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Abstract

We introduce the concept of an intuitionistic fuzzy congruence on a

semigroup and investigate some of its properties. And we study some

properties under semigroup homomorphisms.

0. Introduction

The subject of fuzzy sets as an approach to a mathematical
representation of vagueness in everyday language was introduced by
Zadeh [23] in 1965. He generalized the idea of the characteristic function

of a subset of a set X by defining a fuzzy subset of X as a map from X into

[ ].1,0  After that time, many researchers [1, 16-18, 20-22] introduced the

concept of a fuzzy congruence which plays an important role in the theory
of fuzzy sets and their applications. And they studied some of its
properties.

As a generalization of fuzzy sets, the concept of intuitionistic fuzzy
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sets was introduced by Atanassov [2]. Recently, Çoker and his colleagues
[6, 7, 9], and Lee and Lee [19] introduced the concept of intuitionistic
fuzzy topological spaces. Also, Banerjee and Basnet [3], Biswas [4], Hur
and his colleagues [11, 12, 15] applied to group theory using intuitionistic
fuzzy sets. In 1996, Bustince and Burillo [5] introduced the concept of
intuitionistic fuzzy relations and studied some of its properties. In 2003,
Deschrijver and Kerre [8] investigated some properties of the composition
of intuitionistic fuzzy relations. In particular, Hur and his colleagues
[13, 14] studied various properties of intuitionistic fuzzy equivalence
relations on a set and intuitionistic fuzzy congruences on a lattice.

In this paper, we introduce the concept of an intuitionistic fuzzy
congruence and investigate some of its properties. Also we study
semigroup homomorphisms.

1. Preliminaries

In this section, we list some basic concepts and well-known results
which are needed in the later sections.

For sets X, Y and Z, ( ) ZYXfff ×→= :, 21  is called a complex

mapping if YXf →:1  and ZXf →:2  are mappings.

Throughout this paper, we will denote the unit interval [ ]1,0  as I

and for any ordinary relation R on a set X, we will denote the

characteristic function of R as .Rχ

Definition 1.1 [2]. Let X be a nonempty set. A complex mapping

=A  ( ) IIXAA ×→νµ :,  is called an intuitionistic fuzzy set (in short,

IFS) in X if ( ) ( ) 1≤ν+µ xx AA  for each ,Xx ∈  where the mapping

IXA →µ :  and IXA →ν :  denote the degree of membership

( )( )xAµnamely  and the degree of nonmembership ( )( )xAνnamely  of

each Xx ∈  to A, respectively. In particular, ~0  and ~1  denote the

intuitionistic fuzzy empty set and the intuitionistic fuzzy whole set in X

defined by ( ) ( )1,00~ =x  and ( ) ( )0,11~ =x  for each ,Xx ∈  respectively.

We will denote the set of all IFSs in X as ( ).IFS X
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Definition 1.2 [2]. Let X be a nonempty set and let ( )AAA νµ= ,

and ( )BBB νµ= ,  be IFSs on X. Then

(1) BA ⊂  iff BA µ≤µ  and .BA ν≥ν

(2) BA =  iff BA ⊂  and .AB ⊂

(3) ( )., AA
cA µν=

(4) ( )., BABABA ν∨νµ∧µ=∩

(5) ( )., BABABA ν∧νµ∨µ=∪

(6) [ ] ( ) ( ).,1,1, AAAA AA νν−=µ−µ=

Definition 1.3 [6]. Let { } JiiA ∈  be an arbitrary family of IFSs in X,

where ( )
ii AAiA νµ= ,  for each .Ji ∈  Then

(1) ( ).,
ii AAiA νµ= ∨∧∩

(2) ( ).,
ii AAiA νµ= ∧∨∪

Definition 1.4 [5]. Let X be a set. Then a complex mapping =R

( ) IIXXRR ×→×νµ :,  is called an intuitionistic fuzzy relation (in

short, IFR) on X if ( ) ( )yxyx RR ,, ν+µ  for each ( ) ,, XXyx ×∈  i.e., ∈R

( ).IFS XX ×

We will denote the set of all IFRs on a set X as ( ).IFR X

Definition 1.5 [5]. Let ( ).IFR XR ∈  Then the inverse of R, 1−R  is

defined by ( ) ( )xyRyxR ,,1 =−  for any ., Xyx ∈

Definition 1.6 [8]. Let X be a set and let ( ).IFR, XQR ∈  Then the

composition of R and Q, ,RQ  is defined as follows: for any ,, Xyx ∈

( ) [ ( ) ( )]yzzxyx QRXzRQ ,,, µ∧µ=µ
∈
∨

and

( ) [ ( ) ( )].,,, yzzxyx QRXzRQ ν∨ν=ν
∈
∧
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Result 1.A [13, Proposition 2.4]. Let X be a set and let ,,, 321 RRR

( ).IFR, 21 XQQ ∈  Then

(1) ( ) ( ).321321 RRRRRR =

(2) If 21 RR ⊂  and ,21 QQ ⊂  then .2211 QRQR ⊂  In particular,

if ,21 QQ ⊂  then .2111 QRQR ⊂

(3) ( ) .3121321 RRRRRRR ∪∪ =

(4) ( ) .3121321 RRRRRRR ∩∩ =

(5) If ,21 RR ⊂  then .1
2

1
1

−− ⊂ RR

(6) ( ) RR =−− 11  and ( ) .1
1

1
2

1
21

−−− = RRRR

(7) ( ) .1
2

1
1

1
21

−−− = RRRR ∪∪

(8) ( ) .1
2

1
1

1
21

−−− = RRRR ∩∩

Definition 1.7 [5]. An intuitionistic fuzzy relation R on a set X is

called an intuitionistic fuzzy equivalence relation (in short, IFER) on X if

it satisfies the following conditions:

(i) it is intuitionistic fuzzy reflexive, i.e., ( ) ( )0,1, =xxR  for each

.Xx ∈

(ii) it is intuitionistic fuzzy symmetric, i.e., .1 RR =−

(iii) it is intuitionistic fuzzy transitive, i.e., .RRR ⊂

We will denote the set of all IFERs on X as ( ).IFE X

Result 1.B [13, Remark 2.8(4)]. Let R be an ordinary relation on a

set X. Then R is an equivalence relation on X if and only if ( ) ∈χχ cRR ,

( ).IFE X

Result 1.C [13, Proposition 2.14]. Let X be a set and let ∈RQ,

( ).IFE X  If ,QRRQ =  then ( ).IFE XQR ∈
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Let R be an intuitionistic fuzzy equivalence relation on a set X and let

