] and opened up a new insight in
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the field of Mathematical Science. Since then, many researchers have been
working on the concepts like fuzzy semigroups, fuzzy groups, fuzzy rings,
fuzzy semi-rings, fuzzy near-rings, fuzzy sub-rings, fuzzy ideals and so on.
Fuzzy submodules of an R-module M were first introduced by Negoita and
Ralescu [9]. Pan [10] studied fuzzy finitely generated modules and quotient
modules. In [12], Sidky introduced the notion of radical of a fuzzy
submodule and also defined primary fuzzy submodules and obtained some
important properties. Recently, the notion of fuzzy prime submodules and
Zariski topology on Spec(M), the set of fuzzy prime submodules of an
R-module M, have been studied by many authors (for example, see [1, 5, 6]).
In this paper, our attempt is to investigate the fuzzy aspects of prime
submodules of an R-module M and their relation with fuzzy prime ideals of
R. Using the concepts of fuzzy prime submodules, fuzzy prime ideals and
fuzzy residual quotients; it is proved that if p is a fuzzy prime submodule of
an R-module M and v is any fuzzy submodule of M, with p : v # 1g, then

u ;v is afuzzy prime ideal of R. If f is an epimorphism from an R-module M

to an R-module N, p is a fuzzy prime submodule of M which is f-invariant,
then u:1y = f(M):1y. It is shown that the finite intersection of fuzzy

prime submodules of M is also a fuzzy prime submodule of M. Finally, we
define fuzzy prime decomposition, irredundant fuzzy prime decomposition
and normal fuzzy prime decomposition and establish some related theorems.

2. Definitions and Notation

Throughout this paper, R denotes a commutative ring with unity and M
denotes a module over R.

Definition 2.1. Amap u: X — [0, 1] is called a fuzzy subset of the set
X. The set of all fuzzy subsets of X is denoted by [0, 1]X.

Definition 2.2. Let p, v e [0, 1]X. Then p is contained in v if p(x) <
v(x), Vx € X and is denoted by p < v.
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Definition 2.3. Let p, v € [0, ], The union and intersection of p and
v, denoted by nUv and pNv, are defined as (uUv)(x) = p(x)v v(x)
and (N v)(x) = u(x) A v(x) forall x e X, respectively.

Definition 2.4. A fuzzy subset p of X of the form

|u(>’)={t Ty

0 if y=x

is said to be a fuzzy point with support x and value t and is denoted by x;.

Definition 2.5. Let f be a mapping from a non-empty set X into a
non-empty set Y and let pe[0,1]%, ve[0,1]". Then f(u)e[0, 1]’ and
fX(v) e [0, 1]* are defined as follows:

Viu(x):xe £y} if fH(y) = @
0 otherwise

F(u)(y) ={

and
fL(v)(x) = v(f (X)), Vx € X.

Definition 2.6. A fuzzy subset p of R is called a fuzzy ideal if it satisfies
the following properties:

() p(x—y) = pux) A w(y), forall x, y e R.
(i) pu(xy) = u(x) v u(y), forall x, y € R.
The set of all fuzzy ideals of R is denoted by LI(R).
Definition 2.7. Let p, v € LI(R). We define uv € LI(R) as follows:
(uwv)(x) = V{u(y)Av(z):y, ze R, yz =x}, VX e R.

Definition 2.8. Let £ e LI(R). Then ¢ is called a fuzzy prime ideal of R
if ¢ is non-constant and for every p, v € LI(R), uv < ¢ implies that p < ¢

orvcd.
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Definition 2.9. Let ¢ € [0, 1). Then c is called a prime element of [0, 1]

if a Ab <c, implies that either a < ¢ or b <c, forall a, b [0, 1].

Definition 2.10. Let ¢e[0,1? and pe[o, Y. we define

Zu e [0, M as follows:

Cu) () = VIEr) Au(y) i r e R, y e M, 1y = x}, ¥x € M.

Definition 2.11. A fuzzy submodule of M is a fuzzy subset p < [0, 1]
such that

(i) u(0) =1, where 6 is the zero element of M;

(i) u(rx) > w(x), forall r e R and x e M and

(i) p(x+y) = u(x) A p(y), forall x, y e M.
The set of all fuzzy submodules of M is denoted by L(M).

Definition 2.12. Let p be a fuzzy submodule of M. Then p, =
{xe M :u(x)=1}.

