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Abstract 

In this article, the author establishes some basic inequalities for 
( )m,α -convex mappings, and by using the properties of these basic 

inequalities, obtains several inequalities of Ostrowski-like type via 
differentiable real ( )m,α -convex mappings. 

1. Introduction 

In [11, 12], Toader defined the m-convexity and the ( )m,α -convexity. 

Definition 1. The mapping [ ] RI →⊆ ∗bf ,0:  is said to be m-convex 

on ,I  where [ ] I∈∈ bam ,,1,0  with ba <  and ,0>∗b  if the inequality 

( )( ) ( ) ( ) ( )yftmxtfytmtxf −+≤−+ 11  

holds for I∈yx,  and [ ].1,0∈t  
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Definition 2. The mapping [ ] RI →⊆ ∗bf ,0:  is said to be ( )m,α -

convex on ,I  where [ ],1,0∈m  I∈ba,  with ba <  and ,0>∗b  if the 

inequality 

( )( ) ( ) ( ) ( )yftmxftytmtxf αα −+≤−+ 11  

holds for I∈yx,  and [ ].1,0∈t  

Denote by ( )bKm
α  the set of all ( )m,α -convex mappings on [ ]b,0  for 

which ( ) .00 ≤f  For recent results and generalizations concerning m-convex, 

( )ms, -convex and ( )m,α -convex mappings, see [2-7]. 

Note that for ( ) ( ) ( ) ( ) ( ) ( ) ( ){ },1,,1,1,,1,0,1,0,,0,0, αα∈α mm  one 

obtains the following classes of functions: increasing, α-star-shaped, star-
shaped, m-convex, convex and α-convex [2-5,7, 8]. 

In [2, 3], the authors proved the following Hadamard’s inequalities for 
m-convex mappings: 

Theorem 1.1. Let [ ] [ ] R→⊆ ∗bbaf ,0,:  be an m-convex mapping 

with ( ],1,0∈m  ba <  and .0>∗b  If [ ]( ),,1 baLf ∈  then one has the 

inequality: 

(a) ( ) ( ) ( )∫ ⎭⎬
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Theorem 1.2. Let [ ] [ ] R→⊆ ∗bbaf ,0,:  be an m-convex mapping 

with ( ],1,0∈m  ∞<<≤ ba0  and .0>∗b  If [ ]( ),,1 bamLf ∈  then one 

has the inequality: 
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( ) ( ) ( ) ( ) ( ) .21
1 bfafambdxxfmab
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−
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+ ∫ ∫  

In [8], the author established the following theorems for ( )m,α -convex 

mapping: 

Theorem 1.3. Let [ ] [ ] R→⊆ ∗bbaf ,0,:  be an ( )m,α -convex 

mapping with [ ] bam <∈α ,1,0,  and .0>∗b  If [ ]( ),,1 baLf ∈  then one 

has the inequality: 

(a) ( ) ( ) ( )∫ ⎭⎬
⎫
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Theorem 1.4. Let [ ] [ ] R→⊆ ∗bbaf ,0,:  be an ( )m,α -convex 

mapping with [ ],1,0, ∈α m  ba <  and .0>∗b  If [ ]( ),,1 baLf ∈  then one 

has the inequality: 
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In this article, the author establishes some basic inequalities for ( )m,α -

convex mappings in Section 2, and, by using these properties, obtains the 
inequalities of Hermite-Hadamard type via differentiable ( )m,α -convex 

mappings. 

2. Inequalities of Hermite-Hadamard Type via ( )m,α -convex Mappings 

To prove our new results, we need the following lemma [1]: 

Lemma 1. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on the 

interior 0I  of an interval ,I  where I∈ba,  with ba <  and .0>∗b  If 

[ ],,1 baLf ∈′  then the following inequality holds: 

 ( ) ( ) ( ) ( ) ( )∫−−+−
b

a
dxxfafaxbfxb  

( ) ( ) ( )( ) ( ) ( ) ( )( )∫ ∫ −+′−−+−+′−−=
1

0

1

0
22 .1111 dtbttxftxbdtattxftax  

Theorem 2.1. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on 

the interior 0I  of an interval I  such that [ ]( ),, baLf ∈′  where I∈ba,  with 

ba <  and .0>∗b  If f ′  is ( )m,α -convex on [ ]ba,  for ( ) [ ] ,1,0, 2∈α m  

then the following inequality holds: 

( ) ( ) ( ) ( ) ( ) ( ) ( )∫−−+−+α+α
b

a
dxxfafaxbfxb21  

( ) ( ) ,12
2
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2 MxbMax −+−≤  (1) 
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( ) ( )
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( ) ( )

( ) ( )
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Proof. From Lemma 1, using the ( )m,α -convexity of f, we get 

( ) ( ) ( ) ( ) ( )∫−−+−
b

a
dxxfafaxbfxb  

( ) ( ) ( )( )∫ −+′−−≤
1

0
2 11 dtattxftax  

( ) ( ) ( )( ) .11
1

0
2∫ −+′−−+ dtbttxftxb  (2) 