.Xa ∈  We define a complex mapping IIXRa ×→:  as follows: for each

,Xx ∈

( ) ( )., xaRxRa =

Then clearly ( ).IFS XRa ∈  The intuitionistic fuzzy set Ra in X is called

an intuitionistic fuzzy equivalence class of R containing .Xa ∈  The set

{ }XaRa ∈:  is called the intuitionistic fuzzy quotient set of X by R and

denoted by .RS

Result 1.D [13, Theorem 2.15]. Let R be an intuitionistic fuzzy

equivalence relation on a set X. Then the following hold:

(1) RbRa =  if and only if ( ) ( )0,1, =baR  for any ., Xba ∈

(2) ( ) ( )1,0, =baR  if and only if ~0=RbRa ∩  for any ., Xba ∈

(3) ∪ Xa
Ra

∈
= .1~

(4) There exists the surjection RXXp →:  defined by ( ) Rxxp =

for each .Xx ∈

Definition 1.8 [13]. Let R be an intuitionistic fuzzy relation on a set

X. For each ( ) II ×∈µλ,  with ,1≤µ+λ  let

( ) ( ) ( ) ( ){ }.,and,:,, µ≤νλ≥µ×∈=µλ babaXXbaR RR

This set is called the ( )µλ, -level set of R.

It is clear that ( )µλ,R  is a relation on X.

Result 1.E [13, Theorem 2.17]. Let X be a set and let ( ).IFR XR ∈

Then ( )XR IFE∈  if and only if ( )µλ,R  is an equivalence relation on X for

each ( ) II ×∈µλ,  with .1≤µ+λ

Definition 1.9 [13]. Let X be a set, let ( )XR IFR∈  and let { } Γ∈ααR

be the family of all the IFERs on X containing R. Then ∩ Γ∈α αR  is called

the IFER generated by R and denoted by .eR
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It is easily seen that eR  is the smallest intuitionistic fuzzy

equivalence relation containing R.

Definition 1.10 [13]. Let X be a set and let ( ).IFR XR ∈  Then the

intuitionistic fuzzy transitive closure of R, denoted by ,∞R  is defined as

follows:

∪
N∈

∞ =
n

nRR ,   where ( ).factorsnRRRRn =

Result 1.F [13, Theorem 3.6]. If R is an IFR on a set X, then =eR

[ ] .1 ∞− ∆∪∪ RR

Definition 1.11 [11]. Let ( )⋅,X  be a groupoid and let

( ).IFS, XBA ∈  Then the intuitionistic fuzzy product of A and B, BA

is defined as follows: for any ,Xx ∈

( ) ( )
( [ ( ) ( )] ( ) ( )[ ])

( )





=

ν∨νµ∧µ
=

== ∧∨
.as eexpressibl not isif1,0

,,

yzxx

zyzy
xBA

BAxyzBAxyz

Definition 1.12 [11]. Let ( )⋅,X  be a groupoid and let ( ).IFS XA ∈

Then A is called an intuitionistic fuzzy subgroupoid (in short, IFGP) of X

if for any ,, Xyx ∈

( ) ( ) ( )yxxy AAA µ∧µ≥µ  and ( ) ( ) ( ).yxxy AAA ν∨ν≤ν

We will denote the set of all IFGPs of a groupoid X as ( ).IFGP X  Then

it is clear that ~0  and ( ).IFGP1~ X∈

Definition 1.13 [15]. Let G be a group and let ( ).IFGP GA ∈  Then A

is called an intuitionistic fuzzy subgroup (in short, IFG) of G if ( ) ≥−1xA

( ),xA  i.e., ( ) ( )xx AA µ≥µ −1  and ( ) ( ),1 xx AA ν≤ν −  for each .Gx ∈

We will denote the set of all IFGs of G as ( ).IFG G

Definition 1.14 [15]. Let G be a group and let ( ).IFG GA ∈  Then A

is said to be normal if ( ) ( )yxAxyA =  for any ., Gyx ∈



INTUITIONISTIC FUZZY CONGRUENCES 7

We will denote the family of all intuitionistic fuzzy normal subgroups

of a group G as ( ).IFNG G  In particular, we will denote the set

( ) ( ) ( ){ }0,1:IFNG =∈ eNGN  as ( ).IFN G

Result 1.G [15, Proposition 3.2]. Let A be an IFS of a group G and let

( ).IFNG GB ∈  Then .ABBA =

Definition 1.15 [12]. Let G be a group, let ( )GA IFG∈  and let .Gx ∈

We define two complex mappings

( ) IIGAx AxAx ×→νµ= :,
and

( ) IIGxA xAxA ×→νµ= :,

as follows respectively: for each ,Gg ∈

( ) ( )1−= gxAgAx  and ( ) ( ).1gxAgxA −=

Then Ax [resp. xA] is called the intuitionistic fuzzy right [resp. left] coset

of G determined by x and A.

It is clear that if ( ),IFNG GA ∈  then the intuitionistic fuzzy left coset

and the intuitionistic fuzzy right coset of A on G coincide and in this case,

we call intuitionistic fuzzy coset instead of intuitionistic fuzzy left coset or

intuitionistic fuzzy right coset.

2. Intuitionistic Fuzzy Congruences

Definition 2.1 [10]. A relation R on a groupoid S is said to be

(1) left compatible if ( ) Rba ∈,  implies ( ) Rxbxa ∈,  for any a, b,

,Sx ∈

(2) right compatible if ( ) Rba ∈,  implies ( ) Rbxax ∈,  for any a, b,

,Sx ∈

(3) compatible if ( ) Rba ∈,  and ( ) Rdc ∈,  imply ( ) Rcdab ∈,  for

any ,,,, Rdcba ∈

(4) a left [resp. right] congruence on S if it is a left [resp. right]

compatible equivalence relation.
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(5) a congruence on S if it is a compatible equivalence relation.

It is well known [10, Proposition I.5.1] that a relation R on a groupoid

S is a congruence if and only if it is both a left and a right congruence

on S.

Now we will introduce the notion of an intuitionistic fuzzy compatible
relation on a groupoid.

