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Abstract

In the present Korean-Chinese-Japanese joint work we give a basic

estimate for inhomogeneous Cauchy Riemann system in Quaternion

Analysis and try to gain the summit Le [Complex Variables Theory Appl.

20 (1992), 255-263] through another route, a priori estimate.

1. Introduction

The field H  of quaternions

R∈+++= 43214321 ,,,, xxxxkxjxixxz (1)

is a four dimensional non-commutative R-field generated by four base

elements kji ,,,1  with the multiplication rule:

.,,,1222 jikkiikjjkkjiijkji =−==−==−=−=== (2)
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Fueter [10, 11] and his school established the theory of quaternionic
functions, called regular functions, of a quaternionic variable. Brackx
[1, 2] also developed the theory of quaternionic functions, called
monogenic functions, of a quaternionic variable in the view point of (1).

As the second viewpoint, Deavours [7] regarded an element z of the
field H  of quaternions as

R∈++=+= 43214321 ,,,,, xxxxkxjxixPPxz (3)

and developed the theory of quaternionic regular functions.

As the third viewpoint, Naser [23] associated two complex numbers

C∈+=+= 432211 :,: ixxzixxz (4)

to (1), regarding as
,21 H∈+= jzzz (5)

identifying H  with ,42 RC ≅  and developed the theory of quaternionic

hyperholomorphic functions of a quaternionic variable. Naser [23]
introduced the notion of hyperholomorphy of quaternion valued functions

jfff 21 +=  of a quaternion variables jzzz 21 +=  in 2C  and proved

that any complex valued harmonic function 1f  in a domain of holomorphy

D in 2C  has a hyperconjugate harmonic function 2f  such that the

quaternion valued function jfff 21 +=  is hyperholomorphic in D. Nôno

[25] showed the validity of the converse proving that, if any complex

valued harmonic function 1f  in a domain D in 2C  has a hyperconjugate

harmonic function ,2f  then D is a domain of holomorphy in 2C  using a

solution to a ∂  equation, which corresponds to Laufer [18], by the method

of Hörmander [16]. Fukushima [12] gave a theorem on regeneration in
Clifford Analysis. In this fashion, Nôno [24, 25, 26] extended it to the
theory of quaternionic hyperholomorphic functions of two quaternionic
variables. Marinov [21] developed systematically a theory of
regenerations of regular functions and granted a citizenship to complex

analytic approach by using solutions of ∂  equations of Hörmander [16].

The main purpose of the present paper is to give a contribution to the

research of Quaternion Analysis in view of ∂  Analysis of Hörmander [16]



w
w

w
.p

ph
m

j.c
om

INHOMOGENEOUS CAUCHY RIEMANN SYSTEM … 315

and is to try to gain the summit Le [19] through another route, a priori
estimate.

Brackx and Pincket [4, 5] developed the theory of Clifford Analysis.

Let A  be the universal Clifford Algebra constructed over a real

n-dimensional quadratic vector space V with orthonormal basis { ,, 21 ee

}...., ne  A basis for A  is given by

( ) { }{ },1;...,,2,1...,,,: 2121 nhhhnhhhAe rrA ≤<<<≤∈= P (6)

where 0ee =φ  is the identity element 1.

Multiplication in A  is defined by the following rule for the basis

elements

( ) .1, −=≠−= iijiij eejieeee (7)

An involution of A  is given by

∑ ∑ ∈λλ=λλ=λ
A A

AAAAA ee ,, R (8)

where ( ) ( ) ,1 21
A

nn
AA ee AA +−=λ  An  is the cardinality of .A

The inner product of two elements ∑ λ=λ
A AAe  and ∑ µ=µ

A AAe

of A  is defined by

∑ µλ=µλ
A

AA
n .2, (9)

Then the norm of an element ∑ λ=λ
A AAe  of A  is defined by

∑λ=λ
A

A
n 222 (10)

which turns A  into a Banach algebra.

Let m and k be positive integers with .,,1 nkmnkm ≤+≤<  Let Ω

be an open subset of km RR ×  and

A→Ω:f (11)

( ) ( )km yyyxxxyx ...,,,,...,,,, 2121=∋Ω   ( )yxf ,
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( )∑=
A

AA eyxf ., (12)

The norm ( )yxf ,  in A  is called the point norm at ( )yx,  of f.

Now, we introduce the generalized Cauchy-Riemann operators

∑ ∑
= =

+ ∂=∂=
m

i

k

j
yjmyxix ji

ee
1 1

,D,D (13)

and their conjugated operators

∑ ∑
= =

+ ∂=∂=
m

i

k

j
yjmyxix ji

ee
1 1

,:D,:D (14)

which act, for a function A→Ω:f  of class ,1C

∑∑ ∑∑
= =

+ ∂
∂

=
∂
∂

=
m

i A

k

j A j

A
jmAy

i

A
Aix y

f
eef

x
f

eef
1 1

.D,D (15)

When ,Ai ∉  let B be the permutation of the set {} Ai ∪  in the order

from small to large and iA
Bε  be the signature of the replacement

.BiA →⊂  When ,Ai ∈  let s be the positive integer, which denotes the

number of the place of i in the permutation A with order from small to

large, B be the permutation of the set {}iA −  in the order from small to

large, iA
Bε  be the number ( ) 11 +−− rs  and {} BAi =∪  stands for

{} .BiA =−  Then the above differential operators are represented more

concretely

{ } { }
∑ ∑ ∑∑ 














∂
∂

ε=













∂
∂

ε=
=+

+

=B B BjmA j

A
B

jAm
By

BAi i

A
B

iA
Bx y

f
ef

x
f

ef .D,D
∪∪

 (16)

A function A→Ω:f  is called biregular in Ω if

 (i) for each ky R∈  fixed, f is of 1C  in yx Ω∈  and satisfies ,0D =fx

(ii) for each mx R∈  fixed, f is of 1C  in xy Ω∈  and satisfies

.0D =yf
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By Brackx-Pincket [5], a biregular function is real analytic.

