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Abstract 

Let D be the unit disk and ( ) ( )12 −>αα DA  be the weighted Bergman 

space. In this paper, by constructing an orthonormal basis of ( ),2 DAα  we 

prove that the analytic Toeplitz operator ( )zBM  is similar to z
n

M
1
⊕  on 

( )DA2
α  if and only if ( )zB  has the form ( )

n

za
azzB ⎟
⎠
⎞⎜

⎝
⎛

−
−= 1  

( ).10 << a  Then, using the skills of matrix and operator theory 
techniques, we characterize the commutant of ( ).zBM  

1. Introduction 

Let D and T be the unit disk { }1: <∈= zCzD  and the boundary of D, 

respectively. For the Hardy space ( ),2 DH  the mth power of the unilateral shift mz
T  

is unitarily equivalent to mz IT ⊗  on ( ) ,2 mCDH ⊗  since mz
T  is an isometry of 
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multiplicity m. Let ( ) ( )12 −>αα DA  denote the weighted Bergman space of analytic 

functions which belong to ( ).2 DLα  It is well-known that ( )DA2
α  is a closed 

subspace of ( ),2 DLα  and ( )DA2
α  is a Hilbert space. If ( ),2 DAf α∈  then 2,αf  

( ) ( ) ,2
1

2 ⎟
⎠
⎞⎜

⎝
⎛= ∫ αD

zdAzf  where ( ) ( ) ( ) ( ),11 2 zdAzzdA α
α −α+=  and we denote 

by dA the ordinary Lebesgue area measure on D. When ,0=α  ( )DA2  is the 
ordinary Bergman space, and the results of the paper are certainly right on Bergman 
space. 

Let ( )DH∞  denote the algebra of bounded analytic functions on D. For 

,∞∈ Hf  fM  is an analytic Toeplitz operator on Bergman space defined by 

,fggM f =  for any ( ).2 DAg α∈  fM  is a bounded linear operator on ( ),2 DAα  with 

( ){ }.:sup DzzffM f ∈== ∞  Let ( )fMA′  denote the commutant of 

,fM  i.e., ( ) { ( ( )) },:2 TMTMDATM fff =∈=′ αLA where ( ( ))DA2
αL  represents 

the collection of all bounded linear operators on ( ).2 DAα  

In studying an operator on a Hilbert space, it is of interest to characterize the 
operators which commute with a given operator, for such a characterization should 
help in understanding the structure of the operator. The commutant of an analytic 
Toeplitz operator on the Hardy space and Bergman space has been studied 
extensively in the literature, we mention here the papers (see [1-7]), and the books 
(see [10, 11, 13]) including an excellent account of the knowledge of operator 
theory. In particular, Thomson gave an explicit description of the commutant of BM  

when B is a Blaschke product with two zeros. Cowen described the commutant of 

BM  for a finite Blaschke product in terms of the Riemann surface generated by B. 

On Bergman space, to characterize the commutant of analytic Toeplitz operators is 
very difficult. Zhu obtained a complete description of the reducing subspaces of 
multiplication operators on Bergman space induced by Blaschke product with two 
zeros using the method of the geodesic midpoint of the two zeros of ( ).zB  In [8], Hu 

et al. proved that the analytic Toeplitz operator with finite Blaschke product symbol 
on the Bergman space has at least a reducing subspace on which the restriction of the 
associated Toeplitz operator is unitary equivalent to Bergman shift. In [9], Stroethoff 
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and Zheng discussed the bounded property of product of Hankel and Toeplitz 
operators on the Bergman space and answered the Sarason’s problem. In 2007, Jiang 
and Li [17] proved that each analytic Toeplitz operator ( )zBM  is similar to 1+n  

copies of the Bergman shift if and only if ( )zB  is an 1+n -Blaschke product. In this 

paper, we prove that the analytic Toeplitz operator ( )zBM  is similar to z
n

M
1
⊕  on 

( )DA2
α  if and only if ( )zB  has the form ( )

n

za
azzB ⎟
⎠
⎞⎜

⎝
⎛

−
−= 1  ( ).10 << a  Then, 

using the matrix skills and operator theory techniques, we characterize the 

commutant of ( )zBM  on ( ).2 DAα  

The following is the Main theorem in the paper. 

