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Abstract

We introduce the concept of an intuitionistic fuzzy congruence on a
semigroup and investigate some of its properties. And we study some
properties under semigroup homomorphisms.

0. Introduction

The subject of fuzzy sets as an approach to a mathematical
representation of vagueness in everyday language was introduced by
Zadeh [23] in 1965. He generalized the idea of the characteristic function
of a subset of a set X by defining a fuzzy subset of X as a map from X into
[0, 1]. After that time, many researchers [1, 16-18, 20-22] introduced the

concept of a fuzzy congruence which plays an important role in the theory
of fuzzy sets and their applications. And they studied some of its

properties.

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy
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sets was introduced by Atanassov [2]. Recently, Coker and his colleagues
[6, 7, 9], and Lee and Lee [19] introduced the concept of intuitionistic
fuzzy topological spaces. Also, Banerjee and Basnet [3], Biswas [4], Hur
and his colleagues [11, 12, 15] applied to group theory using intuitionistic
fuzzy sets. In 1996, Bustince and Burillo [5] introduced the concept of
intuitionistic fuzzy relations and studied some of its properties. In 2003,
Deschrijver and Kerre [8] investigated some properties of the composition
of intuitionistic fuzzy relations. In particular, Hur and his colleagues
[13, 14] studied various properties of intuitionistic fuzzy equivalence

relations on a set and intuitionistic fuzzy congruences on a lattice.

In this paper, we introduce the concept of an intuitionistic fuzzy
congruence and investigate some of its properties. Also we study

semigroup homomorphisms.
1. Preliminaries

In this section, we list some basic concepts and well-known results
which are needed in the later sections.

For sets X, Yand Z, f=(f;,fs): X > Y xZ is called a complex
mappingif 1 : X > Y and f5 : X > Z are mappings.

Throughout this paper, we will denote the unit interval [0, 1] as [

and for any ordinary relation R on a set X, we will denote the

characteristic function of R as y p.

Definition 1.1 [2]. Let X be a nonempty set. A complex mapping
A= (ug,va): X > IxI is called an intuitionistic fuzzy set (in short,

IFS) in X if pg(x)+vy(x) <1 for each x € X, where the mapping
pg : X > 1 and vy : X > I denote the degree of membership
(namely p4(x)) and the degree of nonmembership (namely v4(x)) of
each x € X to A, respectively. In particular, 0. and 1. denote the

intuitionistic fuzzy empty set and the intuitionistic fuzzy whole set in X
defined by 0-(x) = (0, 1) and 1_(x) = (1, 0) for each x € X, respectively.

We will denote the set of all IFSs in X as IFS(X).
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Definition 1.2 [2]. Let X be a nonempty set and let A = (ug, v4)
and B = (up, vg) be IFSs on X. Then

(1) Ac Biff py <pugand vy 2 vp.

2 A=Biff Ac Band B c A

(3) A° = (v4, pa)-

(49) ANB =(ng Aup, va Vv VB).

(5) AUB = (ng vup, va AVB).

©) [JA=(ua, 1-pa)()A=Q0-va va)

Definition 1.3 [6]. Let {A;}._; be an arbitrary family of IFSs in X,
where A; = (g, v4,) for each i € J. Then

(D) N4 = (Apg, Vv

2) UA; = (V Hgs AVva)

Definition 1.4 [5]. Let X be a set. Then a complex mapping R =

(np, VR): X x X —> I x I is called an intuitionistic fuzzy relation (in
short, IFR) on X if pg(x, y) + vp(x, y) for each (x, y) e X x X, i.e., R
IFS(X x X).

We will denote the set of all IFRs on a set X as IFR(X).
Definition 1.5 [5]. Let R e IFR(X). Then the inverse of R, R™' is
defined by R (x, y) = R(y, x) for any x, y € X.

Definition 1.6 [8]. Let X be a set and let R, @ € IFR(X). Then the
composition of R and @, @ o R, is defined as follows: for any x, y € X,

HQor(%, ) = V, [ur(x, 2) A ng(2, )]
and

VQoR(x’ y) = zé}([VR(x’ 2) Vv VQ(Z’ y)]
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Result 1.A [13, Proposition 2.4]. Let X be a set and let R;, Ry, R3,
Qla Q2 € IFR(X) Then

(1) (Ry o Ry)o Ry = Ry o (Ry © Ry).

@) If Rf ¢ Ry and @ < @9y, then R; c @) < Ry o Q9. In particular,
if Ql C Q2, then R1 o Ql C R1 o QQ.

(3) Ry o(Ry UR3) =Ry o Ry UR, © R3.

(4) Ry o (Ry NR3) = Ry o Ry N Ry o Rs.

(5) If R| © Ry, then R <« Ry'.

6) (R')™ = R and (R, © Ry)™* = Ry o R{™.
(7) (R URy)™" = R URy".

® (B, NRy) " = R{' N R

Definition 1.7 [5]. An intuitionistic fuzzy relation R on a set X is
called an intuitionistic fuzzy equivalence relation (in short, IFER) on X if

it satisfies the following conditions:
(i) it is intuitionistic fuzzy reflexive, i.e., R(x, x) = (1, 0) for each
xeX.
(1) 1t is intuitionistic fuzzy symmetric, i.e., R =R
(ii1) it is intuitionistic fuzzy transitive, i.e., Ro R < R.
We will denote the set of all IFERs on X as IFE(X).

Result 1.B [13, Remark 2.8(4)]. Let R be an ordinary relation on a
set X. Then R is an equivalence relation on X if and only if (xg, % RC) €
IFE(X).

