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Abstract 

In this paper, we prove some fixed point theorems and present the 
example for six mappings satisfying the some conditions in M -fuzzy 
metric space. We generalize and extend for the results of [3], [7] and 
[9]. 

1. Introduction 

Kramosil and Michalek [4] introduced the concepts of fuzzy metric 
spaces, and George and Veeramani [2] modified the concept of fuzzy metric 
spaces due to Kramosil and Michalek. Jungck et al. [3] have studied the fixed 
point theory in these spaces. Also, many authors have defined the 
intuitionistic fuzzy metric space and proved the several fixed point theorems 
in intuitionistic fuzzy metric space ([5, 7-9]). Park et al. [6] and Sedghi           
et al. [11] introduced the concept of M -fuzzy metric space which is 
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generalization of fuzzy metric space and proved common fixed point 
theorems in complete M -fuzzy metric space. 

In this paper, we prove some fixed point theorems and give the example 
for six mappings satisfying the some conditions in M -fuzzy metric space. 

2. Preliminaries and Properties 

Now, we give some definitions, properties on M -fuzzy metric space as 
following: 

Definition 2.1 [1]. Let X be a nonempty set. Then a generalized metric 

(or D-metric) on X is a function +→ R3: XD  satisfying the following 
conditions: 

(a) ( ) ,0,, ≥zyxD  

(b) ( ) 0,, =zyxD  if and only if ,zyx ==  

(c) ( ) { }( ),,,,, zyxpDzyxD =  where p is a permutation function, 

(d) ( ) ( ) ( )zzaDayxDzyxD ,,,,,, +≤  for all .,,, Xazyx ∈  

The pair ( )DX ,  is called a generalized metric (or D-metric) space. 

Let us recall (see [10]) that a continuous t-norm is a binary operation 
[ ] [ ] [ ]1,01,01,0: →×∗  which satisfies the following conditions: (a) * is 

commutative and associative, (b) * is continuous, (c) aa =∗1  for all 

[ ],1,0∈a  (d) dcba ∗≤∗  whenever ca ≤  and [ ]( ).1,0,,, ∈≤ dcbadb  

Definition 2.2 ([11]). The 3-tuple ( )∗,, MX  is said to be an M -fuzzy 

metric space if X is an arbitrary set, * is a continuous t-norm, and M  is a 

fuzzy set on ( )∞× ,03X  satisfying the following conditions: for all ,,, zyx  

Xa ∈  and ,0, >st  

(a) ( ) ,0,,, >tzyxM  

(b) ( ) 1,,, =tzyxM  if and only if ,zyx ==  
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(c) ( ) { }( ),,,,,,, tzyxptzyx MM =  where p is a permutation function, 

(d) ( ) ( ) ( ),,,,,,,,,, stzyxszzatayx +≤∗ MMM  

(e) ( ) ( ) [ ]1,0,0:,,, →∞⋅zyxM  is continuous. 

We know that both D-metric and fuzzy metric induce an M -fuzzy 
metric as following. 

Example 2.3. Let ( )DX ,  be a D-metric space. Denote abba =∗  for 

all [ ]1,0, ∈ba  and for all Xzyx ∈,,  and ,0>t  

( ) ( ) .,,,,, zyxDt
ttzyx

+
=M  

Then ( )∗,, MX  is an M -fuzzy metric space. 

Lemma 2.4 [11]. Let ( )∗,, MX  be an M -fuzzy metric space. Then for 

any Xzyx ∈,,  and ,0>t  we have 

(a) ( ) ( ),,,,,,, tyyxtyxx MM =  (b) ( )⋅,,, zyxM  is nondecreasing. 

Definition 2.5 [6]. Let X be an M -fuzzy metric space and a sequence 
{ } .Xxn ⊂  Then 

(a) { }nx  is convergent to an Xx ∈  if ( ) 1,,,lim =∞→ txxx nn M  for 

all ;0>t  

(b) { }nx  is called Cauchy sequence if ( )txxx npnpnn ,,,lim ++∞→ M  

1=  for all 0>t  and ;0>p  

(c) an M -fuzzy metric in which every Cauchy sequence is convergent is 
said to be complete. 

