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Abstract

This paper is concerned with the problem of stability analysis for
neural networks with discrete and unbounded distributed delays. In
terms of linear matrix inequalities, a new delay-dependent condition is
proposed, which ensures the existence of a unique equilibrium point
and its global asymptotic stability of the delayed neural networks. A
numerical example is given to demonstrate the reduced conservatism
of the condition.

1. Introduction

In the past two decades, neural networks have found many applications
in pattern classification, associative memory and combinatorial optimization.
It is well known that the stability of neural networks plays an important role
in such applications. In hardware implementation of neural networks, time
delays will unavoidable occur due to the finite switching speed of amplifiers.
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The existence of time delays in a neural network may be a source of
oscillation and instability [1]. Therefore, the problem of stability analysis
of delayed neural networks has attracted extensive attention. Until now,
however, most studies are based on the assumption that the time delays are
discrete. Although this assumption is not unreasonable, as noted in [2], it is
more appropriate to introducing continuously distributed delays such that the
distant past has less influence compared to the recent behavior of the state.
For previous stability results of neural networks with distributed delays,

please refer to [3-5] and the references cited therein.

The purpose of this paper is to study further the global asymptotic
stability of neural networks with both discrete and unbounded distributed
delays given in [5]. A new delay-dependent condition for the existence of a
unique equilibrium point and its global asymptotic stability of the networks
is developed by using the Lyapunov-Krasovskii functional method. The
condition is expressed in terms of linear matrix inequalities (LMIs), and
hence can be easily verified with the help of the Matlab LMI Toolbox. A
numerical example is provided to demonstrate the less conservatism of the

obtained result by comparing with those reported recently in the literature.
2. Problem Formulation

Consider the following neural network with discrete and unbounded
distributed delays [5]:

n

(1) = —cu(t) + Zszgj(”j(f)) + Zaijgj(“j(f - 1))
j=1

j=1
L t
+Zb,.jj_oo k(= s)g (u(s))ds + I, 1)
j=1
for i =1, 2, ..., n, where n denotes the number of neurons in the system,

u;(¢) is the state of the ith neuron at time 7, ¢; > 0 is the passive decay rate,
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Wi, @ and b,-j are the synaptic connection strengths, /; is the external

constant input, T > 0 is the discrete transmission delay from one neuron to
another, k; is a real value non-negative continuous function defined on
[0, ) satisfying -[0 k; (s)ds =1, and g ; 1s the neuron activation which is

assumed to be bounded and to satisfy 0 < (g;(&;) — g;(£2))/(§; —&2) < /;

forany &;, &, € R, § # &, where /;, j=1,2,..., n, are positive constants.

With the boundedness of functions g;, j =1, 2, ..., n, system (1) has

at least one equilibrium point [1]. Suppose that u = [u] 1, ﬁn]T is an
equilibrium point of the system. Then, we can shift # to the origin by taking
the transformation x(-) = u(-) — u, which puts system (1) into the following

form:
x(t) = =Cx(t) + W (x(2)) + Af (x(z — 7)) + BI_:O K(t—s) f(x(s))ds, (2)

where

K(t — s) = diag[k|(t — ), ky(t = 5), ..., k, (¢t — 5)], C = diag(c|, 3, ..., ¢;,),

W =[wgl,,» 4=la;] B =[b;] x=[x xpx, 1,

nxn> nxn’ ij Inxn>

() =) fale) fule)]

with f;(x;)=g;(x;+u;)-g;(@;), j=1,2,..,n Note that fi, f5, ..., fy

satisfy
The following fact will be used in the proof of our main result.

Fact 1. For any real matrices M;, i=1,2,..,5 with appropriate

dimensions, we have
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2{XT(I)M1 wxl (O + fT ()M + 1 (x(t 1) My
p T
" ( [ k-9 f(x(s))ds) MS:I

x [x(t) + Cx(t) — Wf(x(2)) — Af (x(¢ — 7)) — BJ._too K(t - s)f(x(s))ds} = 0.

3. Stability Condition

Theorem 1. The origin of system (2) is the unique equilibrium point and
it is globally asymptotically stable if there exist matrices My, M, ..., M5,

B >0, >0, F >0 and diagonal matrices P, >0, P, >0, P5 >0,
P, >0, B > 0 such that the following LMI holds:

Zy Zyy, MW +MET M4+ MmT -M,B+MT |
* Iy 23 Zn4 ~M,B +CMJ
oo Zs3 ~MA-WMl —MmB-wTMm! <0