Result 1.C [13, Proposition 2.14]. Let X be a set and let @, R
IFE(X). If Qo R = Ro @, then Ro @ e IFE(X).
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Let R be an intuitionistic fuzzy equivalence relation on a set X and let
a € X. We define a complex mapping Ra : X — I x I as follows: for each
x e X,

Ra(x) = R(a, x).

Then clearly Ra € IFS(X). The intuitionistic fuzzy set Ra in X is called

an intuitionistic fuzzy equivalence class of R containing a € X. The set

{Ra : a € X} is called the intuitionistic fuzzy quotient set of X by R and
denoted by S/R.

Result 1.D [13, Theorem 2.15]. Let R be an intuitionistic fuzzy

equivalence relation on a set X. Then the following hold:
(1) Ra = Rb if and only if R(a, b) = (1, 0) for any a, b € X.

(2) R(a, b) = (0,1) if and only if Ra \ Rb = 0. for any a, b € X.

®3) U, x Ra =1

(4) There exists the surjection p:X — X/R defined by p(x) = Rx

for each x € X.

Definition 1.8 [13]. Let R be an intuitionistic fuzzy relation on a set
X. Foreach (A, n) e I x I with A +p <1, let

R™W = {(a, b) e X x X : pp(a, b) > & and vp(a, b) < pk.

This set is called the (A, p)-level set of R.

It is clear that R®" is a relation on X.
Result 1.E [13, Theorem 2.17]. Let X be a set and let R € IFR(X).
Then R e IFE(X) if and only if R™® is an equivalence relation on X for

each (A, u) e I xI with A +p < 1.

Definition 1.9 [13]. Let X be a set, let R € IFR(X) and let {R,}

ael’

be the family of all the IFERs on X containing R. Then ﬂael‘ R, iscalled

the IFER generated by R and denoted by R°.
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It is easily seen that R°® is the smallest intuitionistic fuzzy
equivalence relation containing R.

Definition 1.10 [13]. Let X be a set and let R € IFR(X). Then the

intuitionistic fuzzy transitive closure of R, denoted by R™, is defined as

follows:

R” = UR”, where R" = Ro Ro -+ o R (n factors).

neN

Result 1.F [13, Theorem 3.6]. If R is an IFR on a set X, then R® =
[RURUA]”.
Definition 1.11 [11]. Let (X,:) be a groupoid and let

A, B € IFS(X). Then the intuitionistic fuzzy product of A and B, A - B

is defined as follows: for any x € X,

(\/yz=x [P—A(y) A HB(Z)]’ /N\yz=x [VA(y) v VB(Z)]),

0,1) if x is not expressible as x = yz.

(Ae B)(x) = {

Definition 1.12 [11]. Let (X, -) be a groupoid and let A e IFS(X).

Then A is called an intuitionistic fuzzy subgroupoid (in short, IFGP) of X
if for any x, y € X,

ma(y) = pa(x) Apa(y) and va(xy) < va(x) v va(y).

We will denote the set of all IFGPs of a groupoid X as IFGP(X). Then
it is clear that 0. and 1. € IFGP(X).

Definition 1.13 [15]. Let G be a group and let A € IFGP(G). Then A
is called an intuitionistic fuzzy subgroup (in short, IFG) of G if A(x_l) >

A(x), ie., pa(x™h) = py(x) and va(x 1) < vy (x), for each x e G.
We will denote the set of all IFGs of G as IFG(G).

Definition 1.14 [15]. Let G be a group and let A € IFG(G). Then A
is said to be normal if A(xy) = A(yx) for any x, y € G.
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We will denote the family of all intuitionistic fuzzy normal subgroups
of a group G as IFNG(G). In particular, we will denote the set

(N e IFNG(G) : N(e) = (1, 0)} as IFN(G).

Result 1.G [15, Proposition 3.2]. Let A be an IFS of a group G and let
B € IFNG(G). Then Ao B = Bo A.

Definition 1.15 [12]. Let G be a group, let A € IFG(G) and let x € G.
We define two complex mappings

Ax = (Ugy, Vay): G > I x T

and
XA = (g, Veu): G > I x I

as follows respectively: for each g € G,
Ax(g) = A(gx™") and xA(g) = A(x'g).

Then Ax [resp. xA] is called the intuitionistic fuzzy right [resp. left] coset
of G determined by x and A.

It is clear that if A € IFNG(G), then the intuitionistic fuzzy left coset

and the intuitionistic fuzzy right coset of A on G coincide and in this case,
we call intuitionistic fuzzy coset instead of intuitionistic fuzzy left coset or

intuitionistic fuzzy right coset.
2. Intuitionistic Fuzzy Congruences

Definition 2.1 [10]. A relation R on a groupoid S is said to be
(1) left compatible if (a, b) € R implies (xa, xb) € R for any a, b,

x eSS,

(2) right compatible if (a, b) € R implies (ax, bx) € R for any a, b,
x e S,

(38) compatible if (a,b) e R and (c, d) € R imply (ab, cd) € R for
any a, b, ¢, d € R,

(4) a left [resp. right] congruence on S if it is a left [resp. right]
compatible equivalence relation.
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(5) a congruence on S if it is a compatible equivalence relation.

It is well known [10, Proposition 1.5.1] that a relation R on a groupoid
S is a congruence if and only if it is both a left and a right congruence

on S.

Now we will introduce the notion of an intuitionistic fuzzy compatible

relation on a groupoid.
Definition 2.2. An IFR R on a groupoid S is said to be
(1) intuitionistic fuzzy left compatible if pp(x, y) < pg(zx, zy) and

vr(x, y) = vg(zx, zy), forany x, y, z € S.