Let ( )∗,, MX  be an M -fuzzy metric space with the following 

condition: 

 ( ) 1,,,lim =
∞→

tzyx
t

M  for all .0,,, >∈ tXzyx  (2.1) 
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Lemma 2.6 [6]. Let { }nx  be a sequence in ( )∗,, MX  with condition 

(2.1). If there exists a ( )1,0∈k  such that ( ) ≥+++ ktxxx nnn ,,, 112M  

( )txxx nnn ,,,1+M  for all 0>t  and ...,,2,1=n  then { }nx  is a Cauchy 

sequence in X. 

Lemma 2.7 [6]. Let { }nx  be a sequence in an M -fuzzy metric space 

( )∗,, MX  with condition (2.1). If for all Xyx ∈,  and for a number 

( ),1,0∈k  ( ) ( ),,,,,,, tzyxktzyx MM ≥  then .zyx ==  

Definition 2.8 [11]. Let A, B be mappings from M -fuzzy metric space 
( )∗,, MX  into itself. Then the mappings are said to be compatible if 

( ) 1,,,lim =
∞→

tBAxBAxABx nnn
n

M  

for all ,0>t  whenever { } Xxn ⊂  such that nnnn BxAx ∞→∞→ = limlim  

z=  for some .Xz ∈  

Definition 2.9 [6]. Let A, B be mappings from M -fuzzy metric space 
( )∗,, MX  into itself. Then the mappings are called compatible of type(α) if 

( ) 1,,,lim =
∞→

tBBxBBxABx nnn
n

M  

and 

( ) 1,,,lim =
∞→

tAAxAAxBAx nnn
n

M  

for all ,0>t  whenever { } Xxn ⊂  such that nnnn BxAx ∞→∞→ = limlim  

z=  for some .Xz ∈  

Proposition 2.10 [9]. Let X be an M -fuzzy metric space and A, B be 
mappings from X into itself. If A, B are compatible of type(α) and { } Xxn ⊂  

such that zBxAx nnnn == ∞→∞→ limlim  for some ,Xz ∈  then 

(a) AzBAxnn =∞→lim  if A is continuous at ,Xz ∈  

(b) BAzABz =  and BzAz =  if A and B are continuous at .Xz ∈  
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3. Some Common Fixed Point using Compatible Maps of Type(α) 

Theorem 3.1. Let X be a complete M -fuzzy metric space with ttt ≥∗  
for all [ ]1,0∈t  and satisfy the condition (2.1). Let A, B, S, T, P and Q be 

mappings from X into itself such that 

(a) ( ) ( ) ( ) ( ),, XSTXQXABXP ⊂⊂  

(b) SQQSBPPBTSSTBAAB ==== ,,,  and ,TQQT =  

(c) A, B, S and T are continuous, 

(d) ( )ABP,  and ( )STQ,  are compatible of type(α), 

(e) There exists a ( )1,0∈k  such that for all ,, Xyx ∈  ( )2,0∈β  and 
,0>t  

( )ktQyQyPx ,,,M  

( ) ( ) ( )tPxPxSTytQyQySTytPxPxABx β∗∗≥ ,,,,,,,,, MMM  

( )( ) ( ).,,,2,,, tSTySTyABxtQyQyABx MM ∗β−∗  

Then A, B, S, T, P and Q have a common fixed point in X. 

Proof. Since ( ) ( )XABXP ⊂  from (a), we can choose a point Xx ∈1  

for any Xx ∈0  such that .10 ABxPx =  Also, since ( ) ( ),XSTXQ ⊂  we 

can choose Xx ∈2  for this point 1x  such that .21 STxQx =  Inductively, 

construct sequence { } Xyn ⊂  such that ,1222 +== nnn ABxPxy  =+12ny  

2212 ++ = nn STxQx  for ....,2,1=n  By (b), we have for all 0>t  and 

q−=β 1  with ( ),1,0∈q  

( )ktyyy nnn ,,, 222212 +++M  

( )ktQxQxPx nnn ,,, 222212 +++=M  

( ) ( )tQxQxSTxtPxPxABx nnnnnn ,,,,,, 222222121212 ++++++ ∗≥ MM  

( )tPxPxSTx nnn β∗ +++ ,,, 121222M  
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( ( ) )tQxQxABx nnn β−∗ +++ 2,,, 222212M  