Let D be a domain in km RR ×  and ( )hg,  be a pair of A  valued

functions g and h of class ∞C  on D. Le [19] researched the inhomogeneous

generalized Cauchy Riemann system of partial differential equations

.D,D hfgf yx == (17)

The above system (17) is overdetermined and if it has a solution f,

then we have .DDDD hfg xyxy ==  So, the solvability condition

hg xy DD = (18)

is necessary for the existence of a solution f to the system (17). When D is

a product domain 21 DD ×  of simply connected domains 1D  and ,2D

respectively, in mR  and ,kR  Le [19] proved the existence of a solution f

of class ∞C  to the system (17) under the solvability condition (18) and

proved that any Cousin problem in D has a solution.

In the present work, firstly as a Gedanken Experiment in case that
,4=n  i.e., in Quaternionic Analysis, we apply the theory on a closed

densely defined operator T from a Hilbert space 1H  into another Hilbert

space 2H  of Hörmander [16], give an a priori estimate for the adjoint

operator ∗T  of the operator ( )yx ffTf D,D:=  in brconvex domains D in

,2H  i.e., prove that there exists a positive number C such that, for any

( ) ( ),, ∗∈ TDhg  there holds

( ) ( )
21

,, HH hgChgT ≤∗ (19)

and prove the existence of a solution f of class ∞C  to the inhomogeneous

generalized Cauchy Riemann system of partial differential equations

( )hgTf ,=  for any H  valued functions g, h, which are of class ∞C  and

which satisfy the solvability condition (18). For any H  valued bounded

functions g, h of class ∞C  on a bounded domain Ω in ,2H  which satisfy

the solvability condition (18), the system (17) has a solution f of class ∞C

on Ω to the overdetermined system (17).
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Lastly, we apply these methods to Clifford Analysis, have the a priori

estimate (19), replacing sum ∑ ≤µ≤ 41
 in Quaternion Analysis by

{ }{ }∑ ∑ ∑ ∑= =+B BAi B BjmA∪ ∪,  in Clifford Analysis, and in any

bounded domain in ,nR  for any A  valued bounded functions g, h, which

are of class ∞C  and which satisfy the solvability condition (18), the

system (17) has a solution f of class ∞C  to the overdetermined system

(17) as well as, not necessarily bounded, A  valued bounded functions g, h

in product domain 21 DD ×  of simply connected, not necessarily bounded,

domains 1D  and 2D  by Le [19].

2. Smoothness of Weak Solutions

Again, the field H  of quaternions

R∈+++= 43214321 ,,,, xxxxkxjxixxx (20)

is a four dimensional non-commutative R-field generated by four base

elements ji,,1  and k with the following non-commutative multiplication

rule:

.,,,1222 jikkiikjjkkjiijkji =−==−==−=−=== (21)

The absolute value

2
4

2
3

2
2

2
1: xxxxx +++= (22)

coincides with the usual norm of .4R≅∈ Hx

Let Ω be a domain in the product space 2H  of quaternion variables

4321 kxjxixxx +++=  and .4321 kyjyiyyy +++=  An H  valued

function kfjfifff 4321: +++=  on Ω is said to be locally integrable, or of

class ( )∞≤≤ rCr 0  or real analytic, if each parts 4321 ,,, ffff  are,

respectively, locally integrable, or of class ( )∞≤≤ rCr 0  or real analytic

real valued functions on Ω.
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We introduce the generalized Cauchy-Riemann operators

43214321
D,D yyyyyxxxxx kjikji ∂+∂+∂+∂=∂+∂+∂+∂= (23)

and

43214321
D,D yyyyyxxxxx kjikji ∂−∂−∂−∂=∂−∂−∂−∂= (24)

which act, for a function H→Ω+++= :: 4321 kfjfifff  of class ,1C
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i.e.,
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and
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i.e.,
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Lemma 1. Let Ω be a domain in the product space 2H  of quaternion

variables 4321 kxjxixxx +++=  and 4321 kyjyiyyy +++=  and =:g

khjhihhhkgjgigg 43214321 :, +++=+++  be H  valued functions on
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Ω of class .∞C  Suppose that an H  valued locally integrable function =:f

kfjfiff 4321 +++  satisfies the inhomogeneous system of Cauchy

Riemann equation (17), i.e., f is a weak solution to (17). Then, f is of class
∞C  on Ω and is a strong solution to (17). Moreover, in case that

,0== hg  the solution f is real analytic on Ω.

Proof. Since we have

( ) ( )
43214321

DD xxxxxxxxxx kjikji ∂+∂+∂+∂∂−∂−∂−∂=

( ) ( )
4321243211 xxxxxxxxxx kjiikji ∂+∂+∂+∂∂−∂+∂+∂+∂∂=

( ) ( )
4321443213 xxxxxxxxxx kjikkjij ∂+∂+∂+∂∂−∂+∂+∂+∂∂−

( ) ( )
4321243211 xxxxxxxxxx kjiikji ∂+∂+∂+∂∂−∂+∂+∂+∂∂=

( ) ( )
4321443213 xxxxxxxxxx kjikkjij ∂+∂+∂+∂∂−∂+∂+∂+∂∂−

41312111 xxxxxxxx kji ∂∂+∂∂+∂∂+∂∂=

42322212 xxxxxxxx kijiiii ∂∂−∂∂−∂∂−∂∂−

43332313 xxxxxxxx kjjjijj ∂∂−∂∂−∂∂−∂∂−

44342414 xxxxxxxx kkjkikk ∂∂−∂∂−∂∂−∂∂−

41312111 xxxxxxxx kkji ∂∂+∂∂+∂∂+∂∂=

42322212 xxxxxxxx jki ∂∂+∂∂−∂∂+∂∂−

43332313 xxxxxxxx ikj ∂∂−∂∂+∂∂+∂∂−

44342414 xxxxxxxx ijk ∂∂+∂∂+∂∂−∂∂−

2222
4321

: xxxxx ∂+∂+∂+∂=∆= (29)

and

,:DD 2222
4321 yyyyyyy ∂+∂+∂+∂=∆= (30)
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4321 ,,, ffff  are weak solutions of the typical elliptic equation

( ) ( ),4,3,2,1DD =µ+=∆+∆ µ yxyx hgf (31)

the right hand side of which is of class .∞C  Directly by Theorem 7.2 of

Yoshida [31] or, as is written as a proof there [31] in Japanese, by
combination of Sobolev’s lemma with the theory of Friedrichs [9], each

part νf  of f is of class ∞C  on the domain Ω. When ,0== hg  the

harmonic functions ( )4,3,2,1=ννf ’s are real analytic.