(2) intuitionistic fuzzy right compatible if pp(x, y) < pp(xz, yz) and

vg(x, ¥) > vp(xz, yz), for any x, y, z € S.

(3) intuitionistic fuzzy compatible if pgp(x, y) A pup(z, t) < ug(xz, yt)

and vg(x, y) v vg(z, t) > vg(xz, yt), forany x, y, z, ¢t € S.

Example 2.3. Let S = {e, a, b} be the groupoid with multiplication
table:

(1) Let R = (uRl, le) :Sx8S > IxI be the complex mapping
defined as the following matrix:
R | e a b
(i1 1) (g mag) (s, )

e
a | (a1, na1)  (Rog, Hag)  (Ras, pag)
b | (kg1, m3y)  (Rgg, mge)  (Ras, mss)

where (A, p;j) e IxI with A +p;; <1, 1<1i, j <n such that (A7, 1)

i
and (Ag;, ngp) are arbitrary, and

Loa = 81, Hag < M9, Agg = Aq3, Mg < M3,
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A3z = S1, M3z < Hi2, Aoy = Ag1, Hog < M31,
A3 2 M3, Mg < Hi3.
Then we can see that R; is an intuitionistic fuzzy left compatible relation
in S.
(2) Let Ry = (},LR2, VR2) :Sx8S > IxI be the complex mapping
defined as the following matrix:
Ry | e a b
(11 ) (Mg miz)  (hss ms)

e
a | (Ao, ng1)  (Aogs mag)  (Ras, Mag)
b | (31, n31)  (Rgg, ms2)  (Rgs, nss)

where (7\,1']', “l]) e I xI with 7\,11 + K <1, 1< i, ] <n such that (7\‘11, ull)
and (Ag;, o) are arbitrary, and
M2 < hog, Hig = Hag, A < Agg, W2 = U3g,

M3 < Ag3, i3 = Mag, M3 < Agg, i3 2 U3g,

IA

Loz < A33, 23 2 H33s Ag3 < Agg, Hog 2 Hoo.

Then we can see that R, is an intuitionistic fuzzy right compatible
relation in S.
(3) Let Ry = (upy, VRy):Sx8S — IxI be the complex mapping
defined as the following matrix:
Ry | e a b
e | (M1m1) (Mg mz) (M3, ms)

a | (hop, ng1)  (hag, nog)  (Mag, ma3)
b | (A3, m31)  (sa, mse)  (Ags, ms3)

where (A, ;) € I x I with A;; +p;; <1, 1 <4, j < n such that

M1 A Mg < Mg, K11 V Hig 2 9,
M1 A M3 < A3, Hp1 VY Hig 2 W3,

Mo A Mg < Mg, Mg V i3 2 W9,
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Lo A hgg < Agg, Hoy V Hag 2 H3g,
Aa1 A hgg < Ags, Moy V Moz 2 H33,

Lo A dg3 < A3g, Hog V H33 2 U3,

IN
\

A31 AAgg < Agg, M3p V H3a 2 Hag,

IN
[\

hg1 AAgg < Agg, H31 V H3g = Hag,

A3z Ahgg < hog, Hgg V Hgs 2 Ugg.
Then we can see that Rg is an intuitionistic fuzzy compatible relation
in S.
Lemma 2.4. Let R be a relation on a groupoid S. Then R is left

compatible if and only if (xp, XRC) is intuitionistic fuzzy left compatible.

Proof. (=) Suppose R is left compatible. Let a, b, x € S.

Case (i). Suppose (a, b) € R. Then yg(a, b) =1 and % e (a, b) = 0.
Since R is left compatible, (xa, xb) € R. Thus yp(xa, xb) =1 = yr(a, b)
and y o (xa, xb) =0 = % pe (a, b).

Case (ii). Suppose (a, b) ¢ R. Then yp(a, b) = 0 < yr(xa, xb) and
% pe (@, b)=12> % pe (xa, xb). Hence, in either cases, (xg, XRC) is
intuitionistic fuzzy left compatible.

(<) Suppose (xpr, % RC) is intuitionistic fuzzy left compatible. Let a, b,
x € S and suppose (a, b) € R. Since (xg, % RC) is intuitionistic fuzzy left
compatible, ypg(xa, xb) > yp(a, b) =1 and T pe (xa, xb) < % pe (a, b) = 0.
Thus yg(xa, xb) =1 and X pe (xa, xb) = 0. So (xa, xb) € R. Hence R is

left compatible.

Lemma 2.4’ [the dual of Lemma 2.4]. Let R be a relation on a
groupoid S. Then R is right compatible if and only if (xp, XRC) is

intuitionistic fuzzy right compatible.
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Definition 2.5. An IFER R on a groupoid S is called an:

(1) intuitionistic fuzzy left congruence (in short, IFLC) if it is
intuitionistic fuzzy left compatible.

(2) intuitionistic fuzzy right congruence (in short, IFRC) if it is
intuitionistic fuzzy right compatible.

(3) intuitionistic fuzzy congruence (in short, IFC) if it is intuitionistic

fuzzy compatible.

We will denote the set of all IFCs [resp. IFLCs and IFRCs] on a
groupoid S as IFC(S) [resp. IFLC(S) and IFRC(S)]. It is clear that
A, V € IFC(S).

Example 2.6. Let S = {e, a, b} be the groupoid defined in Example
2.3.Let R = (ug, Vg): Sx S — I x I defined as the following matrix:

R | e a b

(1,0) (0.6, 0.4) (0.6, 0.4)
0.6,0.4) (1,0)  (0.7,0.2)
b | (0.6,04) (0.7,02) (1,0)

Q

Q

Then it can easily be checked that R € IFE(S). Moreover we can see that
R < IFC(S).