Definition 2.13. For p, v e [0, ] and ¢ € [0, 1}, we define p:v e
[0, 1R and p: ¢ e [0, 1M as follows:

wiv=Umne0 1% iqv ey,

wig=Ufvelo, 1™ :cvcpl
Definition 2.14. A non-constant fuzzy submodule p of M is said to be
prime if for { e LI(R) and v e L(M) such that {v < u, then either
vep or {cpily. By F—Spec(M), we mean the set of all fuzzy
prime submodules of M.
Definition 2.15. Let M, N be R-modules and f : M — N be a module
homomorphism. A fuzzy subset p of M is called f-invariant if f(x) = f(y)

implies w(x) =w(y), forall x, y e M.
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Definition 2.16. Let u € L(M). Then a decomposition of p as a finite

intersection, u = N{_yp;, of fuzzy prime submodules p;, i =1, 2, ..., n; of
M is called fuzzy prime decomposition of p and the set {uj 11y |i =1,

2, ..., n} of fuzzy prime ideals is called the set of associated fuzzy prime
ideals of p. A fuzzy prime decomposition u = N{_;p; is called irredundant
if no u; contains ﬂr}:l, j=i Hj and an irredundant fuzzy prime decomposition

of p is called normal if distinct p; have distinct associated fuzzy prime

ideals.
Definition 2.17. A fuzzy prime submodule p; in the normal prime

decomposition = N{_;u; is isolated if the associated fuzzy prime ideal

i 1y is minimal in the set of associated fuzzy prime ideals of p.

3. Preliminaries

This section contains some basic results needed in the sequel.
Lemma 3.1 [1]. Let c €[0,1] and N be a submodule of M. Then
v Ucem) 11w =1v:m Uck.

Lemma 3.2 [1]. Let u € L(M). Then p is a fuzzy prime submodule of M

if and only if p = 1, U ¢y such that p, is a prime submodule of M and ¢

is a prime element of [0, 1].

Lemma 3.3 [1]. If p is a fuzzy prime submodule of M, then p: 1y is a

fuzzy prime ideal of R.

Lemma3.4[1]. Let ve L(M) and p € F — Spec(M ). Then
@i)If vcp, then p:v =1z and

()If vZp thenp:v=p:ly.
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Lemma 3.5 [1]. Let p e L(M) and ¢ e LI(R). If u is a fuzzy prime

submodule of M, then the following statements are satisfied:
()if CZ (n:1y), then n: ¢ =p and
(i)if < (u:1y), then u: ¢ =1y.

Lemma 3.6 [1]. Let M and N be R-modules and f be a homomorphism
from M onto N. Then the following statements are satisfied:

(i) Let u e F — Spec(M ) be f-invariant. Then f(u) € F — Spec(N).
(i) If v e F — Spec(N), then f 1(v) e F — Spec(M).
Lemma 3.7 [7]. Let p, v [0, ™ and ¢ < [0, 1]R. Then
@) (m:v)ven
(i) gun:cm
(livcpeolcpiveoven:l

Lemma 3.8 [7]. Let p; (i € I(index set)), v € [0, 1M and ¢ < [0, 1}.
Then

M (Nier ki 2 v) =Nici(yj 1 v),

(i) (Nier 1i 2 €)= Nicr (i : 6)-

Lemma 3.9 [7]. Let p e L(M), (i e I(index set)), v e[0, ™ and
¢ [0, 1JR. Then

@1 vi [0, 1M i e, then w: (Uicy vi) = Nici (2 vi).

(i) If G e [0, 1R, i e 1, then w: Uicy &) = Nicr (1 : G).

Lemma 3.10 [7]. Let u, v € LI(R). Then uv < puNv.
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4. Main Results

We now present our main results.

Theorem 4.1. Let u be a fuzzy prime submodule of M and v € L(M). If

p:v #=1g, then p: v is afuzzy prime ideal of R.

Proof. We assume p:v =1z Then vZp and p:v=p:ly, by
Lemma3.4. Let n, € LI(R) besuchthat n{ c p:v and n & p:v. Now
n¢ cu:v gives (ME)v < u, from Lemma 3.7. This implies n(Cv) < u,
by [7, Theorem 3.1.4]. So, nc pn:1y or &v < u, as p is a fuzzy prime
submodule of M. If nc un:1ly, then nlyy < p, by Lemma 3.7. Also,
v < 1y gives nv < nly, which gives nv < p as nly < p. Again using
Lemma 3.7, we get n < p: v, a contradiction. So v < p implies ¢ <

p v, from Lemma 3.7. Hence p : v is a fuzzy prime ideal of R. [

Theorem 4.2. Let p € L(M) and ¢ € LI(R). If wis a fuzzy prime ideal
of Rand pn: & # 1y, then n: ¢ is afuzzy prime submodule of M.

