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Abstract

By using the coset diagrams for the action of G = (x, y : %2 = y4 =1)

on Q(\/;), we show that the linear fractional transformation x

transforms a totally positive (negative) real quadratic irrational number
to a totally negative (positive) real quadratic irrational number, and an
ambiguous number into an ambiguous number. We show also that if o is

an ambiguous number, then one of (a) yj for j =1, 2,3 is ambiguous
and the other two are totally negative. At the end we show that the
action of the group G on Q(\/;) is intransitive.

1. Introduction

Let F be an extension field of degree two over the field @ of

rational numbers. Then any element x € F — @ is of degree two over @

and is a primitive element of F (that is, F = Q[x] and {1, x} is a base
of F over Q). Let F(x)=x2+bx +c, where b, ¢c € @, be the minimal

polynomial of such an element x € F. Then 2x = -b + Vb2 - 4¢ and so
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F = Q(Wb? - 4¢). Here, since b® — 4c is a rational number Y. u_;) with
v

u,v e Z. We obtain F = Q(x/ﬁ) with u, v € Z. In fact, it is possible to
write F = Q(«/Z), where n is a square free integer. If n is a positive
square free integer, then Q(v/n) is called a real quadratic field and the
elements of Q(Wn) are of the form a + bvn with a, b € Q.

Let M be a group generated by the linear fractional transformations

1s to act on

e . +
x, y satisfying the relations 22 = y" =1. If y: 2z — @z +b
cz +

real quadratic fields, then a, b, ¢, d must be rational numbers and can be

(a + d)?
ad - be

m-th root of unity, is rational, only if m =1, 2, 3, 4 or 6. The group M is

1

considered as integers. Thus -2=0+® , where ® a primitive

cyclic of order two, D, (an infinite dihedral group), or PSL(2, Z) if

m =1, 2,or 3. The case m = 3 has been discussed in detail in [2] and [5].

a-vn

C

An element o =

a+n
c

e Q(n) and its conjugate @ = may

have different signs for a fixed non-square positive integer n. If such is
the case, then o is called an ambiguous number. If o and o are both
positive (negative), then o is called a totally positive (negative) number.
Ambiguous numbers play an important role in the study of actions of the
groups M = (x, y: x? = y" = 1), for m =1,2,3,4 or 6, on Q(«/Z) In
the action of M on Q(vn), Stab,(M) are the only non-trivial stabilizers

and in the orbit aM, there is only one (up to isomorphism) non-trivial

stabilizer.

In this short note we are interested in the group M for m = 4, that is,

G={(x,y: x? = y4 = 1), acting on the real quadratic irrational numbers,

2—i and (z)y :2(2_—}r1) are linear fractional transformations.

where (z)x =

An action of G on real quadratic irrational numbers has been considered
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in [3]. It has been shown there that the set of ambiguous numbers is
finite and that part of the coset diagram containing these numbers forms

a single closed path, and it is the only closed path in the orbit of a.

We discuss here some basic properties of the real quadratic irrational

numbers o under the action of G by using coset diagrams. We show that
if o is totally positive, then (a) yj for j =1, 2, 3 are totally negative. Also

the linear fractional transformation x transforms a totally positive
(negative) number to a totally negative (positive) number, and an

ambiguous number into an ambiguous number. We also show that if a is

an ambiguous number, then one of (a) yj for j =1, 2, 3 is ambiguous and

the other two are totally negative. Finally, we show that if a = a ;;/; €
* * a + \/; a2 —n
Q(x/;),whereQ(«/;): c i b= p ,c#0,a,b,ceZ}, then

oG < @*(¥n) and the action of G on @*(+n) and consequently on Q(+n)

is always intransitive.
2. Coset Diagrams

We use coset diagrams for the group G and study its action on the
projective line over real quadratic fields. The coset diagrams for the
group G are defined as follows. The four cycles of the transformation y
are denoted by four edges of a square permuted anti-clockwise by y and
the two vertices which are interchanged by x are joined by an edge. Fixed
points of x and y, if they exist, are denoted by heavy dots. This graph can
be interpreted as a coset diagram, with the vertices identified with the

cosets of Stab,(G), the stabilizer of some vertex a of the graph, or as

1-skeleton of the cover of the fundamental complex of the presentation,

which corresponds to the subgroup Stab, (G).