Proposition 2.7. Let S be a groupoid and let R e IFE(S). Then
R € IFC(S) if and only if it is both an IFLC and an IFRC.

Proof. (=) Suppose R € IFC(S) and let x, y, z € S. Then

ng(x, y) = npx, y) A up(z, 2) < ugplxz, y2)

and

vr(x, ¥) = Vr(x, ¥) v VR(z, 2) = vR(xz, y2).
Also,

ur(x, ¥) = nRr(2, 2) A ug(x, ¥) < pplex, 2y)
and

vr(x, ¥) = vp(z, 2) v vir(x, y) = vR(zx, zy).

Hence R is both an IFLC and an IFRC.
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(<) Suppose R is both an IFLC and an IFRC. Let x, vy, z, ¢t € S. Then

nr(x, y) Aug(z t) = ugle, y) A ug(z, 2) Augr(y, y) A ug(z, )

IA

ng(xz, y2) A ug(yz, yt)

IA

ug(xz, yt) (since Ro R c R)
and

VR(x7 y) v VR(Z7 t) = VR(x7 y) v VR(Z7 Z)V VR(y7 y) v VR(Z7 t)
> vp(xz, y2) v vg(yz, yt) = vr(xz, yt).
So R is intuitionistic fuzzy compatible. Hence R € IFC(S).

We will denote the set of all ordinary congruences on a groupoid S as
C(S).

The following is the immediate result of Result 1.B, Lemmas 2.4 and
2.4', and Proposition 2.7.

Theorem 2.8. Let R be relation on a groupoid S. Then R e C(S) if
and only if (x g, XRC) e IFC(S).

For any intuitionistic fuzzy left [resp. right] compatible relation R, it
is clear that if G is a group, then R(x, y)= R(x, ty), ie., pgr(x, y) =
up(tx, ty) and vg(x, y) = vg(tx, ty) [resp. R(x, y) = R(xt, yt), ie.,
up(x, y) = ug(xt, yt) and vp(x, y) = vp(xt, yt)] for any =x,y,¢eG.
Hence we have the following result.

Lemma 2.9. Let R be an IFC on a group G. Then

R(xay, xby) = R(xa, xb) = R(ay, by) = R(a, b)

forany a, b, x, y € G.

Example 2.10. Let V be the klein 4-group with the following

operation table:

o o Q o |y
o o Q o |a
ST 0 o Q|Q
Q ® o oo
® Q S oo
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Let R = (ug, vg): VxV — I xI be the complex mapping defined as

the following matrix:

R e a b c

e | (1,0) (0.6,03) (0.9,0.1) (0.6,0.3)
a | (0.6,03) (1,0)  (0.6,0.3) (0.9,0.1)
b | (09,01) (0603 (1,0) (0.6 0.3)

¢ | (0.6,0.3) (0.9,0.1) (0.6,0.3) (1, 0)
Then we can see that R € IFC(V). Moreover, it is easily checked that
Lemma 2.9 holds: for any s, ¢, x, y € V,

R(xsy, xty) = R(xs, xt) = R(sy, ty) = R(s, t).

The following is the immediate result of Proposition 2.7 and Lemma
2.9.

Theorem 2.11. Let R be an intuitionistic fuzzy relation on a group G.
Then R e IFC(G) if and only if it is an intuitionistic fuzzy left (right)

compatible equivalence relation.

Proposition 2.12. Let R be an intuitionistic fuzzy compatible relation
on a groupoid S. Then, for each (A, n)e I xI with A +u <1, the set

R™1 s ¢ compatible relation on S.
Proof. Let a, b,¢c,d € S and suppose (a, b) € R™1 and (c, d) e
R™ W, Then
ngr(a, b) = A, vr(a, b) < p and pgle, d) > A, vp(e, d) < p
Since R is intuitionistic fuzzy compatible,
url(ac, bd) 2 up(a, b) A pgle, d) 2 &
and

vg(ac, bd) < vg(a, b) v vp(e, d) <

Thus (ac, bd) € R™W_ Hence R*" is compatible.
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The following is the immediate result of Result 1.E and Proposition
2.12.

Proposition 2.13. Let R be an IFC on a groupoid S. Then, for each
(A, n)e IxI with A +pu <1, the set R™1 jsq congruence on S.

Lemma 2.14. Let P and @ be intuitionistic fuzzy compatible relations

on a groupoid S. Then @ o P is also an intuitionistic fuzzy compatible

relation on S.

Proof. Let a, b, x € S. Then
ng.p(ax, bx) = t\e{q[up(ax, t) A uglt, xb)]
> up(xa, xc) A pg(xe, xb) for each c € S
> up(a, ¢) A pgle, b) for each ¢ € S

(since P and @ are compatible)

and
vg.p(xa, xb) = t/eé[\/p(xa, t)v vg(t, xb)]
< vp(xa, xc) v vg(xc, xb) for each ¢ € S
<vp(a, ¢)v vglc, b) foreach c € S.
Thus
nguplaz, b) < V. up(a, ¢) » ugle. b)] = g.pla. b
and

vg.plax, bx) < /}g[vP(a, c)v vglc, b)] = vg.p(a, b).

So @ o P 1is intuitionistic fuzzy right compatible. By the similar
arguments, we can see that @ o P 1is intuitionistic fuzzy left compatible.

Hence @ o P 1is intuitionistic fuzzy compatible.