Definition 2.2. An IFR R on a groupoid S is said to be

(1) intuitionistic fuzzy left compatible if ( ) ( )zyzxyx RR ,, µ≤µ  and

( ) ( ),,, zyzxyx RR ν≥ν  for any .,, Szyx ∈

(2) intuitionistic fuzzy right compatible if ( ) ( )yzxzyx RR ,, µ≤µ  and

( ) ( ),,, yzxzyx RR ν≥ν  for any .,, Szyx ∈

(3) intuitionistic fuzzy compatible if ( ) ( ) ( )ytxztzyx RRR ,,, µ≤µ∧µ

and ( ) ( ) ( ),,,, ytxztzyx RRR ν≥ν∨ν  for any .,,, Stzyx ∈

Example 2.3. Let { }baeS ,,=  be the groupoid with multiplication

table:

abbb

abaa

baee

bae

(1) Let ( ) IISSR RR ×→×νµ= :,
111  be the complex mapping

defined as the following matrix:

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )333332323131

232322222121

131312121111

1

,,,
,,,
,,,

µλµλµλ
µλµλµλ
µλµλµλ

b

a

e

baeR

where ( ) IIijij ×∈µλ ,  with ,1≤µ+λ ijij  nji ≤≤ ,1  such that ( )1111, µλ

and ( )2121, µλ  are arbitrary, and

,,,, 132213221223122 µ≤µλ≥λµ≤µ≥λ S
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,,,, 312231221233133 µ≤µλ≥λµ≤µ≥λ S

., 13321332 µ≤µλ≥λ

Then we can see that 1R  is an intuitionistic fuzzy left compatible relation

in S.

(2) Let ( ) IISSR RR ×→×νµ= :,
222  be the complex mapping

defined as the following matrix:

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )333332323131

232322222121

131312121111

2

,,,
,,,
,,,

µλµλµλ
µλµλµλ
µλµλµλ

b

a

e

baeR

where ( ) IIijij ×∈µλ ,  with ,1≤µ+λ ijij  nji ≤≤ ,1  such that ( )1111, µλ

and ( )2121, µλ  are arbitrary, and

,,,, 3212321223122312 µ≥µλ≤λµ≥µλ≤λ

,,,, 3213321323132313 µ≥µλ≤λµ≥µλ≤λ

.,,, 2223222333233323 µ≥µλ≤λµ≥µλ≤λ

Then we can see that 2R  is an intuitionistic fuzzy right compatible

relation in S.

(3) Let ( ) IISSR RR ×→×νµ= :,
333  be the complex mapping

defined as the following matrix:

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )333332323131

232322222121

131312121111

3

,,,
,,,
,,,

µλµλµλ
µλµλµλ
µλµλµλ

b

a

e

baeR

where ( ) IIijij ×∈µλ ,  with ,1≤µ+λ ijij  nji ≤≤ ,1  such that

,, 121211121211 µ≥µ∨µλ≤λ∧λ

,, 131311131311 µ≥µ∨µλ≤λ∧λ

,, 121312121312 µ≥µ∨µλ≤λ∧λ
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,, 322221322221 µ≥µ∨µλ≤λ∧λ

,, 332321332321 µ≥µ∨µλ≤λ∧λ

,, 323322322322 µ≥µ∨µλ≤λ∧λ

,, 223231223231 µ≥µ∨µλ≤λ∧λ

,, 233331233331 µ≥µ∨µλ≤λ∧λ

., 223332223332 µ≥µ∨µλ≤λ∧λ

Then we can see that 3R  is an intuitionistic fuzzy compatible relation

in S.

Lemma 2.4. Let R be a relation on a groupoid S. Then R is left

compatible if and only if ( )cRR χχ ,  is intuitionistic fuzzy left compatible.

Proof. (⇒) Suppose R is left compatible. Let .,, Sxba ∈

Case (i). Suppose ( ) ., Rba ∈  Then ( ) 1, =χ baR  and ( ) .0, =χ bacR

Since R is left compatible, ( ) ., Rxbxa ∈  Thus ( ) ( )baxbxa RR ,1, χ==χ

and ( ) ( ).,0, baxbxa cc RR
χ==χ

Case (ii). Suppose ( ) ., Rba ∉  Then ( ) ( )xbxaba RR ,0, χ≤=χ  and

( ) ( ).,1, xbxaba cc RR
χ≥=χ  Hence, in either cases, ( )cRR χχ ,  is

intuitionistic fuzzy left compatible.

(⇐) Suppose ( )cRR χχ ,  is intuitionistic fuzzy left compatible. Let a, b,

Sx ∈  and suppose ( ) ., Rba ∈  Since ( )cRR χχ ,  is intuitionistic fuzzy left

compatible, ( ) ( ) 1,, =χ≥χ baxbxa RR  and ( ) ( ) .0,, =χ≤χ baxbxa cc RR

Thus ( ) 1, =χ xbxaR  and ( ) .0, =χ xbxacR
 So ( ) ., Rxbxa ∈  Hence R is

left compatible.

Lemma 2.4′ [the dual of Lemma 2.4]. Let R be a relation on a

groupoid S. Then R is right compatible if and only if ( )cRR χχ ,  is

intuitionistic fuzzy right compatible.
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Definition 2.5. An IFER R on a groupoid S is called an:

(1) intuitionistic fuzzy left congruence (in short, IFLC) if it is

intuitionistic fuzzy left compatible.

(2) intuitionistic fuzzy right congruence (in short, IFRC) if it is

intuitionistic fuzzy right compatible.

(3) intuitionistic fuzzy congruence (in short, IFC) if it is intuitionistic

fuzzy compatible.

We will denote the set of all IFCs [resp. IFLCs and IFRCs] on a

groupoid S as ( )SIFC  [resp. )(IFLC S  and .)]IFRC(S  It is clear that

( ).IFC, S∈∇∆

Example 2.6. Let { }baeS ,,=  be the groupoid defined in Example

2.3. Let ( ) IISSR RR ×→×νµ= :,  defined as the following matrix:

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )0,12.0,7.04.0,6.0

2.0,7.00,14.0,6.0

4.0,6.04.0,6.00,1

b

a

e

baeR

Then it can easily be checked that ( ).IFE SR ∈  Moreover we can see that

( ).IFC SR ∈

Proposition 2.7. Let S be a groupoid and let ( ).IFE SR ∈  Then

( )SR IFC∈  if and only if it is both an IFLC and an IFRC.