* * * Za ~MyB—ATM3  Zyg
* * * * Z55 0

| * * * * * Zgs |

“)
where

le =M1 +M1T +’CP6, le =M1C+Mg +1)1, 222 =M2C+CM5 +P2’
223 Z—M2W+CM3T+P5+LP75 224 :_M2A+CMZ:_P5 +LF§’
Z33 = MW - W ML
33 = —MslW 3+ B+ B -2p,
_ TarsT -1 -1 _
Z44 ——M4A—A M4 - L P2L2 _P3_2P8’Z46 ——‘C(PS—Lpg),

Zss =—MsB - BTMI — Py, Z¢o = —1P;, L = diag[ly, I, ..., 1,].
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Proof. First, we will show the origin of system (2) is the unique
equilibrium point. Let X be the equilibrium point of system (2). Then, we

have
—Cx+ (W +A4+B)f(x)=0. (5)
Multiplying both sides of (5) by
A M, + fT(X) (M3 + My + Ms))]

gives

Ax My + fT () (M5 + My + Ms)|[-Cx + (W + A+ B) f(X)] = 0. (6)
Noting that (6) can be rewritten as

o f® @ @eE @ @ e

=[x pi - 1@ LR f(F)]

_T - T, -
+2[x° L(Py + R) f(X) = f1 () (P + R) f(¥)], (7)
where
Ay AT 224 ~M1B + CM]
a_| ¥ Z Msd- wiml  —mB-wiml
x Za ~M,B - ATMI |
* * * Z55

By (3), it follows from (7) that
=T T = T = T = =T T (= T, = TN\
[x* ) Slex E) E) EF =0
On the other hand, (4) gives Q < 0. Thus we have x = 0, which means
the origin of system (2) is the unique equilibrium point.

Next, we prove that the origin of (2) is globally asymptotically stable. To

the end, the following Lyapunov-Krasovskii functional is constructed:
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V) =T ORO+ [ (7 (6)Px(s) + 1T GBS (()

+ 2xT (s) Py f(x(s)))ds + Zp4jj: kj(s)J.;_s sz(xj(r))drds
=l

+ I_OT I:ﬂ < (r) Py (r) drds.
Calculating the time derivative of V' (x(¢)) yields
V(x(0)) = 25" () R(r) + x" (1) Pyx(t) + 2x (6) P/ (x(2))

+ /1) Py f (x(0)) + i () Pos(0)

—xT(t =) Pox(t — 1) = 2xT (t = 0) Ps f(x(t = 1))

= /Tl = P f(xlt = ) + ST (H(0) P f (x(0))

_ ijj:’ kj(s)dsj.ow () 7 x5t - ))ds
7=

- J:_T 7 (5) Pei(s) ds.

By the Cauchy inequality (see [4]), we obtain

= b [ ks ko) £ - s))ds
0 0
=

< —( f _tw Kt - s) f(x(s))dsz P4(Jjw k(e - s) f(x(s))dsj.

In the light of the well-known Jensen inequality, we have

[ 6 Rs)s <~ L)~ x(  Rlxe) (e - )

@®)

)

(10)
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In view of (3), we obtain
(-1 Pat =) < =T - RL (5 -7), A1)
~2x" () LPy £ (x(t)) < =217 (x(6)) P (x(2)), (12)
~2xT (¢ = LR f(x(t - 1) < 2fT (x(t - O)Rf (At - 7). (13)

By Fact 1, it follows from (8)-(13) that

V(x(2)) < n()yn’ (2),

where

() = {XT (6) () ST (x(@0) 7 (e = )

. U_too K(t - S)f(x(s))dszxT(t - r)/r},

'z, Zis MW+ MI M4+ M) ~MB+MI 0]
*  Zyy —Pft 753 Zoy +Ps—LP,  —-M,B+CMI P
wo| * * 733 ~MA-wIME —mB-wTml o
* * * m ~M4B—A"MI Zy|
* * * * 255 0
L * * * * * 266_
If
¥ <0, (14)

holds, then V(x(z)) < 0 for all x(¢) # 0. That is, the origin of system (2) is
globally stable under condition (14). The proof of Theorem 1 is completed
due to the fact that (14) is equivalent to (4).

4. Numerical Example

Example 1. Consider a second-order neural network (2) with
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1 0 0.78 -0.07 0.52 0.02
b e e[ o)

0 0.15 0.63 -0.12  0.37

fj(xj) = tanh(x;), j =1, 2.

Note that (3) holds with /; =/, =1.

For this delayed neural network, it can be verified that the stability

conditions in [4] and [5] are not satisfied. Thus the conditions in [4] and [5]

fail to check whether the system is globally asymptotically stable or not.
However, by resorting to the Matlab LMI Toolbox, we find the LMI (4) is
feasible. Hence, by Theorem 1, we can conclude that the system is globally

asymptotically stable.

(1]

(2]
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