A general fragment of the coset diagram of the action of G on Q(x/Z)

will look as follows.
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Consider a coset diagram for the action of G on the projective line

over a real quadratic field. If & # 0, _—1, —1, © 1is one of the four vertices

of a square in the coset diagram, then k and (k)x are end points of an

edge. Since (k)x = ;—]1, one of k and (k)x is positive and the other is
negative. Since (z)y = 2(2_—41rl)’

() if z < -1, then (2)y > 0,

(i) if z > 0, then ‘71 <(2)y <0,
B | -1
(iii) if 5 <#< 0, then =1 < (2)y < 5 and

(v)if -1 <z< _71, then (z)y < —1.

That is, if vertices (k)yj for j=0,1,2, 3 of a square are not

0, _71, —1 and o, then just one of them lies in each of the intervals:

(—o0, = 1), (— 1, _71), (_?1, O) and (0, ©). Thus, in particular, of the

vertices (k) yj for j = 0,1, 2, 3, one is positive and three are negative.
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3. Main Results

For a given sequence of positive integers nq, ng, ..., ng; the circuit of
the type (ng, ng, ..., oy, Ny, N9, ..., NoR's ooy Ny, Ng, ..., Nojr), Where k'
divides k, is said to have a period of length 2k. Before we prove that the
linear fractional transformations x and y generate the group G which is
the free product of two cyclic groups, one of order 2 and the other of order
4, first it is necessary to point out that in any action of the modular group
on any subset of rational number field or real quadratic fields, there does
not exist any circuit which has a period of length 2%', where k&' divides k.
The proof is available in [4]. A similar result for the group G has been
proved in [6] using the same technique as in [4].

Theorem 3.1. The linear fractional transformations x : z — ;—; and

2(z +1)
the group G.

yiz—> generate G and x? = y4 =1 are defining relations for

Proof. Suppose that x? = y* =1 are not defining relations of G.

Then there is a relation of the form xyMxy"2..xy"m =1, where n >1,

n; =1, 20r 3,1 <i < n. We note that neither x nor y can be 1.

In Theorem 2 [4], we have shown that if k is any positive rational

number (vertex) in the coset diagram of the action of the group G on the
rational projective line PL(Q) = @ U {~}, where % = _71, -1, 0 and 0,

then there exists a unique sequence of positive rational numbers ky(= k),

1
i, By v By such that | ko | > |k |2 [ | 2> | By | By =5 or 1.

That is, the coset diagram for the action of the group G on the rational

projective line PL(Q) = @ U {} does not contain any circuit except the

) 7 )
contradiction, that is, a circuit exists in the coset diagram. Let there be n

circuit in the square with the vertices 0 —1 and . Suppose a

squares, depicting y, in the circuit. Since a square always contains one

positive number (vertex) and three negative numbers (vertices), we label
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positive vertices by Fky, ko, ..., k,. If we let || k| = max(al,|b]), where

k= % is a rational number, then |k | 2 | ky || = - 2 |k, | 2 || & | gives

a contradiction. Thus the coset diagram does not contain any circuit other

than the circuit in the square with the vertices 0, _71, —1 and .

This shows that there are vertices in the diagram such that the path
connecting them with o is of arbitrary length. Choose k& > 0, so that the

path between & and o is of length greater than n. Define ky =k, k; =
kxyMay"2 ...xy"i | where i =1,2, .., n Then kg, ki, ko, ..., k, form a
circuit, which gives us a contradiction. Thus xyMxy"2 ...xy"" = 1 and so
xZ = y4 =1 are defining relations for the group G.

We will need the following results from [1].

2 p—
a +c\/; e QWn), where ¢ # 0 and b = a -n
c

Lemma 3.2. Let o =

s an integer. Then

(1) o is a totally positive number if and only if either a, b, ¢ > 0 or

a, b, c<0.

(i1) a is a totally negative number if and only if either a <0, b > 0,

c>0o0ra>0,b<0,c<0.
(111) o is an ambiguous number if and only if be < 0.

Next, we shall show the following results concerning o € Q(n).

a+n

c

Proposition 3.3. If a = e Q(Wn) is a totally positive number,

then (a)y’ for j =1, 2, 3 are totally negative numbers.