Proof. (⇒) Suppose ( )SR IFC∈  and let .,, Szyx ∈  Then

( ) ( ) ( ) ( )yzxzzzyxyx RRRR ,,,, µ≤µ∧µ=µ

and
( ) ( ) ( ) ( ).,,,, yzxzzzyxyx RRRR ν≥ν∨ν=ν

Also,
( ) ( ) ( ) ( )zyzxyxzzyx RRRR ,,,, µ≤µ∧µ=µ

and
( ) ( ) ( ) ( ).,,,, zyzxyxzzyx RRRR ν≥ν∨ν=ν

Hence R is both an IFLC and an IFRC.
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(⇐) Suppose R is both an IFLC and an IFRC. Let .,,, Stzyx ∈  Then

( ) ( ) ( ) ( ) ( ) ( )tzyyzzyxtzyx RRRRRR ,,,,,, µ∧µ∧µ∧µ=µ∧µ

( ) ( )ytyzyzxz RR ,, µ∧µ≤

( )ytxzR ,µ≤    ( )RRR ⊂since
and

( ) ( ) ( ) ( ) ( ) ( )tzyyzzyxtzyx RRRRRR ,,,,,, ν∨ν∨ν∨ν=ν∨ν

( ) ( ) ( ).,,, ytxzytyzyzxz RRR ν≥ν∨ν≥

So R is intuitionistic fuzzy compatible. Hence ( ).IFC SR ∈

We will denote the set of all ordinary congruences on a groupoid S as

( ).SC

The following is the immediate result of Result 1.B, Lemmas 2.4 and

2.4′, and Proposition 2.7.

Theorem 2.8. Let R be relation on a groupoid S. Then ( )SCR ∈  if

and only if ( ) ( ).IFC, ScRR ∈χχ

For any intuitionistic fuzzy left [resp. right] compatible relation R, it

is clear that if G is a group, then ( ) ( ),,, tytxRyxR =  i.e., ( ) =µ yxR ,

( )tytxR ,µ  and ( ) ( )tytxyx RR ,, ν=ν  [resp. ( ) ( ),,, ytxtRyxR =  i.e.,

( ) ( )ytxtyx RR ,, µ=µ  and ( ) ( )]ytxtyx RR ,, ν=ν  for any .,, Gtyx ∈

Hence we have the following result.

Lemma 2.9. Let R be an IFC on a group G. Then

( ) ( ) ( ) ( )baRbyayRxbxaRxbyxayR ,,,, ===

for any .,,, Gyxba ∈

Example 2.10. Let V be the klein 4-group with the following

operation table:

eabcc
aecbb
bceaa
cbaee
cbaeR
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Let ( ) IIVVR RR ×→×νµ= :,  be the complex mapping defined as

the following matrix:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )0,13.0,6.01.0,9.03.0,6.0

3.0,6.00,13.0,6.01.0,9.0

1.0,9.03.0,6.00,13.0,6.0

3.0,6.01.0,9.03.0,6.00,1

c

b

a

e

cbaeR

Then we can see that ( ).IFC VR ∈  Moreover, it is easily checked that

Lemma 2.9 holds: for any ,,,, Vyxts ∈

( ) ( ) ( ) ( ).,,,, tsRtysyRxtxsRxtyxsyR ===

The following is the immediate result of Proposition 2.7 and Lemma
2.9.

Theorem 2.11. Let R be an intuitionistic fuzzy relation on a group G.

Then ( )GR IFC∈  if and only if it is an intuitionistic fuzzy left (right)

compatible equivalence relation.

Proposition 2.12. Let R be an intuitionistic fuzzy compatible relation

on a groupoid S. Then, for each ( ) II ×∈µλ,  with ,1≤µ+λ  the set

( )µλ,R  is a compatible relation on S.

Proof. Let Sdcba ∈,,,  and suppose ( ) ( )µλ∈ ,, Rba  and ( ) ∈dc,

( )., µλR  Then

( ) ( ) µ≤νλ≥µ baba RR ,,,  and ( ) ( ) .,,, µ≤νλ≥µ dcdc RR

Since R is intuitionistic fuzzy compatible,

( ) ( ) ( ) λ≥µ∧µ≥µ dcbabdac RRR ,,,

and

( ) ( ) ( ) .,,, µ≤ν∨ν≤ν dcbabdac RRR

Thus ( ) ( )., ,µλ∈ Rbdac  Hence ( )µλ,R  is compatible.
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The following is the immediate result of Result 1.E and Proposition
2.12.

Proposition 2.13. Let R be an IFC on a groupoid S. Then, for each

( ) II ×∈µλ,  with ,1≤µ+λ  the set ( )µλ,R  is a congruence on S.

Lemma 2.14. Let P and Q be intuitionistic fuzzy compatible relations

on a groupoid S. Then PQ  is also an intuitionistic fuzzy compatible

relation on S.

Proof. Let .,, Sxba ∈  Then

( ) [ ( ) ( )]xbttaxbxax QPStPQ ,,, µ∧µ=µ
∈
∨

( ) ( )xbxcxcxa QP ,, µ∧µ≥  for each Sc ∈

( ) ( )bcca QP ,, µ∧µ≥  for each Sc ∈

(since P and Q are compatible)

and

( ) [ ( ) ( )]xbttxaxbxa QPStPQ ,,, ν∨ν=ν
∈
∧

( ) ( )xbxcxcxa QP ,, ν∨ν≤  for each Sc ∈

( ) ( )bcca QP ,, ν∨ν≤  for each .Sc ∈

Thus

( ) [ ( ) ( )] ( )babccabxax PQQPScPQ ,,,, µ=µ∧µ≤µ
∈
∨

and

( ) [ ( ) ( )] ( ).,,,, babccabxax PQQPScPQ ν=ν∨ν≤ν
∈
∧

So PQ  is intuitionistic fuzzy right compatible. By the similar

arguments, we can see that PQ  is intuitionistic fuzzy left compatible.

Hence PQ  is intuitionistic fuzzy compatible.

Theorem 2.15. Let P and Q be intuitionistic fuzzy congruences on a

groupoid S. Then the following conditions are equivalent:
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(1) ( ).IFC SPQ ∈

(2) ( ).IFE SPQ ∈

(3) PQ  is intuitionistic fuzzy symmetric.

(4) .QPPQ =

Proof. It is clear that (1) ⇒ (2) and (2) ⇒ (3).