Theorem 2.15. Let P and @ be intuitionistic fuzzy congruences on a

groupoid S. Then the following conditions are equivalent:
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(1) @ o P € IFC(S).
(2) Q@ o P € IFE(S).
(3) @ o P is intuitionistic fuzzy symmetric.
(49) QoP =P-Q.
Proof. It is clear that (1) = (2) and (2) = (3).

(3) = (4) Suppose the condition (3) holds and let a, b € S. Then

Hg.p(a, b) = [Hp(a t) A ug(t, b))

= t\e{q[HQ(b’ t) A uplt, a)]
(since P and @ are intuitionistic fuzzy symmetric)
= up.g(b, @)
and
vg.p(a, b) = [vP(a t)v vglt, b)] = [VQ(b t)v vp(t, a)l = vp.g(b, a).
Hence @ c P = P - Q.

(4) = (1) Suppose the condition (4) holds. Then, by Result 1.C,
Q, P € IFE(S). Thus, by Lemma 2.14, @ o P is intuitionistic fuzzy

compatible. Hence @ o P € IFC(S) on S. This completes the proof.

Proposition 2.16. Let S be a groupoid and let @, P € IFC(S). If
PoQ=@QoP, then PoQ e IFC(S).

Proof. By Result 1.C, it is clear that P o @ € IFE(S). Let x, y, ¢ € S.
Then

upoglx, ¥) = [MQ(x z) Aup(z, y)] < ZEVS[uQ(xt, 2t) A upl(at, yt)]
(since P and @ are intuitionistic fuzzy right compatible)

< Vlug(st, @) nupla, yt)] = np.q(xt, y1)
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and

vpg(x 3) = A\lglx, 2)v vp(z, y)

> QS[VQ(xt, zt) v vp(zt, yt)]

> a/e\S[VQ(xt’ a) A vp(a, yt)] = vp.g(xt, yt).

Similarly, we have pp.g(x, ¥) < up.g(tx, ty) and vp.g(x, ¥) > vp.g(tx, ty).
So P o @ 1is intuitionistic fuzzy left and right compatible. Hence P o @ €
IFC(S).

Let R be an intuitionistic fuzzy congruence on a semigroup S and let
a € S. The intuitionistic fuzzy set Ra in S is called an intuitionistic fuzzy
congruence class of R containing a € S and we will denote the set of all

intuitionistic fuzzy congruence classes of R as S/R.

Proposition 2.17. If R is an intuitionistic fuzzy congruence on a
groupoid S, then Ra o Rb < Rab, forany a, b € S.

Proof. Let x e S. Suppose x is not expressible as x =yz. Then
clearly (Rao Rb)(x)=(0,1). Thus Rao Rb c Rab. Suppose x Iis

expressible as x = yz. Then

HRraorb(®) = V [upe(¥) A ngp(2)] = yXx[uR(a, y) A ug(b, 2)]

yz=x

IA

V [ug(ab, yz)] (since R is intuitionistic fuzzy compatible)

yz=x

ng(ab, x) = ppep(x)

and

VRaoRrb(X) = y/\ [VRa(¥) Vv vRp(2)] = ny[VR(a’ ) v vg(b, 2)]

Z=X

> N [vr(ab, yz)] = vg(ab, x) = vRqp(x).

yz=x

Thus Ra o Rb ¢ Rab. Hence, in all, Ra - Rb = Rab.
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Proposition 2.18. Let G be a group and let R € IFC(G). We define

the complex mapping Ap = (“AR’ vAR) :G - Ix1I as follows: for each

a e @,
Apg(a) = R(a, e) = Re(a).

Then Ap = Re € IFN(G).

Proof. From the definition of Ap, it is clear that Ap e IFS(G). Let
a, b € G. Then

Mag(ab) = ug(ab, e) = ng(a, b') (by Lemma 2.9)

np.r(a, b1) (since R is intuitionistic fuzzy transitive)

\%

= t\eé[uR(a’ t) A ”’R(t’ b_l )] 2 “’R(a7 e) A ”’R(e’ b_l)

= pg(a, e) A ug(b, e) (by Lemma 2.9)

= Hap(a) A pg,(d)

and
vag(a, b) = vg(ab, e) = vg(a, b 1)< vgp.p(a, b7h)
= Nvr(a, ) v vr(, b < vr(a e)vvple b™)
=vg(a,e)vvp(b,e)=va,(a)v v, (D)
On the other hand

Ap(a™) = (nap(@™) vag(@™) = (ugla™, e), vala™, e)
= (ug(e, a), vg(e, a)) (by Lemma 2.9)
= (ug(a, e), vg(a, €)) (since R is intuitionistic fuzzy symmetric)
= (nag(@), vag(a)) = Ag(a).

Moreover

Ag(e) = (nag(e) vag(e) = (ug(e, e), vg(e, ) = (1, 0).
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So Ag € IFG(G) such that Ag(e) = (1, 0). On the other hand
Ag(ab) = (nap(ab), vap(ad)) = (ug(ab, e), vr(ab, e))
= (up(b(ab)b™t, beb™), vR(b(ab)b™!, beb™)) (by Lemma 2.9)
= (ug(ba, e), vg(ba, e)) = (nay (ba), vay (ba)) = Ag(ba).
Hence Ap € IFN(G). This completes the proof.

The following is the immediate result of Proposition 2.18 and Result
1.G.

Proposition 2.19. Let G be a group and let e be the identity element
of G. If P, @ € IFC(G), then Pe > Qe = Qe o Pe.
Proposition 2.20. Let G be a group. If R e IFC(G), then any

intuitionistic fuzzy congruence class Rx of x € G by R is an intuitionistic
fuzzy coset of Re. Conversely, each intuitionistic fuzzy coset of Re is an

intuitionistic fuzzy congruence class by R.