Main Theorem. Let ( ) ( )12 −>αα DA  be the weighted Bergman space. Then the 

analytic Toeplitz operator ( )zBM  is similar to z
n

M
1
⊕  on ( )DA2

α  if and only if ( )zB  

has the form ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 

2. Preparation 

Lemma 1 (See [13]). For ,1 +∞<α<−  let αP  be the orthogonal projection 

from ( )αdADL ,2  onto .2
αA  Then ( ) ( ) ( )

( )∫ ∈
−

= α+
α

α D
Dz

wz
wdAwfzfP .,

1 2  If ( ),2 DAf α∈  

( ) ( ),zfzfP =α  then we have ( ) ( ) ( )
( )∫ ∈
−

=
α+

α
D

Dz
wz

wdAwf
zf .,

1 2  

Definition 2. ( )
( )

( )∞+<α<−
−

=
α+

1
1

1
2zw

zkw  is said to be the reproducing 

kernel of ( ).2 DAα  The kernel wk  has the property ( ) ,, α= wkfwf  for every 

Dw ∈  and ( ).2 DAf α∈  Particularly, ( )
( )

,
1

1, 22
2

α+α −
==

w
kkzk www  we 

call 
( )
( ) α+

α+

−

−
== 2

2
22

1
1~

zw
w

k
kk

w
w

w  the normalized reproducing kernel of ( ).2 DAα  
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Lemma 3. Let ( ) ( ) ( )
( ) ( ) ( ),~
2!
2,101 zkzBn

nfaza
azzB an

n

α+Γ
α++Γ=<<⎟

⎠
⎞⎜

⎝
⎛

−
−=  

....,1,0=n  Then { }∞=0nnf  form an orthonomal basis of ( ).2 DAα  

Proof. Note that 

( ) ( )
nn

aza
za

za
azzB

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−

−
−

=⎟
⎠
⎞⎜

⎝
⎛

−
−= 1

1
1

2
 

( ) ( )
( )

,
1

1

0

2

∑
=

−

−

−
−⎟

⎠
⎞

⎜
⎝
⎛=

n

k
k

kk
kn

za
zaa

k
n

 

( )
( )

( )
( ) ( ) α+−

α+Γ
α++Γ

α+Γ
α++Γ= 2212!

2
2!
2, am

m
n

nff mn  

( ) ( )
( ) ( )

.
1

1
1,

1
1

0
22

2

α=
α+α++

−∑ −
⎟
⎠
⎞⎜

⎝
⎛

−
−

−

−
−⎟

⎠
⎞

⎜
⎝
⎛×

n

k

m

k

kk
kn

zaza
az

za
zaa

k
n

 

By computing, we deduce that the function ( ) ( ) ( )α++α+α+ 132 k"  

( ) α++− 21 k

k

zu
z  is the kernel function in ( )DA2

α  for the functional of evaluation of 

the kth derivative at a, so we get 

( ) ( ) α
α+α++ −

⎟
⎠
⎞⎜

⎝
⎛

−
−

− 22 1
1

1,
1 zaza

az
za
z m

k

k
 

( ) ( )
( )

( ) az
m

m

k

k

za
az

zk
=

α++ ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−

−

∂

∂
α++α+

= 2112
1

"  

( ) ( ) (( ) )
( )

az

k

j
mj

j
m

jk

jk

zaz
az

zj
k

k
==

α++−

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−∂

∂−
∂

∂
⎟
⎠
⎞

⎜
⎝
⎛

α++α+
= ∑

0
21

1
12

1
"  

( ) ( )α++α+
= 12

1
k"  

( ) ( )( )( ) ( )( ) ( )
( )

.
1

1211

0
2

az

k

j
jm

jjkm

za
ajmmazjkmmm

j
k

==
+α++

−−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−

+α++α++−−−+−
⎟
⎠
⎞

⎜
⎝
⎛× ∑ ""  
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Therefore, 

mn ff ,  

( )
( )

( )
( ) ( ) α+−

α+Γ
α++Γ

α+Γ
α++Γ= 2212!