( )tSTxSTxABx nnn ,,, 222212 +++∗M  

( ) ( )tyyytyyy nnnnnn ,,,,,, 22221212122 +++++ ∗≥ MM  

( ).,,, 12122 qtyyy nnn ++∗M  

Letting ,1→q  we get 

( )ktyyy nnn ,,, 222212 +++M  

 ( ) ( ).,,,,,, 22221212122 tyyytyyy nnnnnn +++++ ∗≥ MM  (3.1) 

Similarly, we have 

( )ktyyy nnn ,,, 323222 +++M  

 ( ) ( ).,,,,,, 323222222212 tyyytyyy nnnnnn ++++++ ∗≥ MM  (3.2) 

From (3.1) and (3.2), 

( ) ( ) ( )tyyytyyyktyyy nnnnnnnnn ,,,,,,,,, 22111221 ++++++++ ∗≥ MMM  

for ....,2,1=n  And for positive integers n, p, 

( )ktyyy nnn ,,, 221 +++M  

( ) .,,,,,, 22111 ⎟
⎠
⎞

⎜
⎝
⎛∗≥ +++++ pnnnnnn

k
tyyytyyy MM  

Thus since ,1,,,lim 221 =⎟
⎠
⎞

⎜
⎝
⎛

+++∞→ pnnnn
k
tyyyM  we have 

( ) ( ).,,,,,, 11221 tyyyktyyy nnnnnn +++++ ≥MM  

By Lemma 2.6, { }ny  is a Cauchy sequence in X and since X is complete, 

{ }ny  converges to .Xz ∈  Also, since { },2nPx  { },12 +nQx  { }12 +nABx  and 

{ }22 +nSTx  are subsequences of { },ny  hence they converge to the point 
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.Xz ∈  Since A, B are continuous and ( )ABP,  is compatible maps of 

type(α), by Proposition 2.10(a), we have 

( ) ABzxABP n
n

=+
∞→

12lim  and ( ) .lim 12
2 ABzxAB n

n
=+

∞→
 

Also, since S, T are continuous and ( )STQ,  is compatible maps of         

type(α), by Proposition 2.10(b), we have ( ) STzxSTQ nn =+∞→ 22lim  and 

( ) .lim 22
2 STzxST nn =+∞→  

First, let ( ) 12 += nxABx  and 22 += nxy  with 1=β  and ∞→n  in (e), 

we obtain 

( ) ( ) ( )tzzABztzzABzktzzABz ,,,,,,111,,, MMM ∗∗∗∗≥  

( ).,,, tzzABzM≥  

Hence, by Lemma 2.7, .zABz =  

Second, let nPxx 2=  and 12 += nxy  with 1=β  and ∞→n  in (e), we 

have 

( )ktzzPz ,,,M  

( ) ( ) ( )tPzPzztzzztzzPz ,,,,,,,,, MMM ∗∗≥  

( ) ( )tzzztzzz ,,,,,, MM ∗∗  

( ).,,, tzzPzM≥  

Therefore, .zPz =  Hence .ABzzPz ==  

Third, let Bzx =  and 12 += nxy  with 1=β  and ∞→n  in (e), we 

obtain 

( ) ( ) ( ) ( )tBzBzztzzztBzBzBzktzzBz ,,,,,,,,,,,, MMMM ∗∗≥  

( ) ( ).,,,,,, tzzBztzzBz MM ∗∗  

Therefore, .zBz =  Also, since ,zABz =  hence .zAz =  
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Fourth, let zx =  and 22 += nSTxy  with 1=β  and ∞→n  in (e), we 