A function H→Ω:f  is said to be biregular in Ω if

 (i) for each H∈y  fixed, f is of 1C  in ( ){ }Ω∈∈Ω∈ yxxx y ,;: H

and satisfies ,0D =fx

(ii) for each H∈x  fixed, f is of 1C  in ( ){ }Ω∈∈=Ω∈ yxyy x ,;: H

and satisfies .0D =yf

By (30) and (31), a biholomorphic function is separately harmonic in x

and y as is proved in Lemma 1, then each part of it is harmonic in 8

variables 43214321 ,,,,,,, yyyyxxxx  by a theorem of Siciak and is real

analytic.

3. Basic Estimate

In this section, we begin to follow Chapter IV titled, 2L  estimates

and existence theorems for the ∂  operator, in the theory of Hörmander

[16] on Complex Analysis and develop a technique for studying an

inhomogeneous Cauchy Riemann system ( ),, hgTf =  which is

overdetermined and given by Le [19] on Clifford Analysis. We study Le’s

system ( )hgTf ,=  in the Quaternion Analysis and revise the theory of

Hörmander [16] to Quaternion Analysis from Complex Analysis.

We regard again the quaternion field H  as a four dimensional vector

space over the real number field R equipped with the inner product

44332211, yxyxyxyxyx +++= (32)
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for H∈+++=+++= 43214321 , kyjyiyyykxjxixxx  when we consider

the following operators ∗TT ,  loco citato between Hilbert spaces.

Let Ω be a domain in the product space H  of quaternion variables

4321 kxjxixxx +++=  and .4321 kyjyiyyy +++=  The point norm at

( ) Ω∈yx,  of a pair ( )hg,  of H  valued functions H→Ω:, hg  is

defined by

( ) ( ) ( ) ( ) .,,:,, 22 yxhyxgyxhg += (33)

For a function H→Ω:f  of class ,2C  we write shortly

( ).D,D yx ffTf = (34)

Then ( ) Tfhg =:,  satisfies .DD hg xy =  The pair ( )hg,  of functions

H→Ω:, hg  of class 1C  satisfies .DD hg xy =  So for a pair ( )hg,  of

H→Ω:, hg  of class ,1C  we introduce

( ) .DD, hghgS xy −= (35)

As in Le [19] on Clifford Analysis, we consider the inhomogeneous system

( )hgTf ,=  for a pair of H  valued functions H→Ω:, hg  on Ω with

( ) ,0, =hgS  i.e.,

hg xy DD = (36)

and let us find a solution f to the overdetermined system ( )., hgTf =

Let ( )Ω1D  be the vector space over real number field R of quaternion

valued functions kfjfifff 4321: +++=  such that 4321 ,,, ffff  are real

valued functions of class ∞C  with compact support in Ω and ( )Ω2D  be

the product space ( ) .2
1 ΩD

On the contrast, let 21, ϕϕ  and 3ϕ  be three real valued functions of

class ∞C  on Ω and let ( )νϕΩ,2L  be the space of measurable quaternion

valued functions kfjfifff 4321: +++=  on Ω such that 4321 ,,, ffff  are
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real valued measurable functions on Ω which give the finite norm

( )( ) ( )∫Ω νϕ =ν∞+<ϕ−=
ν

,3,2,1dd,exp22 yxyxff (37)

where dxdy denotes the usual Lebesgue measure

.dddddddd 43214321 yyyyxxxx

Now, for ,3,1=ν  let νH  be the space of quaternion valued measurable

functions f with the finite norm

( ) ( ) ( )∫Ω ν ∞+<ϕ−=
ν

,dd,exp,22 yxyxyxff H (38)

where the differentiations are that in the sense of distribution, ( )yxf ,2

is the point norm (22) of f at ( ) ,, 2H∈yx  for .3,1=ν

On the other hand, for ,2=ν  let 2H  be the space of pairs ( ) ∈hg,

( ) ,, 2
2

2 ϕΩL  the finite norm of which is given by

( ) ( ) ( ) ( ) ( )∫Ω ∞+<ϕ−= ,dd,exp,,, 2
22

2
yxyxyxhghg H (39)

where the point norm ( ) ( )yxhg ,, 2  is defined by

( ) ( ) ( ) ( ).,,,, 222 yxhyxgyxhg += (40)

Let ϕ be a smooth positive valued function on Ω and ψ be a smooth

non negative valued function on Ω. We adapt the functions

( ) ( ) ( ) ( )yxyxyxyx ,,,2,:, 21 ϕψ−ϕ=ϕ

( ) ( ) ( ) ( )yxyxyxyx ,:,,,,: 3 ϕ=ϕψ−ϕ= (41)

as the above weighting functions. Although in terminal theorems of the
present paper, we use the case that ,0=ψ  i.e., three weight functions

( ) ( ) ( )yxyxyx ,,,,, 321 ϕϕϕ  coincide with ϕ, for the strategic arrangement

of unbounded functions on unbounded domains as in Le [19], in the
opening of the present paper, we discuss three weight functions

( ) ( ) ( ).,,,,, 321 yxyxyx ϕϕϕ
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We denote by the same symbols T and S the operators, respectively,

from 1H  into 2H  and from 2H  into 3H  such that their domains ( )TD

and ( )SD  are the subspaces of 1H  and 2H  with 2HfT ∈  and ( )hgS ,

.3H∈  Their values are denoted by the same symbols fT  and ( )., hgS

Lemma 2. The operator T is a densely defined closed operator of 1H

into 2H  and S is densely defined closed operator of 2H  into .3H

Proof. The vector spaces ( )Ω1D  and ( )Ω2D  are subspaces of,

respectively, ( )TD  and ( ),SD  which are dense in 1H  and 2H  by the

classical lemma of Friedrichs, i.e., Lemma 5.2.2 of Hörmander [16].