(3) ⇒ (4) Suppose the condition (3) holds and let ., Sba ∈  Then

( ) [ ( ) ( )]bttaba QPStPQ ,,, µ∧µ=µ
∈
∨

[ ( ) ( )]attb PQSt
,, µ∧µ=

∈
∨

(since P and Q are intuitionistic fuzzy symmetric)

( )abQP ,µ=

and

( ) [ ( ) ( )] [ ( ) ( )] ( ).,,,,,, abattbbttaba QPPQStQPStPQ ν=ν∨ν=ν∨ν=ν
∈∈
∧∧

Hence .QPPQ =

(4) ⇒ (1) Suppose the condition (4) holds. Then, by Result 1.C,

( ).IFE, SPQ ∈  Thus, by Lemma 2.14, PQ  is intuitionistic fuzzy

compatible. Hence ( )SPQ IFC∈  on S. This completes the proof.

Proposition 2.16. Let S be a groupoid and let ( ).IFC, SPQ ∈  If

,PQQP =  then ( ).IFC SQP ∈

Proof. By Result 1.C, it is clear that ( ).IFE SQP ∈  Let .,, Styx ∈

Then

( ) [ ( ) ( )] [ ( ) ( )]ytztztxtyzzxyx PQSzPQSzQP ,,,,, µ∧µ≤µ∧µ=µ
∈∈
∨∨

  (since P and Q are intuitionistic fuzzy right compatible)

[ ( ) ( )] ( )ytxtytaaxt QPPQSa
,,, µ=µ∧µ≤

∈
∨
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and

( ) [ ( ) ( )]yzzxyx PQSzQP ,,, ν∨ν=ν
∈
∧

[ ( ) ( )]ytztztxt PQSz
,, ν∨ν≥

∈
∧

[ ( ) ( )] ( ).,,, ytxtytaaxt QPPQSa
ν=ν∧ν≥

∈
∧

Similarly, we have ( ) ( )tytxyx QPQP ,, µ≤µ  and ( ) ( ).,, tytxyx QPQP ν≥ν

So QP  is intuitionistic fuzzy left and right compatible. Hence ∈QP

( ).IFC S

Let R be an intuitionistic fuzzy congruence on a semigroup S and let

.Sa ∈  The intuitionistic fuzzy set Ra in S is called an intuitionistic fuzzy

congruence class of R containing Sa ∈  and we will denote the set of all

intuitionistic fuzzy congruence classes of R as .RS

Proposition 2.17. If R is an intuitionistic fuzzy congruence on a

groupoid S, then ,RabRbRa ⊂  for any ., Sba ∈

Proof. Let .Sx ∈  Suppose x is not expressible as .yzx =  Then

clearly ( ) ( ) ( ).1,0=xRbRa  Thus .RabRbRa ⊂  Suppose x is

expressible as .yzx =  Then

( ) [ ( ) ( )] [ ( ) ( )]zbyazyx RRxyzRbRaxyzRbRa ,, µ∧µ=µ∧µ=µ
==
∨∨

( )[ ]yzabRxyz
,µ≤

=
∨  (since R is intuitionistic fuzzy compatible)

( ) ( )xxab RabR µ=µ= ,

and

( ) ( ) ( )[ ] ( ) ( )[ ]zbyazyx RRxyzRbRaxyzRbRa ,, ν∨ν=ν∨ν=ν
==
∧∧

( )[ ] ( ) ( ).,, xxabyzab RabRRxyz
ν=ν=ν≥

=
∧

Thus .RabRbRa ⊂  Hence, in all, .RabRbRa ⊂
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Proposition 2.18. Let G be a group and let ( ).IFC GR ∈  We define

the complex mapping ( ) IIGA
RR AAR ×→νµ= :,  as follows: for each

,Ga ∈

( ) ( ) ( )., aeReaRaAR ==

Then ( ).IFN GeRAR ∈=

Proof. From the definition of ,RA  it is clear that ( ).IFS GAR ∈  Let

., Gba ∈  Then

( ) ( ) ( )1,, −µ=µ=µ baeabab RRAR
 (by Lemma 2.9)

( )1, −µ≥ baRR  (since R is intuitionistic fuzzy transitive)

[ ( ) ( )] ( ) ( )11 ,,,, −−
∈

µ∧µ≥µ∧µ= ∨ beeabtta RRRRGt

( ) ( )ebea RR ,, µ∧µ=  (by Lemma 2.9)

( ) ( )ba
RR AA µ∧µ=

and

( ) ( ) ( ) ( )11 ,,,, −− ν≤ν=ν=ν babaeabba RRRRAR

[ ( ) ( )] ( ) ( )11 ,,,, −−
∈

ν∨ν≤ν∨ν= ∧ beeabtta RRRRGt

( ) ( ) ( ) ( ).,, baebea
RR AARR ν∨ν=ν∨ν=

On the other hand

( ) ( ( ) ( )) ( ( ) ( ))eaeaaaaA RRAAR RR
,,,, 11111 −−−−− νµ=νµ=

( ) ( )( )aeae RR ,,, νµ=  (by Lemma 2.9)

( ) ( )( )eaea RR ,,, νµ=  (since R is intuitionistic fuzzy symmetric)

( ( ) ( )) ( )., aAaa RAA RR
=νµ=

Moreover

( ) ( ( ) ( )) ( ) ( )( ) ( ).0,1,,,, =νµ=νµ= eeeeeeeA RRAAR RR
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So ( )GAR IFG∈  such that ( ) ( ).0,1=eAR  On the other hand

( ) ( ( ) ( )) ( ) ( )( )eabeababababA RRAAR RR
,,,, νµ=νµ=

( ( ( ) ) ( ( ) ))1111 ,,, −−−− νµ= bebbabbbebbabb RR  (by Lemma 2.9)

( ) ( )( ) ( ( ) ( )) ( ).,,,, baAbabaebaeba RAARR RR
=νµ=νµ=

Hence ( ).IFN GAR ∈  This completes the proof.

The following is the immediate result of Proposition 2.18 and Result

1.G.

Proposition 2.19. Let G be a group and let e be the identity element

of G. If ( ),IFC, GQP ∈  then .PeQeQePe =

Proposition 2.20. Let G be a group. If ( ),IFC GR ∈  then any

intuitionistic fuzzy congruence class Rx of Gx ∈  by R is an intuitionistic

fuzzy coset of Re. Conversely, each intuitionistic fuzzy coset of Re is an

intuitionistic fuzzy congruence class by R.

Proof. Suppose ( )GR IFC∈  and let ., Ggx ∈  Then ( ) ( )., gxRgRx =

Since R is intuitionistic fuzzy left compatible, by Lemma 2.9, ( ) =gxR ,

( )., 1gxeR −  Thus ( ) ( ) ( ) ( ) ( )., 11 gxRegxRegxeRgRx === −−  So .xReRx =

Hence Rx is an intuitionistic fuzzy coset of Re.