Proof. Suppose R € IFC(G) and let x, g € G. Then Rx(g)= R(x, g).
Since R is intuitionistic fuzzy left compatible, by Lemma 2.9, R(x, g)=
R(e, x1g). Thus Rx(g)= R(e, x 'g) = Re(x 'g) = (xRe)(g). So Rx = xRe.

Hence Rx is an intuitionistic fuzzy coset of Re.

Conversely, let A be any intuitionistic fuzzy coset of Re. Then there
exists an x € G such that A = xRe. Let g € G. Then A(g) = (xRe)(g) =
Re(x"'g) = R(e, x"1g). Since R is left compatible, R(e,x 'g)=R(x, g)=
Rx(g). Thus A(g)= Rx(g). So A = Rx. Hence A is an intuitionistic
fuzzy congruence class of x by R.

Proposition 2.21. Let R be an intuitionistic fuzzy congruence on a
groupoid S. We define the binary operation * on S/R as follows: for any
a, belS,

Ra * Rb = Rab.

Then * is well-defined.
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Proof. Suppose Ra = Rx and Rb = Ry, where a, b, x, ¥y € S. Then,
by Result 1.D, R(a, x) = R(b, y) = (1, 0). Thus

ng(ab, xy) = V. [ug(ab, 2) A ng(z, x)]

(since R is intuitionistic fuzzy transitive)
> up(ab, xb) A pp(xb, xy) > ug(a, x) A ug(d, ¥)
(since R is intuitionistic fuzzy right and left compatible)
=1
and

vp(ab, xy) < /g[vR(ab, z)v vp(z, xy)] < vp(ab, xb) v v (xb, xy)
zE

< vgla, x) v vg(b, y) = 0.
Thus pp(ab, xy) =1 and vg(ab, xy) =0, ie., R(ab, xy)=(1,0). By
Result 1.D, Rab = Rxy. So Ra * Rb = Rx * Ry. Hence * is well-defined.

From Proposition 2.21 and the condition of semigroup, we obtain the
following result.

Theorem 2.22. Let R be an intuitionistic fuzzy congruence on a
semigroup S. Then (S/R, *) is a semigroup.

A semigroup S is called an inverse semigroup [10] if every a € S
possesses a unique inverse, i.e., there exists a unique a! € S such that
1 laa—l )

aa'a=a and ! = a”

Corollary 2.22-1. Let R be an intuitionistic fuzzy congruence on an

inverse semigroup S. Then (S/R, *) is an inverse semigroup.

Proof. By Theorem 2.22, (S/R, *) is a semigroup. Let a € S. Since S
1s an inverse semigroup, there exists a unique inverse a! € S such that

ac'a = a and alaa! = a7!. Let (Ra)! = Ra™'. Then

(Ra)" * Ra*(Ra)' = Ra™' * Ra* Ra™' = Ra"'aa™ = Ra™! = (Ra)™’
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and
Ra *(Ra)™ * Ra = Ra * Ra™" * Ra = Raa 'a = Ra.

Hence Ra™' is an inverse of Ra for each a € S.

An element a of a semigroup S is said to be regular if a € aSa, 1i.e.,
there exists an x € S such that a = axa. The semigroup S is said to be
regular if for each a €S, a is a regular element. Corresponding to a
regular element a, there exists at least one a' € S such that a = ad'a

and a' = a'aa’. Such an element o' is called an inverse of a.

Corollary 2.22-2. Let R be an intuitionistic fuzzy congruence on a

regular semigroup S. Then (S/R, *) is a regular semigroup.

Proof. By Theorem 2.22, (S/R, *) is a semigroup. Let a € S. Since S

is a regular semigroup, there exists an x € S such that a = axa. Then
clearly Rx € S/R. Moreover, Ra* Rx* Ra = Raxa = Ra. So Ra is a

regular element of S/R. Hence S/R is a regular semigroup.

Corollary 2.22-3. Let R be an intuitionistic fuzzy congruence on a
group G. Then (G/R, *) is a group.

Proof. By Theorem 2.22, (G/R, *) is a semigroup. Let x € G. Then
Rx * Re = Rxe = Rx = Rex = Re * Rx. Thus Re is the identity in G/R
with respect to *. Moreover, Rx * Rx™' = Rxx™' = Re= Rx 'x = Rx ! * Rx.

So Rx ! is the inverse of Rx with respect to *. Hence (G/R, *) is a group.

Proposition 2.23. Let G be a group and let R € IFC(G). We define a
complex mapping ©n = (L, v;): G/R — I x I as follows: for each x € G,

TC(RDC) = (MRx(e)’ VRx(e))'
Then n € IFG(G/R).

Proof. From the definition of w, it is clear that = = (u,, v;) e

IFS(G/R). Let x, y € G. Then

Hr(Rx * Ry) = up(Rxy) = ppy(e) = nr(xy, e)
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2 pg(x, e) A ng(y, e)
(since R is intuitionistic fuzzy compatible)

= uge(e) A upy(e) = pr(Rx) A pr(Ry)

and
vi(Rx * Ry) = v (Rxy) = vpyy(e) = vp(xy, e) < vp(x, e) v vr(y, e)
= VRy(e) v vRy(e) = vi(Bx) v v (Ry).

By the process of the proof of Corollary 2.22-1, (Rx)_1 =R . Thus

n(Re)") = n(R;") = R(x™", ¢) = Re, x) = n(Rx). So m((R,)™") = n(Rx)
for each x € G. Hence n € IFG(G/R).