-1 —a—-c+n

a+1) 22a+b+c)

Proof. Since (2)y = 2(2_—11), therefore (au)y = |

2
a ++n a —n_¢
—lc—, where o = —a—¢, ¢ =2(2a+b+c¢) and b = =2 ==,
1 G




DETECTION OF AMBIGUOUS NUMBERS ... 375

Similarly, we can find new values of a, b, ¢ for (a)yj, where j =1, 2, 3,

that is,

o a b c
j=1 -a-c g 2(2a + b +¢)
j=2 -3a-2b-c 2a+b+c 4a +4b + ¢
j=3 —a—-9 4da+4b+c 2b

2

Since o is totally positive, therefore, by Lemma 3.2(1), either
a,b,c>0 or a,b,c <0. For both a,b, ¢ >0 and a, b, ¢ < 0, using the

above information and Lemma 3.2(ii), it is easy to see that (a)y’, where

Jj =1, 2, 3, are totally negative numbers.

a++n

C

Proposition 3.4. If o = e QWn), then x transforms a totally

positive (negative) number o into a totally negative (positive) number.

a+n

c

€ Q(Wn) be a totally positive number. Then

either a, b,¢c >0 or a, b, c < 0. Now, (a)x:_—lz_a+\/;:a1+\/;,
2a. 2b c1

Proof. Let a =

ot -n ¢
where a1 = —a, ¢ =2b and b; = =5 For both a, b, ¢ >0 and
a

a, b, ¢ < 0, using Lemma 3.2(ii), (a)x is totally negative.

Similarly, one can prove that if a is totally negative, then (a)x 1is

totally positive.

Proposition 3.5. If o = a+C«/; e QWn), then x transforms an

ambiguous number o into an ambiguous number.

a++n

c

€ QWn) is an ambiguous number,

Proof. Since o =



376 M. ASLAM and Q. MUSHTAQ

therefore, be < 0. Now, (a)x = -1 _—ax n -ar Vn
20, 2b 1

, Where a; = —aq,

2 —
g =2b and b = alc_n = ; Therefore, bjc; = bc < 0. Hence by
1

Lemma 3.2(iii), (a)x is an ambiguous number.

a++n

C

Theorem 3.6. Let o = e QWn) be an ambiguous number.

Then one of (oc)yj for j=1,2, 3 is ambiguous and the other two are

totally negative.

Proof. It is easy to see that (a)y’ = (@)y’, for j=1,2 and 3. If

(a)yj, for j = 0,1, 2 and 3 representing four vertices of a square in a

coset diagram, then (oc)yj, for j=0,1,2 and 3 also represent four

vertices of a square in a coset diagram.

Since o is an ambiguous number, therefore, aa < 0. Also one of o

and (a)x is positive, and without any loss of generality, we consider the
ambiguous number o as positive. So the only possibilities for the signs of

(a)y’, for j =1, 2 and 3 are:

o @y (@) @y @ @y (@)y® (@)

- - - +

Hence one of ((x)yj for j =1, 2, 3 is ambiguous and the other two are

totally negative.

a++n
2¢c

Theorem 3.7. If o =

a++n
2m

e Q*(Vn), then every element in oG is

of the form , where m € Z and oG < Q" (Wn).
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Proof. We can easily tabulate the following information

o a b 2c
(a)x -a c 2b
(a)y -a-2c ¢ 2(2a + b + 2¢).

Since every element in G is of the form xyMx®2yM2 ... x8ny"n

where ¢ =0 or 1, €,€3,.., 6, =1, M, Mg, ..., M, =1, 2 or 3 and

N, =0, 1, 2 or 3, therefore, every element in aG is of the form a ;”:/; ,

where m e Z. Also the new value of b for any element of aG is an
integer, and so oG < @*(Vn).

Theorem 3.8. The action of G on the projective line over Q(\/;) is
intransitive.

Proof. Since n is a positive integer, so it may be even or odd.

Let n be even, that i1s, n =2m, m e Z. If we take k = g, then

a2—n

a=0,c=2 and b = = -m. Hence k € Q" (vn). Also if we take

a++n
a

k = +n, then k e @ (Vn). Since the elements of the form 2
c

a++n

2c +1

nd

lie in different orbits, as shown in Theorem 3.7, therefore, so do

Jn and % Thus there are at least two orbits of @(«n). Hence the

action of G on the projective line over Q(x/Z) is intransitive.

Let n be odd, thatis, n =2m +1, m € Z. If we take k =

, then

1++n
2

2
LLc=2 and b =2 c_ "~ _m and so k e @ (Vn). Also if we take

Q
I

k = n, then k € @ (Vn). Thus there are at least two orbits of Q(vn),
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W

.. 1
one containing

and the other containing Jn. Hence the action of
G on the projective line over @(vn) is intransitive.

We conclude this paper with the following observations.

Observations 3.9. The situation here is very different from the one

a+n
2c

in [2]. If o is of the form , then we can find a closed path in the

coset diagram of oG in which all the elements are of the form %\/ﬁ and
c
they all belong to @*(vn). But if o is of the form (12:—;/1;, then we can

find a closed path in the coset diagram of aG in which all the elements do

not belong to @*(Vn).
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