Conversely, let A be any intuitionistic fuzzy coset of Re. Then there

exists an Gx ∈  such that .xReA =  Let .Gg ∈  Then ( ) ( ) ( ) == gxRegA

( ) ( )., 11 gxeRgxRe −− =  Since R is left compatible, ( ) ( ) ==− gxRgxeR ,, 1

( ).gRx  Thus ( ) ( ).gRxgA =  So .RxA =  Hence A is an intuitionistic

fuzzy congruence class of x by R.

Proposition 2.21. Let R be an intuitionistic fuzzy congruence on a

groupoid S. We define the binary operation ∗ on RS  as follows: for any

,, Sba ∈

.RabRbRa =∗

Then ∗ is well-defined.
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Proof. Suppose RxRa =  and ,RyRb =  where .,,, Syxba ∈  Then,

by Result 1.D, ( ) ( ) ( ).0,1,, == ybRxaR  Thus

( ) ( ) ( )[ ]xyzzabxyab RRSzR ,,, µ∧µ≥µ
∈
∨
(since R is intuitionistic fuzzy transitive)

( ) ( ) ( ) ( )ybxaxyxbxbab RRRR ,,,, µ∧µ≥µ∧µ≥

(since R is intuitionistic fuzzy right and left compatible)

1=

and

( ) ( ) ( )[ ] ( ) ( )xyxbxbabxyzzabxyab RRRRSzR ,,,,, ν∨ν≤ν∨ν≤ν
∈
∧

( ) ( ) .0,, =ν∨ν≤ ybxa RR

Thus ( ) 1, =µ xyabR  and ( ) ,0, =ν xyabR  i.e., ( ) ( ).0,1, =xyabR  By

Result 1.D, .RxyRab =  So .RyRxRbRa ∗=∗  Hence ∗ is well-defined.

From Proposition 2.21 and the condition of semigroup, we obtain the
following result.

Theorem 2.22. Let R be an intuitionistic fuzzy congruence on a

semigroup S. Then ( )∗,RS  is a semigroup.

A semigroup S is called an inverse semigroup [10] if every Sa ∈

possesses a unique inverse, i.e., there exists a unique Sa ∈−1  such that

aaaa =−1  and .111 −−− = aaaa

Corollary 2.22-1. Let R be an intuitionistic fuzzy congruence on an

inverse semigroup S. Then ( )∗,RS  is an inverse semigroup.

Proof. By Theorem 2.22, ( )∗,RS  is a semigroup. Let .Sa ∈  Since S

is an inverse semigroup, there exists a unique inverse Sa ∈−1  such that

aaaa =−1  and .111 −−− = aaaa  Let ( ) .11 −− = RaRa  Then

( ) ( ) ( ) 11111111 −−−−−−−− ===∗∗=∗∗ RaRaaaRaRaRaRaRaRaRa
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and

( ) .111 RaaRaaRaRaRaRaRaRa ==∗∗=∗∗ −−−

Hence 1−Ra  is an inverse of Ra for each .Sa ∈

An element a of a semigroup S is said to be regular if ,aSaa ∈  i.e.,

there exists an Sx ∈  such that .axaa =  The semigroup S is said to be

regular if for each ,Sa ∈  a is a regular element. Corresponding to a

regular element a, there exists at least one Sa ∈′  such that aaaa ′=

and .aaaa ′′=′  Such an element a′ is called an inverse of a.

Corollary 2.22-2. Let R be an intuitionistic fuzzy congruence on a

regular semigroup S. Then ( )∗,RS  is a regular semigroup.

Proof. By Theorem 2.22, ( )∗,RS  is a semigroup. Let .Sa ∈  Since S

is a regular semigroup, there exists an Sx ∈  such that .axaa =  Then

clearly .RSRx ∈  Moreover, .RaRaxaRaRxRa ==∗∗  So Ra is a

regular element of .RS  Hence RS  is a regular semigroup.

Corollary 2.22-3. Let R be an intuitionistic fuzzy congruence on a

group G. Then ( )∗,RG  is a group.

Proof. By Theorem 2.22, ( )∗,RG  is a semigroup. Let .Gx ∈  Then

.RxReRexRxRxeReRx ∗====∗  Thus Re is the identity in RG

with respect to ∗. Moreover, .1111 RxRxxRxReRxxRxRx ∗====∗ −−−−

So 1−Rx  is the inverse of Rx with respect to ∗. Hence ( )∗,RG  is a group.

Proposition 2.23. Let G be a group and let ( ).IFC GR ∈  We define a

complex mapping ( ) IIRG ×→νµ=π ππ :,  as follows: for each ,Gx ∈

( ) ( ) ( )( )., eeRx RxRx νµ=π

Then ( ).IFG RG∈π

Proof. From the definition of π, it is clear that ( ) ∈νµ=π ππ ,

( ).IFS RG  Let ., Gyx ∈  Then

( ) ( ) ( ) ( )exyeRxyRyRx RRxy ,µ=µ=µ=∗µ ππ
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( ) ( )eyex RR ,, µ∧µ≥

(since R is intuitionistic fuzzy compatible)

( ) ( ) ( ) ( )RyRxee RyRx ππ µ∧µ=µ∧µ=

and

( ) ( ) ( ) ( ) ( ) ( )eyexexyeRxyRyRx RRRRxy ,,, ν∨ν≤ν=ν=ν=∗ν ππ

( ) ( ) ( ) ( ).RyRxee RyRx ππ ν∨ν=ν∨ν=

By the process of the proof of Corollary 2.22-1, ( ) .1
1

−=−
xx RR  Thus

(( ) ) ( ) ( ) ( ) ( ).,,111 RxxeRexRRR xx π===π=π −−−  So (( ) ) ( )RxRx π=π −1

for each .Gx ∈  Hence ( ).IFG RG∈π

Proposition 2.24. If R is an intuitionistic fuzzy congruence on an

inverse semigroup S, then ( ) ( )yxRyxR ,, 11 =−−  for any ., Syx ∈

Proof. By Corollary 2.22-1, ( )∗,RS  is an inverse semigroup with

( ) 11 −− = RxRx  for each .Sx ∈  Let ., Syx ∈  Then ( ) ( )1111, −−−− = yRxyxR

[ ( )] [ ( )] [[ ( )] ] ( ) ( ) ( ).,,111111 yxRxyRxRyxRyxRyyRx ====== −−−−−−

Hence ( ) ( ).,, 11 yxRyxR =−−

The following is the immediate result of Proposition 2.24.