have 

( )ktSTzSTzz ,,,M  

( ) ( ) ( )tzzSTztSTzSTzSTztzzz ,,,,,,,,, MMM ∗∗≥  

( ) ( )tSTzSTzztSTzSTzz ,,,,,, MM ∗∗  

( ).,,, tSTzSTzzM≥  

Thus .zSTz =  

Fifth, let zx =  and 12 += nQxy  with 1=β  and ∞→n  in (e), we have 

( )ktQzQzz ,,,M  

( ) ( ) ( )tzzztQzQzztzzz ,,,,,,,,, MMM ∗∗≥  

( ) ( )tzzztQzQzz ,,,,,, MM ∗∗  

( ).,,, tQzQzzM≥  

Therefore, zQz =  and hence .QzzSTz ==  

Sixth, let zx =  and Tzy =  with 1=β  and ∞→n  in (e), we have 

( ) ( )( )ktTzQTzQPz ,,,M  

( ) ( ) ( ) ( )( )tTzQTzQTzSTtPzPzABz ,,,,,, MM ∗≥  

( )( )tPzPzTZST ,,,M∗  

( ) ( )( ) ( ) ( )( )tTzSTTzSTABztTzQTzQABz ,,,,,, MM ∗∗  

( ).,,, tzzTzM≥  

Thus, .zTz =  Since ,zSTz =  hence .SzzSTz ==  Therefore, z is a common 

fixed point of A, B, S, T, P and Q. 
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Finally, let ( )zuu ≠  be another common fixed point of A, B, S, T, P and 

Q, and .1=β  Then by (e), 

( )ktQuQuPz ,,,M  

( ) ( ) ( )tPzPzSTutQuQuSTuMtPzPzABz ,,,,,,,,, MM ∗∗≥  

( ) ( ).,,,,,, tSTuSTuABztQuQuABz MM ∗∗  

It follows that 

( ) ( ) ( ) ( )tzzuMtuuuMtzzzMktuuzM ,,,,,,,,,,,, ∗∗≥  

( ) ( )tuuzMtuuzM ,,,,,, ∗∗  

( ).,,, tuuzM≥  

Therefore, z is a unique common fixed point of A, B, S, T, P and Q.  

Corollary 3.2. Let X be a complete M -fuzzy metric space with ttt ≥∗  
for all [ ]1,0∈t  and satisfy the condition (2.1). Let P, S be compatible maps 

of type(α) on X such that ( ) ( ).XSXP ⊂  If S is continuous and there exists a 

constant ( )1,0∈k  such that 

( )ktPyPyPx ,,,M  

( ) ( ) ( )tPxPxSytPyPySytPxPxSx β∗∗≥ ,,,,,,,,, MMM  

( )( ) ( )tSySySxtPyPySx ,,,2,,, MM ∗β−∗  

for all ,, Xyx ∈  ( )2,0∈β  and ,0>t  then P and S have a unique common 

fixed point in X. 

Proof. The proof follows from Theorem 3.1 with ,QP =  AS =  and 

.XITB ==   

Example 3.3. Let [ ]1,0=X  and ( )DX ,  be a D-metric space. 

Define   ( ) ( ) ( ) ( ){ }xzdzydyxdzyxD ,,,,,max,, =  and ( ) =tzyx ,,,M  
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( )zyxDt
t

,,+
 for all [ ],1,0, ∈ba  Xzyx ∈,,  and .0>t  Then X is a 

complete M -fuzzy metric space. Let A, B, S, T, P and Q be defined as 

,xAx =  ,2
xBx =  ,5

xSx =  ,3
xTx =  6

xPx =  and 0=Qx  for all .Xx ∈  

Then ( ) ( ).2
1,06

1,0 XABXP =⎥⎦
⎤

⎢⎣
⎡⊂⎥⎦

⎤
⎢⎣
⎡=  Also, since ( ) { }0=XQ  and 

( ) ,15
1,0 ⎥⎦
⎤

⎢⎣
⎡=XST  hence ( ) ( ).XSTXQ ⊂  If we take 1,2

1 == tk  and 

,1=β  then we see that Theorem 3.1(e) is satisfied. Furthermore, Theorems 

3.1(b) and (c) are satisfied, and ( )ABP,  is compatible maps of type(α) if 

,0lim =∞→ nn x  where { } Xxn ⊂  such that nnnn ABxPx ∞→∞→ = limlim  

0=  for some .0 X∈  Similarly, ( )STQ,  is also compatible maps of 

type(α). Thus all conditions of Theorem 3.1 are satisfied and 0 is the unique 
common fixed point of A, B, S, T, P and Q. 
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