Since f ′  is ( )m,α -convex, 

(i)       ( ) ( )( )∫ −+′−
1

0
11 dtattxft  

( ) ( ) ( )∫ ⎭
⎬
⎫

⎩
⎨
⎧
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⎠
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and 
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Analogously, also we get 

(i)′     ( ) ( )( )∫ −+′−
1

0
11 dtattxft  

( ) ( )
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( ) ( ) ( ) ,212
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xfm ′
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(ii)′    ( ) ( )( )∫ −+′−
1

0
11 dtbttxft  
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3
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xfm ′
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⎠
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⎜
⎝
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Hence, by (3)-(6), we have 

( ) ( )( ) ( ) ( )∫ +α+α
≤−+′−

1

0 11,21
111 Mdtattxft  (7) 

( ) ( )( ) ( ) ( )∫ +α+α
≤−+′−

1

0 12.21
111 Mdtbttxft  (8) 

By (2) and (7)-(8), the inequality (1) holds. 

Theorem 2.2. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on 

the interior 0I  of an interval I  such that [ ]( ),, baLf ∈′  where I∈ba,  

with ba <  and .0>∗b  If qf ′  is ( )m,α -convex on [ ]ba,  for ( )m,α  

[ ]21,0∈  and 1>q  with ,111
=+ qp  then the following inequality holds: 

( ) ( ) ( ) ( ) ( )∫−−+−
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where 
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Proof. From Lemma 1, using the ( )m,α -convexity of f, we get 

( ) ( ) ( ) ( ) ( )∫−−+−
b

a
dxxfafaxbfxb  

( ) ( ) ( )( ) qqpp dtattxfdttax

1
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where we have used the fact that 11
1

2
1
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⎠
⎞

⎜
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Note that 
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By the inequalities (10)-(12), the inequality (9) is proved. 

Theorem 2.3. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on 

the interior 0I  of an interval I  such that [ ]( ),, baLf ∈′  where I∈ba,  

with ba <  and .0>∗b  If qf ′  is ( )m,α -convex on [ ]ba,  for ( ) ∈α m,  

[ ]21,0  and 1>q  with ,111
=+ qp  then the following inequality holds: 
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Proof. From Lemma 1 and by using the well-known power mean 
inequality, we get 
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( ) ( ) ( )( ) qq
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Note that 
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Analogously, also we have 
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By the inequalities (15)-(18), we have 

(a) ( ) ( )( ) ( ) ( )∫ +α+α
≤−+′−

1

0 31,21
111 Mdtattxft q  (19) 

(b) ( ) ( )( ) ( ) ( )∫ +α+α
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which imply that the assertion (13) holds by (14), (19)-(20) and Theorem 2.1. 

Lemma 2. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on the 

interior 0I  of an interval ,I  where I∈ba,  with ba <  and .0>∗b  If 

[ ],,1 baLf ∈′  then the following inequality holds: 

( ) ( ) ( ) ( ){ }∫ +−
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Proof. By the integration by parts, this identity is proved. 

Theorem 2.4. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on 

the interior 0I  of an interval I  such that [ ]( ),, baLf ∈′  where I∈ba,  

with ba <  and .0>∗b  If f ′  is ( )m,α -convex on [ ]ba,  for ( )m,α  

[ ] ,1,0 2∈  then the following inequality holds: 
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a
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Proof. From Lemma 2, using the ( )m,α -convexity of f, we get 
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Analogously, also we have 
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which completes the proof by the simple calculations. 

Theorem 2.5. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on 

the interior 0I  of an interval I  such that [ ]( ),, baLf ∈′  where I∈ba,  

with ba <  and .0>∗b  If qf ′  is ( )m,α -convex on [ ]ba,  for ( ) ∈α m,  

[ ]21,0  and 1>q  with ,111
=+ qp  then the following inequality holds: 
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 (21) 

where 
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Proof. From Lemma 2 and using the ( )m,α -convexity of f, we get 
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where we have used the fact that 11
1

2
1

1
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⎠
⎞

⎜
⎝
⎛

+
≤ p

p  for .1>p  

By Theorem 2.1, we get 
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which implies that by (22)-(24), the assertion (21) holds. 
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Theorem 2.6. Let [ ] RI →⊂ ∗bf ,0:  be a differentiable mapping on 

the interior 0I  of an interval I  such that [ ]( ),, baLf ∈′  where I∈ba,  

with ba <  and .0>∗b  If qf ′  is ( )m,α -convex on [ ]ba,  for ( )m,α  

[ ]21,0∈  and 1>q  with ,111
=+ qp  then under the notations ,11μ  ,12μ  

11ν  and 12ν  in Theorem 2.4 the following inequality holds: 
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Proof. From Lemma 2 and using the well-known power mean inequality, 
we get 
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Note that 
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Analogously, also we have 
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By the inequalities (27)-(30), we have 
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By the inequalities (26) and (31)-(32), the assertion (25) holds. 
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