Since the composite operator ST is the zero operator as in Le [19], the

null space ( )SNF =:  of the operator S is a closed subspace of 2H

containing the range ( ).TR  The aim of the present paper is to prove the

coincidence ( ).TRF =  For this purpose, let us remember Lemma 4.1.1 of

Hörmander [16] as follows:

Lemma 3. Let T be a linear, closed, densely defined operator from one

Hilbert 1H  space to another 2H  and let F be closed subspace of 2H

containing the range ( )TR  of T. Then ( )TRF =  if and only if for some

positive constant C

( ).,
12

∗∗ ∈≤ TDffTCf HH (42)

The inequality (42) is called the a priori estimate or basic estimate in

the theory of partial differential equations. The main purpose of the

present paper is to set up the a priori estimate (42).

4. 2L  Estimates for the Operator T and its Adjoint ∗T

In this section, we succeed to all notations in the previous section

without re-explanation.

In order to set up the basic estimate (42), we calculate the adjoint

operator ∗T  of T. By the definition of the adjoint operator ∗T  of T, for
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any ( )TDf ∈  and any ( ) ( ),, ∗∈ TDhg  we have

( ( ) ) ( )( ) .,,,,
21 HH fThgfhgT =∗ (43)

Conversely, ( )∗TD  is the set of ( ) 2, Hhg ∈  such that the above

equation (43) holds for any ( ).TDf ∈  In order to seek ,∗T  let ( ) ∈hg,

( ),2 ΩD  i.e., ( )hg,  be any pair of quaternion valued smooth functions

43214321 , khjhihhhkgjgiggg +++=+++=  with compact supports.

Then, by the definition of inner product which induces the 2H  norm (39),

we have

( )( ) ( ) ( )( )∫Ω ϕ−+= .dd,expD,D,,, 22
yxyxfhfgfThg yxH (44)

So, we calculate the first point inner product in the parenthesis of the
integrand of (44),
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We calculate the second point inner product in the parenthesis of the
integrand too:
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When we substitute (45) and (46) for (44) and do partial

differentiation in the sense of distribution of ( )4,3,2,1=ννf  with

respect to z, which stands for one of the 8 real variables ,,,, 4321 xxxx

,,,, 4321 yyyy  and multiply it with µg  or ( ),4,3,2,1=µµh  and prepare

it in the form of the right hand side of (43), we encounter such an integral
calculation as

( )( )∫Ω
ν

µ ϕ−
∂
∂

yxyx
z
f

g dd,exp 2

( )( ) ( ( )( )) ( )( )∫Ω µν ϕ−




 ϕ−
∂
∂ϕ−= yxyxyxg
z

yxf dd,exp,exp,exp 121 (47)

and

( )( )∫Ω
ν

µ ϕ−
∂
∂

yxyx
z
f

h dd,exp 2

( )( ) ( ( )( )) ( )( )∫Ω µν ϕ−




 ϕ−
∂
∂ϕ−= .dd,exp,exp,exp 121 yxyxyxh
z

yxf (48)
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For the sake of the brevity of notations, we define for a distribution w

on Ω, and for z, one of the 8 real variables ,,,,,,,, 43214321 yyyyxxxx

the real differential operator

( )( ) ( )( )( )
z

yxw
yxwz ∂

ϕ−∂ϕ=δ ,exp
,exp

( )( ) ( )( ) ( )( )







∂
ϕ−∂+ϕ−

∂
∂ϕ=

z
yx

wyx
z
wyx

,exp
,exp,exp

( )( ) ( )( ) ( ) ( )( )




 ϕ−

∂
ϕ∂−ϕ−

∂
∂ϕ= yx

z
yx

wyx
z
wyx ,exp

,
,exp,exp

( )
z

yx
w

z
w

∂
ϕ∂−

∂
∂= ,

(49)

is a linear differential operator with function coefficient.

Since we have

( )( ) ( ( )( ))yxg
x

yx ,exp,exp 21 ϕ−
∂
∂ϕ µ
ν

( ) ( )( ) ( ( ) ( )( ))yxyxg
x

yxyx ,,exp,2,exp ϕ−ψ
∂
∂ψ−ϕ= µ
ν

( ) ( )( ) ( ( )( )) ( )( )yxyxg
x

yxyx ,exp,exp,2,exp ψϕ−
∂
∂ψ−ϕ= µ
ν

( ) ( )( ) ( ( )( ) ( )( ))

 ψϕ−
∂
∂ψ−ϕ= µ
ν

yxyxg
x

yxyx ,exp,exp,2,exp

( )( ) ( )( )

ψ

∂
∂ϕ−+
ν

µ yx
x

yxg ,exp,exp

( ) ( )( ) ( ( )( ))

 ϕ−
∂
∂ψ−ϕ= µ
ν

yxg
x

yxyx ,exp,2,exp

( )( ) ( ) ( )( )yx
x

yxyxg ,exp,,exp ψ



∂
ψ∂ϕ−+

ν
µ

( )( ) ( )







∂
ψ∂+δψ−= µ

ν
µ g

x
yx

gyx
,

,exp (50)
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and

( )( ) ( ( )( ))yxh
y

yx ,exp,exp 21 ϕ−
∂
∂ϕ µ
ν

( )( ) ( ) ,,,exp 







∂
ψ∂+δψ−= µ

ν
µ h

y
yxhyx (51)

we can rewrite (47) and (48) as

( )( )∫Ω ν
µ ϕ−

∂
∂

yxyx
z
f

g dd,exp 2

( )( ) ( ) ( )( )∫Ω µ
ν

µν ϕ−






∂
ψ∂+δψ−−= yxyxg

x
yx

gyxf dd,exp
,

,exp 1 (52)

and

( )( )∫Ω ν
µ ϕ−

∂
∂

yxyx
z
f

h dd,exp 2

( )( ) ( ) ( )( )∫Ω µ
ν

µν ϕ−






∂
ψ∂+δψ−−= .dd,exp

,
,exp 1 yxyxh

y
yx

hyxf (53)