Corollary 2.24. Let R be an IFC on a group G. Then

( ) ( )yxRyxR ,, 11 =−−

for any ., Gyx ∈

Proposition 2.25. Let R be an intuitionistic fuzzy congruence on a

semigroup S. Then ( )( ) ( ) ( ) ( ){ }0,1,:,0,11 =×∈=− baRSSbaR  is a

congruence on S.

Proof. It is clear that ( )( )0,11−R  is reflexive and symmetric. Let

( ) ( ) ( )( ).0,1,,, 1−∈ Rcbba  Then ( ) ( ) ( ).0,1,, == cbRbaR  Thus
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( ) ( ) ( )[ ]cxxaca RRSxR ,,, µ∧µ≥µ
∈
∨
(since R is intuitionistic fuzzy transitive)

( ) ( ) 1,, =µ∧µ≥ cbba RR

and

( ) ( ) ( )[ ] ( ) ( ) .0,,,,, =ν∨ν≤ν∨ν≤ν
∈
∧ abbacxxaca RRRRSxR

So ( ) ( ),0,1, =caR  i.e., ( ) ( )( ).0,1, 1−∈ Rca  Hence ( )( )0,11−R  is an

equivalence relation on S. Now let ( ) ( )( )0,1, 1−∈ Rba  and let .Sx ∈

Since R is an intuitionistic fuzzy congruence on S, ( ) ≥µ bxaxR ,

( ) 1, =µ baR  and ( ) ( ) .0,, =ν≤ν babxax RR  Then ( ) ( ).0,1, =bxaxR  So

( ) ( )( ).0,1, 1−∈ Rbxax  Similarly, we have ( ) ( )( ).0,1, 1−∈ Rxbxa  Thus

( )( )0,11−R  is compatible. Hence ( )( )0,11−R  is a congruence on S.

Let S be a semigroup. Then 1S  denotes the monoid defined as

follows:

{ }

=

.otherwise1
,1identity the hasif1

∪S

SS
S

Definition 2.26. Let S be a semigroup and let ( ).IFR SR ∈  Then we

define a complex mapping ( ) IISSR
RR

×→×νµ= ∗∗
∗ :,  as follows: for

any ,, Sdc ∈

( ) ( )badc R

Syx

dxbycxayR
,,

1,

,
µ=µ

∈

==
∨∗

and

( ) ( ).,,

1,

,
badc R

Syx

dxbycxayR
ν=ν

∈

==
∧∗

It is clear that ( ).IFR SR ∈∗

Proposition 2.27. Let S be a semigroup and let ( ).IFR,, SQPR ∈

Then
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(1) .∗⊂ RR

(2) ( ) ( ) .11 ∗−−∗ = RR

(3) If ,QP ⊂  then .∗∗ ⊂ QP

(4) ( ) .∗∗∗ = RR

(5) ( ) .∗∗∗ = QPQP ∪∪

(6) ∗= RR  if and only if R is left and right compatible.

Proof. The proofs of (1), (2) and (3) are clear from Definition 2.26.

(4) It is clear that ( )∗∗∗ ⊂ RR  by (1) and (3). Let ., Sdc ∈  Then, by

the process of the proof of Proposition 3.5(iv) in [21], we have ( ) ( )dc
R

,∗∗µ

( )., dc
R∗µ≤  On the other hand

( ) ( ) ( )badc
R

Syx
dxbycxayR

,,
1,

,
∗∗∗ ν=ν

∈
==

∧

( )qpR

Stz

bzqtazpt

Syx

dxbycxay
,

1,

,
1,

,
ν=

∈

==

∈

==
∧∧

( ) ( ).,,

1,

,
dcqp

RR

Styxz

dxzqtycxzpty
∗ν=ν≥

∈

==
∧

Thus ( ) .∗∗∗ ⊂ RR  Hence ( ) .∗∗∗ = RR

(5) By (3), ( )∗∗ ⊂ QPP ∪  and ( ) .∗∗ ⊂ QPQ ∪  Thus ⊂∗∗ QP ∪

( ) .∗QP ∪  Let ., Sdc ∈  Then, by the process of the proof of Proposition

3.5(v) in [21], we have ( ) ( ) ( ) ( ).,,, dcdcdc
QPQP ∗∗∗ µ∨µ≤µ

∪
 On the other

hand

( ) ( ) ( )badc QP

Syx

dxbycxayQP
,,

1,

, ∪∪
ν=ν

∈

==
∧∗
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[ ( ) ( )]baba QP

Syx

dxbycxay
,,

1,

,
ν∨ν=

∈

==
∧

( ) ( )baba Q

Syx

dxbycxayP

Syx

dxbycxay
,,

1,

,
1,

,
ν∨ν≥

∈

==

∈

==
∧∧

( ) ( ).,, dcdc
QPR ∗∗ ν∨ν=

Thus ( ) .∗∗∗ ⊂ QPQP ∪∪  Hence ( ) .∗∗∗ = QPQP ∪∪

(6) (⇒) Suppose ∗= RR  and let .,, Sedc ∈  Then

( ) ( ) ( ) ( )dcbaedecedec RR

Syx

edxbyecxayRR ,,,,

1,

,
µ≥µ=µ=µ

∈

==
∨∗

and

( ) ( ) ( ) ( ).,,,,

1,

,
dcbaedecedec RR

Syx

edxbyecxayRR ν≤ν=ν=ν

∈

==
∧∗

Similarly, we have ( ) ( )dcdece RR ,, µ≥µ  and ( ) ( ).,, dcdece RR ν≤ν

Hence R is intuitionistic fuzzy left and right compatible.

(⇐) Suppose R is intuitionistic fuzzy left and right compatible. Let

., Sdc ∈  Then

( ) ( ) ( ) ( )dcxbyxaybadc RR

Syx

dxbycxayR

Syx

dxbycxayR
,,,,

1,

,
1,

,
µ=µ≤µ=µ

∈

==

∈

==
∨∨∗

and

( ) ( ) ( ) ( ).,,,,

1,

,
1,

,
dcxbyxaybadc RR

Syx

dxbycxayR

Syx

dxbycxayR
ν=ν≥ν=ν

∈

==

∈

==
∧∧∗

Thus .RR ⊂∗  Hence, .RR =∗

Proposition 2.28. If R is an IFR on a semigroup S that is

intuitionistic fuzzy left and right compatible, then so is .∞R
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Proof. Let Scba ∈,,  and let .1≥n  Then, by the process of the

proof of Proposition 3.6 in [21], ( ) ( ).,, bcacba nn RR
µ≤µ  On the other

hand

( ) ( ) ( ) ( )[ ]bzzzzaba nRRRzzR n
n ,,,, 1211...,, 11

−ν∨∨ν∨ν=ν
−

∧

( ) ( ) ( )[ ]bcczczczczac nRRRzz n
,,, 1211...,, 11

−ν∨ν∨ν≥
−

∧

( )., bcacnR
ν=

Similarly, we have ( ) ( )cbcaba nn RR
,, µ≤µ  and ( ) ( ).,, cbcaba nn RR

ν≥ν

So nR  is intuitionistic fuzzy left and right compatible for each .1≥n

Hence ∞R  is intuitionistic fuzzy left and right compatible.