Proof. If ne LI(R),ve L(M) and nv cu:¢, then n(Cv) =L(mv)
cl(n:&)cu, by Lemma3.7. Thisgives (v cpormc p:ly, aspis
a fuzzy prime ideal of R. Therefore, we have v < p: £, from Lemma 3.7.
From p:C =1y, we get Cly €u. As (n:¢):1Ly =p:(C:1y), thus
(w:€):ly =p:1y, by Lemma 3.4. Thisgives v u:{ or ncu:ly
=(n:&):1y. Hence, u : ¢ is afuzzy prime submodule of M. U]

Theorem 4.3. Let M and N be two modules over R and f be an
epimorphism of M onto N.

(i) If u is a fuzzy prime submodule of M and is f-invariant, then
pily = f(u)ily.

(ii) If v is a fuzzy prime submodule of N, then v : 1y = f _1(\/) Yy
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Proof.

(i) We assume that p is a fuzzy prime submodule of M and is f-invariant.
Then f(u) is a fuzzy prime submodule of N, by Lemma 3.6. Also, p =

L. U ¢y, where p, is a prime submodule of M and c is a prime element of

[0, 1], from Lemma 3.2. Now
(¢ (uy) Uen ) (Y) =L, (V) v en(y)

{1 if ye f(u)

c if ye )
Also,
F(y) = Vi) s x e £y} if F7Hy) = ¢
= V{(L,, Uem) (%) i x e FH(y)}
:{1 if x e, xe fy)
¢ if X &, xe fYy)
But

yEf(H*) ifXEH*y

c -l _
X f (y):>f(X) yj{yéf(u*) ifxg“*.

This gives f(p)=1¢(,,)Ucn. Again, pily =(L, Ucy)ily =
1,,:m Ucg by Lemma 3.1. Similarly, f(u):1y =1¢(,):n UCr. Now, let
re f(us): N. Then rN < f(u,). This gives rf(M) < f(u,), as fis an
epimorphism, which implies f(rM) < f(u.). Let x=rmerM, m e M.
Then f(rm)e f(rM). Thus f(rm)e f(u,). This implies f(rm)= f(z),
for some z € p,. As p is f-invariant, so p(rm) =p(z) =1, i.e.,, rm e p,.
From this, we get rM < u, and this implies r € u, : M. So, f(u,): N
C s M. Again, let p € u, : M. Then pM < p,. From this, f(pM) c
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f(us). So, pf(M) < f(us), i.e,, pN < f(us), asfis an epimorphism. This
implies p e f(us): N. Thus p, : M < f(us): N. Therefore, f(u,):N
= s - M. Hence p:1y = f(u):1y.

(i) Similar to (i). 0l

Theorem 4.4. The intersection of a finite number of fuzzy prime
submodules of M is a fuzzy prime submodule of M.

Proof. It is sufficient to prove this for two fuzzy prime submodules of M.
Let p, v be two fuzzy prime submodules of M. Now, we have p =1, Uay

and v =1, U by, where p,, v, are fuzzy prime submodules of M, a, b are
prime elements in [0, 1], from Lemma 3.2. So, using Lemma 3.1, u:1y =
(L, Uay) Iy =L, m Uag =1, .m Ubg. Thus a=b and p,: M =
vi :M. Clearly, nv=1,n,, Uay. Since w., v, are fuzzy prime
submodules of M, it follows that ., 1 v, is also a fuzzy prime submodule of

M. Therefore, u (1 v is a fuzzy prime submodule of M. U]
Theorem 4.5. If pj(1<i <n) are fuzzy prime submodules of M, then
(Ni—q wj) : 1y is a fuzzy prime ideal of R.
Proof. Since p; is a fuzzy prime submodule of M, for 1 <i < n. So,