Since ( )Ω2D  is dense in 2H  and is a subset of ( ),∗TD  ( )Ω2D  is a dense

subset of ( ).∗TD  So, in this manner, we can fill the right hand side of the

following definition of the adjoint operator ∗T  as follows:

( ( )) ( )( )
21

,,,, HH hgTfhgTf =∗   for any ( ) ( ) ( )∗∈∈ TDhgTDf ,, (54)

and, from the left hand side, we can identify ( )( ) ( )hgTyx ,,exp ∗×ψ−

with

( )( ) ( )hgTyx ,,exp ∗ψ−
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ih
y

hh
y

hh
y

hh
y

h yyyy 



∂
ψ∂+δ+

∂
ψ∂−δ−

∂
ψ∂+δ+

∂
ψ∂−δ− 4

3
43

4
32

1
23

3
1 3412





∂
ψ∂−δ−

∂
ψ∂+δ+

∂
ψ∂−δ−

∂
ψ∂−δ−+ 4

2
43

1
32

4
21

3
1 2143

g
x

gg
x

gg
x

gg
x

g xxxx

jh
y

hh
y

hh
y

hh
y

h yyyy 



∂
ψ∂−δ−

∂
ψ∂+δ+

∂
ψ∂+δ+

∂
ψ∂−δ− 4

2
43

1
32

4
21

3
1 2143





∂
ψ∂+δ+

∂
ψ∂−δ

∂
ψ∂+δ+

∂
ψ∂−δ−+ 4

1
43

2
32

3
21

4
1 1234

g
x

gg
x

gg
x

gg
x

g xxxx

.4
1

43
2

32
3

21
4

1 1234
kh

y
hh

y
hh

y
hh

y
h yyyy 




∂
ψ∂+δ+
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∂
ψ∂−δ− (55)

So, we have

( )43214321 43214321
hhhhgggg yyyyxxxx δ+δ+δ+δ+δ+δ+δ+δ

( )ihhhhgggg yyyyxxxx 43214321 34123412
δ+δ−δ+δ−δ−δ+δ+δ−+

( ) jhhhhgggg yyyyxxxx 43214321 21432143
δ−δ+δ+δ−δ−δ+δ−δ−+

( )khhhhgggg yyyyxxxx 43214321 12341234
δ+δ+δ−δ−δ+δ−δ+δ−+

( )( ) ( )hgTyx ,,exp ∗ψ−=
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Regarding the both sides of the above (56) as values of quaternion valued

functions at point ( ) ,, 2H∈yx  we calculate their norms as quaternion

from the inequality

( ) ( ) 2
321321 kk bjbibbajaiaa +++±+++

( )2
321

2
43212 kbjbibbkajaiaa +++++++≤

( )2
4

2
3

2
2

2
1

2
4

2
3

2
2

2
12 bbbbaaaa +++++++= (57)

obtained by the midline theorem

( ) ( ) 2
321321 kk bjbibbajaiaa +++++++

( ) ( ) 2
321321 kk bjbibbajaiaa +++−++++

( )2
321

2
43212 kbjbibbkajaiaa +++++++= (58)

for quaternion, we have the inequality

( )243214321 43214321
hhhhgggg yyyyxxxx δ+δ+δ+δ+δ+δ+δ+δ

( )243214321 34123412
hhhhgggg yyyyxxxx δ+δ−δ+δ−δ−δ+δ+δ−+

( )243214321 21432143
hhhhgggg yyyyxxxx δ−δ+δ+δ−δ−δ+δ−δ−+

( )243214321 12341234
hhhhgggg yyyyxxxx δ+δ+δ−δ−δ+δ−δ+δ−+
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The above inequality (59) is fundamental in our estimation. Moreover,
from the inequality of Cauchy for real numbers, a kind of Schwarz’
inequality, for the first term of the right hand side of (59), we have
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Combining (59) and (60), we have

(( )∫Ω δ+δ+δ+δ+δ+δ+δ+δ 2
43214321 43214321

hhhhgggg yyyyxxxx

( )243214321 34123412
hhhhgggg yyyyxxxx δ+δ−δ+δ−δ−δ+δ+δ−+

( )243214321 21432143
hhhhgggg yyyyxxxx δ−δ+δ+δ−δ−δ+δ−δ−+

( 14321 41234
hgggg yxxxx δ−δ+δ−δ+δ−+

) ) ( )( ) yxyxhhh yyy dd,exp2
432 123

ϕ−δ+δ+δ−

( ) ( ) ( )( )∫Ω ∗ ϕ−ψ≤ yxyxyxhgT dd,,2exp,2 2

( ) ( )( )∫Ω ϕ−ψ+ .dd,exp,d42 22 yxyxhg (61)

For any real valued u, v, we have

( )( )∫Ω λ
ϕ−

∂
∂

yxyx
x
vu dd,exp

( )( ) ( )( )( ) ( )( )∫Ω λ
ϕ−ϕ−

∂
∂ϕ−= yxyxyxu
x

yxv dd,exp,exp,exp

( ) ( )( )∫Ω ϕ−δ−= λ .dd,exp yxyxuv x (62)