Let ( )SR IFR∈  and let { } Γ∈ααR  be the family of all IFCs on S

containing R. Then the intuitionistic fuzzy relation R̂  defined by =R̂

∩ Γ∈α αR  is clearly the smallest intuitionistic fuzzy congruences on S

containing R. In this case, R̂  is called the intuitionistic fuzzy congruences

on S generated by R.

Theorem 2.29. If R is an IFR on a semigroup S, then ( ) .ˆ eRR ∗=

Proof. By Definition 1.9, ( ) ( )SR e IFE∈∗  such that ( ) .eRR ∗∗ ⊂

Then ( ) .eRR ∗⊂  By Proposition 2.27(2) and (5), ( ) =∆−∗∗ ∪∪ 1RR

( ) .1 ∗− ∆∪∪ RR  Thus, by Proposition 2.27(6) and Result 1.F, ∪∗R

( ) ∆−∗ ∪1R  is intuitionistic fuzzy left and right compatible. So, by

Proposition 2.28, ( ) [ ( ) ]∞−∗∗∗ ∆= ∪∪ 1RRR e  is intuitionistic fuzzy left

and right compatible. Hence, by Proposition 2.7, ( ) ( ).IFC SR e ∈∗  Suppose

( )SQ IFC∈  such that .QR ⊂  Then, by Proposition 2.27(3) and (4),

.QQR =⊂ ∗∗  Thus ( ) .QR e ⊂∗  Therefore ( ) .ˆ eRR ∗=
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3. Homomorphisms

Let TSf →:  be a semigroup homomorphism. Then it is well known

that the relation

( ) ( ) ( ) ( ){ }bfafSSbafKer =×∈= :,

is a congruence on S.

The following is the immediate result of Theorem 2.8.

Proposition 3.1. Let TSf →:  be a semigroup homomorphism.

Then R is an intuitionistic fuzzy congruence on S, where =R

( ( ) ( )[ ] )., cfKerfKer χχ

In this case, R is called the intuitionistic fuzzy kernel of f and denoted

by ( ).IFK f  In fact, for any ,, Sba ∈

( ) ( ) ( ) ( )
( ) ( )




≠
=

=µ
,if0
,if1

,IFK bfaf

bfaf
ba

f

and

( ) ( ) ( ) ( )
( ) ( )




≠
=

=ν
.if1
,if0

,IFK bfaf

bfaf
ba

f

Theorem 3.2. (1) Let R be an intuitionistic fuzzy congruence on a

semigroup S. Then, the mapping RSSp →:  defined in Result 1.D, is

an epimorphism.

(2) If TSf →:  is a semigroup homomorphism, then there is a

monomorphism ( ) TfSg →IFK:  such that the diagram

S                 
f
                        T

 ( )[ ]IFK f                              g

( )fS IFK

commutes, where ( )[ ]IFK f  denotes the natural mapping.
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Proof. (1) Let ., Sba ∈  Then, by the definition of p and Theorem

2.22,

( ) ( ) ( ).bpapRbRaRababp ∗=∗==

Thus p is a homomorphism. By Result 1.D(4), p is surjective. Hence p is

an epimorphism.

(2) We define ( ) TfSg →IFK:  by ( ( )[ ] ) ( )affg a =IFK  for each

.Sa∈

Suppose ( )[ ] ( )[ ]ba ff IFKIFK =  for any ., Sba ∈  Then ( ) ( ) =baf ,IFK

( ),0,1  i.e., ( )( ) 1,IFK =χ baf  and [ ( ) ]
( ) .0,

IFK
=χ bac

f
 Thus ( ) ( )., fKerba ∈

So ( ( )[ ] ) ( ) ( ) ( ( )[ ] ).IFKIFK ba fgbfaffg ===  Hence g is well-defined. For

any ,, Sba ∈  suppose ( ( )[ ] ) ( ( )[ ] ).IFKIFK ba fgfg =  Then ( ) ( ).bfaf =

Thus ( ) ( ) ( ).0,1,IFK =baf  By Result 1.D(1), ( )[ ] ( )[ ] .IFKIFK ba ff =  So g

is injective. Now let ., Sba ∈  Then

( ( )[ ] ( )[ ] ) ( ( )[ ] ) ( ) ( ) ( )bfafabffgffg abba ===∗ IFKIFKIFK

( ( )[ ] ) ( ( )[ ] ).IFKIFK ba fgfg=

So g is a homomorphism. Let .Sa∈  Then ( ( ( )[ ] ))( ) ( )[ ]IFK IFKg f a g f=

( ).af=  Hence ( )[ ]IFK .g f f=  This completes the proof.

Theorem 3.3. Let R and Q be intuitionistic fuzzy congruence on a

semigroup such that .QR ⊂  Then there exists a unique semigroup

homomorphism QSRSg →:  such that the diagram

   S                  
Q

                  QS

  R

RS
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commutes and ( ) ( )gRS IFK  is isomorphic to ,QS  where R  and Q

denote the natural mappings, respectively.

Proof. Define QSRSg →:  by ( ) QaRag =  for each .Sa ∈

Suppose .RbRa =  Then, by Result 1.D, ( ) ( ).0,1, =baR  Since ,QR ⊂

( ) ( )baba QR ,,1 µ≤µ=  and ( ) ( ).,,0 baba QR ν≥ν=  Then ( ) =baQ ,

( ).0,1  So ,QbQa =  i.e., ( ) ( ).RbgRag =  Hence g is well-defined. Let

., Sba ∈  Then

( ) ( ) ( ) ( ).RbgRagQbQaQabRabgRbRag ∗=∗===∗

So g is a semigroup homomorphism. The remainder of the proofs is easy.

This completes the proof.
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