Proposition 2.24. If R is an intuitionistic fuzzy congruence on an

inverse semigroup S, then R(x™, y™%) = R(x, y) forany x, y € S.
Proof. By Corollary 2.22-1, (S/R, *) is an inverse semigroup with
(Rx) ' =Rx7! for each xeS. Let x,yeS. Then R(x™!,y ' )=Rx ' (y7})

= [Re(y I = [Ry '@ = [[RY&)]'T = Ryx) = R(, %) = R(x, y).
Hence R(x%, y71) = R(x, ).

The following is the immediate result of Proposition 2.24.
Corollary 2.24. Let R be an IFC on a group G. Then
R, y7") = R(x, y)
forany x, y € G.

Proposition 2.25. Let R be an intuitionistic fuzzy congruence on a
semigroup S. Then R7((1, 0)) = {(a, b) € Sx S : R(a, b) = (1, 0)} is a
congruence on S.

Proof. It is clear that R7((1, 0)) is reflexive and symmetric. Let
(a,b), (b, ¢) e R7Y((1, 0)). Then R(a, b) = R(b, ¢) = (1, 0). Thus
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“’R(ar C) 2 x\e/S[HR(a7 x) A HR(xr C)]

(since R is intuitionistic fuzzy transitive)

> ugp(a, b) Apgd, c) =1
and

vr(a, c¢) < x/e\s[vR(a, x)v vg(x, ¢)] < vp(a, b) v vp(b, a) = 0.

So R(a,c)=(@,0), ie, (a,c)e RY((1,0). Hence R 0) is an
equivalence relation on S. Now let (a, b) € R71((1, 0)) and let x e S.
Since R is an intuitionistic fuzzy congruence on S, upg(ax, bx) >
ug(a, b) =1 and vg(ax, bx) < vg(a, b) = 0. Then R(ax, bx) = (1, 0). So
(ax, bx) € R7Y((1, 0)). Similarly, we have (xa, xb) e R7((1, 0)). Thus

R7Y((, 0)) is compatible. Hence R7}((1, 0)) is a congruence on S.

Let S be a semigroup. Then S' denotes the monoid defined as

follows:

Sl S if S hastheidentity 1,
~SUf1}  otherwise.

Definition 2.26. Let S be a semigroup and let R € IFR(S). Then we
define a complex mapping R* = (“R*’ VR*) :SxS — Ix1I asfollows: for
any ¢, d € S,

«(c, d) = V , b

Hpe(c, d) cay—cxby—d ur(a, 0)
x,yeS1

and

Ve (c, d) = xay=c/,>by=d vg(a, b).

x,yeS1

It is clear that R* e IFR(S).

Proposition 2.27. Let S be a semigroup and let R, P, @  IFR(S).
Then
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(1) Rc R".
@ (R = (R
B)If P c Q, then P* c Q".
(4) (R)" = R".
5 (PUQ) =P UQ".

(6) R = R” if and only if R is left and right compatible.

Proof. The proofs of (1), (2) and (3) are clear from Definition 2.26.

(4) It is clear that R* < (R")" by (1) and (3). Let ¢, d € S. Then, by
the process of the proof of Proposition 3.5(1v) in [21], we have “(R*)* (c, d)

< Mg (c, d). On the other hand

V(R*)* (C, d) - xay=c, xby=d VR* (a’ b)

X, yeS1

ve(p, q)

xay=c,xby=d zpt=a,zqt=b
x, yeSl z, teSl

\Y

VAN =v _.(c, d).
xzpty=c, xzqty=d VR(p’ Q) VR (C’ )

acz,tyeS1
Thus (R*)" < R*. Hence (R*)" = R".

(5) By 3), P"c(PUQ)" and @ c (PU®)". Thus P*UQ" c

(PUQ)". Let ¢, d € S. Then, by the process of the proof of Proposition
3.5(v) in [21], we have HpUgy (c, d) < T (e, d)v Mot (¢, d). On the other

hand

)* (C, d) = VPUQ(G” b)

VAN
V(PUQ xay=c, xby=d

Jc,yeS1
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= Ny _alVP(@ D)V vo(a, b)

x,yeS1

2 b N\ b
xay=c, xby=d vp(a, b)v xay=c, xby=d VQ(a’ )

x,yeSl x,yesl
= Vo (¢, d)v Vop* (c, d).
Thus (PU Q)" < P*UQ". Hence (PUQ)" = P*UQ".

(6) (=) Suppose R = R" andlet ¢, d, e € S. Then

up(ec, ed) = Mg (ec, ed) = V ugr(a, b) = uglc, d)
xay=ec, xby=ed
x,yeS1
and
vr(ec, ed) = Ve (ec, ed) = VAN vr(a, b) < vg(c, d).

xay=ec, xby=ed

x, yeSl
Similarly, we have ug(ce, de)> pg(c, d) and vg(ce, de) < vg(c, d).
Hence R is intuitionistic fuzzy left and right compatible.

(<) Suppose R is intuitionistic fuzzy left and right compatible. Let
¢, d € S. Then

H e (¢, d) = 7\/ _ ug(a, b) < 7\/ _pp(xay, xby) = pg(c, d)
xay=c,xby=d xay=c,xby=d
X, yesl x,yESl
and
v .(c, d) = VAN vg(a, b) > VAN vr(xay, xby) = vg(c, d).
R xay=c, xby=d xay=c, xby=d
X, yesl x,yeSl

Thus R* « R. Hence, R* = R.