Moreover, since we have

w
xx

ww
xx xxxx µµµµ

δ
∂
∂−

∂
∂δ=






 δ

∂
∂−

∂
∂δ

λλλλ







∂
ϕ∂−

∂
∂

∂
∂−

∂
∂

∂
ϕ∂−

∂
∂

∂
∂=

µµλλµλµ x
w

x
w

xx
w

xx
w

x

µλµλµλλµλµ ∂∂
ϕ∂+

∂
ϕ∂

∂
∂+

∂
∂

∂
∂−

∂
∂

∂
ϕ∂−

∂
∂

∂
∂=

xx
w

xx
w

x
w

xx
w

xx
w

x

,
2

µλ∂∂
ϕ∂=
xx

w (63)
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we have

( )( )∫Ω ϕ−δδ µλ yxyxvu xx dd,exp

( )( )∫Ω λ µδ
∂
∂ϕ−−= v
x

yxu x,exp

( )( )∫Ω µλλ 





∂∂
ϕ∂+

∂
∂δ−ϕ−= µ yx

xx
v

x
vyxu x dd,exp

2

( )( )∫Ω µλλλ 





∂∂
ϕ∂+

∂
∂

∂
∂ϕ−= yx

xx
v

x
u

x
vyx dd,exp

2

( )( )∫Ω µλλµ
ϕ−





∂∂
ϕ∂+

∂
∂

∂
∂= .dd,exp

2
yxyx

xx
uv

x
v

x
u (64)

If we define λ+4x  as λy  in the above equation, then it holds even for

....,2,1, =µλ  In this sense, we can replace the real variable µλ xx ,  by

µλ yy ,  for { }.4,3,2,1, ∈µλ  It is worth while to note that the variables

µλ xx ,  in vu xx µλ
δδ  of the left hand side change places with each other in

the partial derivation of the right hand side, what plays an important

role in our estimation of ( )
1

, HhgT ∗  below.

For real constants, λµλµ ba ,  we have

( ) ( )( )∫ ∑Ω =µλ
µλµµλµ ϕ−δ+δ

λλ

4

1,

2 dd,exp yxyxhbga yx

( ) (∫ ∑Ω =µ′λ′µλ
µ′µ′λ′µλµµλµ λ′λλ

δδ+δ=
4

1,,,

gahbga xyx

) ( )( ) yxyxhb y dd,exp ϕ−δ+ µ′µ′λ′ λ′

(∫ ∑Ω =µ′λ′µλ
µ′µµ′λ′λµµ′µµ′λ′λµ λ′λλ′λ

δδ+δδ=
4

1,,,

ghabggaa xyxx
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) ( )( ) yxyxhhbbhgba yyyx dd,exp ϕ−δδ+δδ+ µ′µµ′λ′λµµ′µµ′λ′λµ λ′λλ′λ

∫ ∑Ω =µ′λ′µλ λ

µ′

λ′

µ
µ′λ′λµ

λ

µ′

λ′

µ
µ′λ′λµ




∂
∂

∂
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+
∂
∂

∂
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=
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1,,,
y
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x
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x
g

x
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aa

( )( ) yxyx
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y

h
bb

x

h

y

g
ba dd,exp ϕ−


∂
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∂
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+
∂
∂

∂
∂

+
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λ′

µ
µ′λ′λµ

λ
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λ′

µ
µ′λ′λµ

∫ ∑Ω =µ′λ′µλ λλ′
µ′µµ′λ′λµ

λ′λ
µ′µµ′λ′λµ




∂∂
ϕ∂+

∂∂
ϕ∂+

4

1,,,

22

yx
ghab

xx
ggaa

( )( ) .dd,exp
22

yxyx
yy

hhbbb
xy

ggba ϕ−



∂∂
ϕ∂+
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ϕ∂+

λλ′
µ′µµ′λ′λµλµ

λλ′
µµµ′λ′λµ (65)

Since we have

( )243214321 43214321
hhhhgggg yyyyxxxx δ+δ+δ+δ+δ+δ+δ+δ

41312111 41312111
gggggggg xxxxxxxx δδ+δδ+δδ+δδ=

41312111 41312111
hghghghg yxyxyxyx δδ+δδ+δδ+δδ+

42322212 42322212
gggggggg xxxxxxxx δδ+δδ+δδ+δδ+

42322212 42322212
hghghghg yxyxyxyx δδ+δδ+δδ+δδ+

43332313 43332313
gggggggg xxxxxxxx δδ+δδ+δδ+δδ+

43332313 43332313
hghghghg yxyxyxyx δδ+δδ+δδ+δδ+

44342414 44342414
gggggggg xxxxxxxx δδ+δδ+δδ+δδ+

44342414 44342414
hghghghg yxyxyxyx δδ+δδ+δδ+δδ+

41312111 41312111
ghghghgh xyxyxyxy δδ+δδ+δδ+δδ+

41312111 41312111
hhhhhhhh yyyyyyyy δδ+δδ+δδ+δδ+

22322212 22322212
hhghghgh yyxyxyxy δδ+δδ+δδ+δδ+
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42322212 42322212
hhhhhhhh yyyyyyyy δδ+δδ+δδ+δδ+

43332313 43332313
ghghghgh xyxyxyxy δδ+δδ+δδ+δδ+

43332313 43332313
hhhhhhhh yyyyyyyy δδ+δδ+δδ+δδ+

44342414 44342414
hhghghgh yyxyxyxy δδ+δδ+δδ+δδ+

.44342414 44342414
hhhhhhhh yyyyyyyy δδ+δδ+δδ+δδ+ (66)

We have

(∫Ω δ+δ+δ+δ 4321 4321
gggg xxxx

) ( ) yxhhhh yyyy ddexp2
4321 4321

ϕ−δ+δ+δ+δ+

( ) ( ) ( ) ( ) ( )∫ ∫Ω Ω
ϕ−+ϕ−= ,ddexp,ddexp, 11 yxhgQyxhgBL (67)

where we have arranged the integrand and divided it into the bilinear

form ( ) ( )hgBL ,1  of first partial derivatives of g, h and the quadratic form

( )hgQ ,1  of the vector ( ),, hg  the number 1 standing for the real part, as

follows:
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and
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Concerning the second part, i.e., i part of the right hand side of (56)

we have

(∫Ω δ−δ+δ+δ− 4321 3412
gggg xxxx

) ( ) yxhhhh yyyy ddexp2
4321 3412

ϕ−δ+δ−δ+δ−

( ) ( ) ( ) ( ) ( )∫ ∫Ω Ω
ϕ−+ϕ−= ,ddexp,ddexp, 22 yxhgQyxhgBL (70)
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where we have arranged the integrand and divided it into the bilinear

form ( ) ( )hgBL ,2  of first partial derivatives of g, h and the quadratic

form ( )hgQ ,2  of the vector ( ),, hg  the number 2 standing for the i part,

as follows:

( ) ( ) 



∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂

=
2

4

3

1

2

3

4

1

2

2

1

1

2

1

2

1
2 :,

x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g

hgBL





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
2

4

3

1

2

3

4

1

2

2

1

1

2

1

2

1
x
h

y
g

x
h

y
g

x
h

y
g

x
h

y
g





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

−+
1

4

3

2

1

3

4

2

1

2

1

2

1

1

2

2
x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
1

4

3

2

1

3

4

2

1

2

1

2

1

1

2

2
x
h

y
g

x
h

y
g

x
h

y
g

x
h

y
g





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

−+
4

4

3

3

4

3

4

3

4

2

1

3

4

1

2

3
x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
4

4

3

3

4

3

4

3

4

2

1

3

4

1

2

3
x
h

y
g

x
h

y
g

x
h

y
g

x
h

y
g





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂

+
3

4

3

4

3

3

4

4

3

2

1

4

3

1

2

4
x
g

x
g

x
g

x
g

x
g

x
g

x
g

x
g





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
3

4

3

4

3

3

4

4

3

2

1

4

3

1

2

4
x
h

y
g

x
h

y
g

x
h

y
g

x
h

y
g





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂

+
2

4

3

1

2

3

4

1

2

2

1

1

2

1

2

1
y
g

x
h

y
g

x
h

y
g

x
h

y
g

x
h





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
2

4

3

1

2

3

4

1

2

2

1

1

2

1

2

1
y
h

y
h

y
h

y
h

y
h

y
h

y
h

y
h





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

−+
1

4

3

2

1

3

4

2

1

2

1

2

1

1

2

2
y
g

x
h

y
g

x
h

y
g

x
h

y
g

x
h





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
1

4

3

2

1

3

4

2

1

2

1

2

1

1

2

2
y
h

y
h

y
h

y
h

y
h

y
h

y
h

y
h





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

−
∂
∂

∂
∂

+
4

4

3

3

4

3

4

3

4

2

1

3

4

1

2

3
y
g

x
h

y
g

x
h

y
g

x
h

y
g

x
h



w
w

w
.p

ph
m

j.c
om

INHOMOGENEOUS CAUCHY RIEMANN SYSTEM … 339





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
4

4

3

3

4

3

4

3

4

2

1

3

4

1

2

3
y
h

y
h

y
h

y
h

y
h

y
h

y
h

y
h





∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

−+
3

4

3

4

3

3

4

4

3

2

1

4

3

1

2

4
y
g

x
h

y
g

x
h

y
g

x
h

y
g

x
h





∂
∂

∂
∂

+
∂
∂

∂
∂

−
∂
∂

∂
∂

+
∂
∂

∂
∂

−
3

4

3

4

3

3

4

4

3

2

1

4

3

1

2

4
y
h

y
h

y
h

y
h

y
h

y
h

y
h

y
h

(71)

and

( )hgQ ,2





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂−

∂∂
ϕ∂= 41

32

2

31
42

2

21
22

2

11
22

2
: gg

xx
gg

xx
gg

yx
gg

xx





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+ 41

32

2

31
42

2

21
12

2

11
22

2
hg

yx
hg

yx
hg

yx
hg

yx





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂+

∂∂
ϕ∂−+ 42

31

2

32
41

2

22
11

2

12
21

2
gg

xx
gg

xx
gg

xx
gg

xx





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂− 42

31

2

32
41

2

22
11

2

12
21

2
hg

yx
hg

yx
hg

yx
hg

yx





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂+

∂∂
ϕ∂−+ 43

34

2

33
44

2

23
24

2

13
24

2
gg

xx
gg

xx
gg

yx
gg

xx





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂− 43

34

2

33
44

2

23
14

2

13
24

2
hg

yx
hg

yx
hg

yx
hg

yx





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂−

∂∂
ϕ∂+ 44

33

2

34
43

2

24
13

2

14
23

2
gg

xx
gg

xx
gg

xx
gg

xx





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+ 44

33

2

34
43

2

24
13

2

14
23

2
hg

yx
hg

yx
hg

yx
hg

yx





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂−

∂∂
ϕ∂+ 41

32

2

31
42

2

21
12

2

11
22

2
gh

xy
gh

xy
gh

xy
gh

xy



w
w

w
.p

ph
m

j.c
om

JOJI KAJIWARA, XIAO DONG LI and KWANG HO SHON340





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+ 41

32

2

31
42

2

21
12

2

11
22

2
hh

yy
hh

yy
hh

yy
hh

yy





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂+

∂∂
ϕ∂−+ 42

31

2

32
41

2

22
11

2

12
21

2
gh

xy
gh

xy
gh

xy
gh

xy





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂− 42

31

2

32
41

2

22
11

2

12
21

2
hh

yy
hh

yy
hh

yy
hh

yy





∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂−

∂∂
ϕ∂+ 43

34

2

33
44

2

23
14

2

13
24

2
gh

xy
gh

xy
gh

xy
gh

xy





∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂−

∂∂
ϕ∂+ 43

34

2

33
44

2

23
14

2

13
24

2
hh

yy
hh

yy
hh

yy
hh

yy

.44
33

2

34
43

2

24
13

2

14
23

2









∂∂
ϕ∂−

∂∂
ϕ∂+

∂∂
ϕ∂+

∂∂
ϕ∂−+ gh

xy
gh

xy
gh

xy
gh

xy
(72)