NIy ;i is a fuzzy prime submodule of M, by Theorem 4.4. Thus, using

Lemma 3.3, we get (N7_; p;) : 1y is a fuzzy prime ideal of R. [

Theorem 4.6. Let p e L(M), and p = N{_;y; be an irredundant fuzzy
prime decomposition of u, where p; are fuzzy prime submodules of M. Then
a fuzzy prime ideal o € {u; : 1y |i =1, 2, ..., n} if and only if there exists
velL(M) such that p:v=a. Hence, the set of fuzzy prime ideals
{ui 14y |i =1 2, .., n} is independent of the particular irredundant fuzzy

prime decomposition of p.
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Proof. Let u e L(M), and u =N{_;yu; be an irredundant fuzzy prime
decomposition of p, where p; are fuzzy prime submodules of M. Now, for

vel(M), wehave p:v= (N p):v= Ny (y:v) by Lemma 3.8.
Again, from Lemma 3.4 and Theorem 4.2, we get y; : v =1g if v < p; and

ui : v is a fuzzy prime ideal of R if v ¢ p;. Hence p; : v € LI(R). Thus
pov=Nq(y:v)= ﬂT:l(Hsj 11, ), where the intersection is taken over
those s;j such that v ¢ Hs;- Also, p: v is a fuzzy prime ideal of R. We
suppose that p:v =a. From this, we get o 2 (s :1yv)(Hs, :1u)
~+(us,, *1m) by Lemma 3.10 and this gives o o Ms; :1y for some s;j.
Also, o < Hs; 1y, SO a = Hs; :1yv- Next, consider any one of the
associated fuzzy prime ideals p; : 1y of u=N{_jyu;. Let v = ﬂr}zL j21Hj-
Then by Lemma 38, we have p:v=("g_gme):(Njog jui 1j)
= MRoa(u s NGy jeimg) = mi 0 (N, joei ). Also, N i v € mi
This gives u : v = p; : 1y, from Lemma 3.4. Hence the theorem. [

Theorem 4.7. Let u € L(M). If u has a fuzzy prime decomposition, then

u has a normal fuzzy prime decomposition.

Proof. We assume that p has a fuzzy prime decomposition p = N{_;p;.
If Wi Hi, € {1, M2, - B} are such that py i1y = =p 11y =
Wi sy, let pj= ﬂl}:luij- Then p; is a fuzzy prime submodule of M and
Wi 4y =uj Ly, by Theorem 4.4. Thus p=p - uy, where the pj
have distinct associated fuzzy prime ideals. If pj o ﬂ’}‘:L j=inj for some i,

then i} is deleted. Therefore, p has a normal fuzzy prime decomposition. [

Theorem 4.8. Let u e L(M). Suppose that p = N{_;y; is a normal
fuzzy prime decomposition of p. Then there exists a finite set {u; : 1y, ..,



On Decomposition of Fuzzy Prime Submodules 187

Wm 1y} m < n, where the p; : 1), are minimal in the set of associated
fuzzy prime ideals of p = N{_ju;, such that p:1y = N4y i1y ) and
w: (UM (i :4y)) = n when m > 2,

Proof. Suppose that u = N_;; is a normal fuzzy prime decomposition
of w. Then p:ly =g )y =NTq(yi :4y), by Lemma 3.8.
Let £ be any fuzzy prime ideal of R such that o p:1y. Then £ o

Mizy (i 22 ) 2 (g 21w )+ (kn 1y ), by Lemma3.10.So, ¢ o (ki :1y)
for some i. Thus ¢ contains some (u;:1y ) that are minimal among
(mg 22y ) oo (1 i1y ). Hence, if we select those (uj:1y) in
{(ug Ly ) s (1 2Ly )} that are minimal and reindex, then we have p : 1y

= MiZa(ki :4p ). 1fm 22, then p: (Ui (wi 1w )) = N (wi :2m)s
from Lemma 3.9. As (uj :1y) € (0 :1w) = NiLi(uj 11y ), therefore by
Lemma 3.5, we have p:(y;:1y)=n, Vie{l 2, ..,n}. Hence pn:

(U (i 21m)) = u. O

Theorem 4.9. Let pu = N{_; u; be a normal fuzzy prime decomposition
of u, and p; be isolated fuzzy prime submodules of M. Then

b= w0 i (4 1)), Vi€ {12, n),
Proof. Since (ug i1y )~ (kiza i Iv ) (st 1 2m ) (n 2 4m) € Ny, o
(uj:1y), it follows from the minimality of p; : 1y that N}y j.i (1 :1m)

¢ (i :1m), and hence Ny j.i (j 1) € NGoa (0 :1w) = (n:1yw).
Thus by Lemma 3.5, we get p: (N_g ji (uj:lw)) = Vie{l 2 .., n}.
Hence the theorem. [
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