Proposition 2.28. If R is an IFR on a semigroup S that is

intuitionistic fuzzy left and right compatible, then sois R™.
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Proof. Let a,b,c € S and let n > 1. Then, by the process of the
proof of Proposition 3.6 in [21], Hpon (a, b) < H pn (ac, be). On the other
hand

van(@ d)= /A [vg(a, 21) v vg(z, 22) v v vR(z, 1, b)]
215 2n-1

> /A [vg(ac, zc) v vr(zec, 29¢) v VR(z,_1c, be)]
Rls-”@n-1

= Von (ac, be).

Similarly, we have p (a, b) < H pn (ca, cb) and v pn (a, b) > v n (ca, cb).
So R" is intuitionistic fuzzy left and right compatible for each n > 1.

Hence R™ is intuitionistic fuzzy left and right compatible.

Let R € IFR(S) and let {R,} be the family of all IFCs on S

ael’
containing R. Then the intuitionistic fuzzy relation R defined by R =
ﬂael‘ R, 1is clearly the smallest intuitionistic fuzzy congruences on S
containing R. In this case, R is called the intuitionistic fuzzy congruences

on S generated by R.

Theorem 2.29. If R is an IFR on a semigroup S, then R = (R").

Proof. By Definition 1.9, (R*)° € IFE(S) such that R* < (R*)".
Then R c (R*)°. By Proposition 2.27(2) and (5), R* U(R*)'UA =
(RURYUA)". Thus, by Proposition 2.27(6) and Result 1.F, R*U
(R*)_1 UA 1is intuitionistic fuzzy left and right compatible. So, by
Proposition 2.28, (R*)° = [R* U(R*)™ UA]” is intuitionistic fuzzy left

and right compatible. Hence, by Proposition 2.7, (R*)® € IFC(S). Suppose
@ € IFC(S) such that R — @. Then, by Proposition 2.27(3) and (4),

R* c @ = Q. Thus (R*)° < Q. Therefore R = (R*)".
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3. Homomorphisms

Let f: S —» T be a semigroup homomorphism. Then it is well known
that the relation
Ker(f) = {(a, b) € Sx S : f(a) = f(b)}
is a congruence on S.

The following is the immediate result of Theorem 2.8.

Proposition 3.1. Let f:S > T be a semigroup homomorphism.

Then R is an intuitionistic fuzzy congruence on S, where R =

(XKer(f)7 X’[Ker(f)]c )-

In this case, R is called the intuitionistic fuzzy kernel of f and denoted
by IFK(f). In fact, for any a, b € S,

1 if f(a) = f(b),

HIFK(,r)(a’ b) = {o if f(a) = f(b),

and
0 if f(a) = f(b),

VIFK(f)(a’ b) = {1 if f(a) = f(b).

Theorem 3.2. (1) Let R be an intuitionistic fuzzy congruence on a

semigroup S. Then, the mapping p : S — S/R defined in Result 1.D, is

an epimorphism.

@) If f:S > T is a semigroup homomorphism, then there is a

monomorphism g : S/IFK(f) — T such that the diagram

f
S T

[IFK (f)F g

S/IFK(f)

commutes, where [IFK (f)]ﬁ denotes the natural mapping.
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Proof. (1) Let a, b € S. Then, by the definition of p and Theorem
2.22,

plab) = Rab = Ra * Rb = p(a) * p(b).

Thus p i1s a homomorphism. By Result 1.D(4), p is surjective. Hence p 1s

an epimorphism.
(2) We define g: S/IFK(f) > T by g([IFK(f)],) = f(a) for each

aeld.

Suppose [IFK(f)], = IFK(f)], for any a, b € S. Then IFK(f)(a, b) =
(1, 0), i.e., XIFK(f)(a’ b)=1 and X[IFK(,»)]C (a,b)=0. Thus (a, b) € Ker(f).
So g([IFK(f)],) = f(a) = f(b) = g([IFK(f)],). Hence g is well-defined. For

any a,be S, suppose g([IFK(f)],) = g([IFK(f)],). Then f(a)= f(b).
Thus IFK(f)(a, b) = (1, 0). By Result 1.D(1), [IFK(f)], = [IFK(f)],. So g

is injective. Now let @, b € S. Then
8(IFK(f)l, * [IFK(f)]y) = g(IFK(f)],,) = f(ad) = f(a)f(b)
= g([IFK(f)],) g([TFK(£)], ).
So g is a homomorphism. Let a € S. Then (g([IFK(f)))(a) =g -[IFK(f)f
= f(a). Hence g o[IFK(f)J = f. This completes the proof.

Theorem 3.3. Let R and Q be intuitionistic fuzzy congruence on a

semigroup such that R c Q. Then there exists a unique semigroup

homomorphism g : S/R — S/Q such that the diagram

Qﬁ
S S/Q

S/R
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commutes and (S/R)/IFK(g) is isomorphic to S/Q, where R* and @

denote the natural mappings, respectively.

Proof. Define g:S/R — S/Q by g(Ra)=Qa for each a e S.
Suppose Ra = Rb. Then, by Result 1.D, R(a, b) = (1, 0). Since R c @,
1 =ug(a, b) < pgla,b) and 0 =vg(a, b) > vg(a,b). Then Q(a,bd)=
(1,0). So Qa = @b, i.e., g(Ra)= g(Rb). Hence g is well-defined. Let
a, b € S. Then

g(Ra * Rb) = g(Rab) = Qab = Qa * Qb = g(Ra) * g(Rb).

So g is a semigroup homomorphism. The remainder of the proofs is easy.
This completes the proof.
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