Concerning the third term, i.e., j part of the right hand side of (56) we

have

(∫Ω δ−δ+δ−δ− 4321 2143
gggg xxxx

) ( ) yxhhhh yyyy ddexp2
4321 2143

ϕ−δ−δ+δ+δ−

( ) ( ) ( ) ( ) ( )∫ ∫Ω Ω
ϕ−+ϕ−= ,ddexp,ddexp, 33 yxhgQyxhgBL (73)

where we have arranged the integrand and divided it into the bilinear

form ( ) ( )hgBL ,3  of first partial derivatives of g, h and the quadratic

form ( )hgQ ,3  of the vector ( ),, hg  the number 2 standing for the j part,

as follows:
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and
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Concerning the third term, i.e., k part of the right hand side of (56)

we have

(∫Ω δ−δ+δ−δ− 4321 2143
gggg xxxx

) ( ) yxhhhh yyyy ddexp2
4321 2143

ϕ−δ−δ+δ+δ−

( ) ( ) ( ) ( ) ( )∫ ∫Ω Ω
ϕ−+ϕ−= ,ddexp,ddexp, 44 yxhgQyxhgBL (76)

where we have arranged the integrand and divided it into the bilinear

form ( ) ( )hgBL ,4  of first partial derivatives of g, h and the quadratic

form ( )hgQ ,4  of the vector ( ),, hg  the number 2 standing for the k part,

as follows:
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The function ϕ is said to be brconvex if the minimum ( )yx,λ  between

8 eigenvalues of the quadratic form

( ) ( ) ( ) ( ) ( )hgQhgQhgQhgQhgQ ,,,,:, 4321 +++= (79)

is positive at each point of ( )., yx  When the function ϕ is brconvex, then,

since ( )yx,ϕ  is of class ,∞C  the function ( )yx,λ  is a positive valued

function on Ω and we have

( ) ( ) ( ) ( ) ( )∫ ∫Ω Ω
ϕ−λ≥ϕ− ,ddexp,,ddexp, 2 yxhgyxyxhgQ (80)
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where ( )hg,  means the norm of the pair of the quaternion valued

functions ( ) ( )yxhyxg ,,,  at ( ) ., Ω∈yx

5. Existence of Inhomogeneous Solutions
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and

i
x
h

x
h

x
h

x
h

x
h

x
h

x
h

x
h

hx 







∂
∂

−
∂
∂

+
∂
∂

+
∂
∂

+







∂
∂

−
∂
∂

−
∂
∂

−
∂
∂

=
4

3

3

4

2

1

1

2

4

4

3

3

2

2

1

1D

,
4

1

3

2

2

3

1

4

4

2

3

1

2

4

1

3 k
x
h

x
h

x
h

x
h

j
x
h

x
h

x
h

x
h









∂
∂

+
∂
∂

−
∂
∂

+
∂
∂

+







∂
∂

+
∂
∂

+
∂
∂

−
∂
∂

+ (82)

we calculate the norm

( ) ( ) ( )( )∫Ω ϕ−−= yxyxyxhghgS xyH dd,exp,DD, 22
3

(83)

similarly, summarize from (61) till (82) we have the inequality

( ( ) ) ( ) ( )( )∫Ω ϕ−ψ−λ yxyxhgyx dd,exp,d42, 1
22

( ) ( ) .,2,2 22 hgShgT +≤ ∗ (84)

Hereafter, as an interim report, we consider exclusively the case that
the real valued function ψ is identically zero. In this case, three weight

functions 321 ,, ϕϕϕ  coincide with ϕ and the inequality (84) is written as

the following lemma.

Lemma 4. Let Ω be a domain in the product space 2H  of quaternion

variables x, y with brconvex function ( )yx,ϕ  on Ω of class .∞C  Then for

any ( ) ,, ∗∈ Thg  we have the following inequality:

 ( ( ) ( ) ( )( )) ( ) ( )∫Ω
∗ +≤ϕ−λ .,2,2dd,exp,, 22

1
2 hgShgTyxyxhgyx (85)
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Lemma 5. Let Ω be a domain in the product space 2H  of quaternion

variables x, y with brconvex function ϕ on Ω. Then, for any pair

( ) ( )ϕΩ∈ ,, 2Lhg  satisfying the solvability condition (18), there exists a

weak solution f to (17).

Proof. The inequality (85) of Lemma 4 is just the a priori estimate
(42) of Lemma 3. Hence we have ( ) ( )SNhg ∈,  belongs to ( )TR  and

there exists ( )TDf ∈  such that ( )., hgTf =

Theorem 1. Let Ω be a bounded domain in the product space 2H  of

quaternion variables x, y. Then, for any pair ( )hg,  of H  valued bounded

function of class ∞C  on Ω satisfying the solvability condition (18), there

exists an H  valued function of class ∞C  on Ω, which is a strong solution f

to (17).

Proof. Since the matrix, which corresponds to the quadratic form for
the function

( ) ,:, 2
4

2
3

2
2

2
1

2
4

2
3

2
2

2
1 yyyyxxxxyx +++++++=ϕ (86)

is a diagonal matrix with positive diagonal elements, the function ϕ is
brconvex and Lemma 5 gives us the a priori estimate

( ) ( ) 22 ,, hgThg ∗≤ (87)

for our ( ) ( )., SNhg ∈  By Lemma 2 of Hörmander [16], ( ) ( )., TRhg ∈

There exists a weak solution ( )TDf ∈  to the inhomogeneous equation

(17). Since ( )hg,  is of class ∞C  by Lemma 1.

Similarly, replacing sum ∑ ≤µ≤ 41
 in Quaternion Analysis by

{ }{}∑ ∑ ∑ ∑= =+B BAi B BjmA∪ ∪,  in Clifford Analysis, we have the

following theorem in Clifford Analysis:

Theorem 2. Let Ω be a bounded domain of .km RR ×  Then, for any

pair ( )hg,  of A  valued bounded function of class ∞C  on Ω satisfying the

solvability condition (18), there exists an A  valued function of class ∞C

on Ω, which is a strong solution f to (17).
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