2
2!
2 am

m
n

n  

( ) ( ) ( ) ( ) ( )∑
=

−
α++α+α+

−−⎟
⎠
⎞

⎜
⎝
⎛×

n

k

kkn
kaa

k
n

0

2
132

11 "  

( ) ( )( )( ) ( )( ) ( )
( )

.
1

1211

0
2

az

k

j
jm

jjkm

za
ajmmazjkmmm

j
k

==
+α++

−−

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−

+α++α++−−−+−
⎟
⎠
⎞

⎜
⎝
⎛× ∑ ""  

If ,nm =  then we obtain 

mn ff ,  

( )
( ) ( ) ( ) ( ) ( ) ( )∑

=

α++− −−⎟
⎠
⎞

⎜
⎝
⎛

α++α+α+α+Γ
α++Γ=

n

k

kkn aa
k
n

kn
n

0

221132
1

2!
2

"  

( ) ( ) ( )
( )⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡

−

−−+−
×

=
α++

−

az
n

kn

za
azknnn

21
11 "  

( )
( ) ( ) ( ) ( )

az

kn
n anazknnn

k

za =

+−
α++ ⎥

⎦

⎤
⎢
⎣

⎡
α++−−+−⎟

⎠
⎞

⎜
⎝
⎛

−
+ 221

11
1 1

3 "  

( ) ( ) ( )
( ) ⎪⎭

⎪
⎬
⎫

⎥
⎦

⎤
⎢
⎣

⎡

−

α+++α++−
++

=
α+++

az
kn

kn

za
aknnaz

21
12 ""  

( )
( )

( )
( ) ( ) ( ) ( )

.1
1

!
132

1
2!
2

22

22
=

−α++α+α+
−

α+Γ
α++Γ= α++

α++

n

n

a
n

n
a

n
n

"  

If ,nm >  then it is obvious that 0, =mn ff  which implies that { }∞=0nnf  form an 

orthonormal basis of ( ).2 DAα  ~ 
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3. The Similarity of Analytic Toeplitz Operator 

In this section, we prove that the analytic Toeplitz operator ( )zBM  is similar to 

z
n

M
1
⊕  on ( ).2 DAα  

Theorem 4. Let ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 Then the analytic Toeplitz 

operator ( )zBM  is similar to nz
M  on ( ).2 DAα  

Proof. Let ( )
n

za
azzB ⎟
⎠
⎞⎜

⎝
⎛

−
−= 1  ( )10 << a  and .1 za

azBa −
−=  Then define the 

composition operator (see [16]) ( ) ( ),: aB BfzfC a →  for any ( ).2 DAf α∈  Note 

that ( ) ( )
( ) ( )...,2,1,02!

2 =
α+Γ
α++Γ= nzn

nze n
n  form the orthonormal basis of the 

weighted Bergman space ( ).2 DAα  From Lemma 3, we know that ( ) =zfn  

( )
( ) ( ) ( )zkzBn

n
a

~
2!
2

α+Γ
α++Γ  is an orthonormal basis of ( ).2 DAα  We define an operator 

( ){ } ( ){ } ,: 00~ ∞
=

∞
= →= nnnnBk zfzeCMX aa

 then X is an isometric operator. In fact, 

( ).~
~ zBkzCMXz a

n
Bk

n
aa

==  Since ( ){ } ( ) ( ){ } ( ),, 2
0

2
0 DAzfDAze nnnn α

∞
=α

∞
= == ∨∨  

i.e., { },0ker =∗X  so aa Bk CMX ~=  is a unitary operator. Therefore, we have 

( ) ( ) ( ) ( ) ( ) ( ),~
~ aaBkzB BfkzBzfCMzBzXfM aa

==  

( ) ( ) ( ) ( )aazBkz
BfzBkzfMCMzfXM naan

~
~ ==  

which means that ( ) ,nzzB XMXM =  i.e., ( )zBM  is unitarily equivalent to .nz
M  ~ 

Lemma 5. Let ( ) ( )
( ) ( )...,1,02!

2 =
α+Γ
α++Γ= kzk

kze k
k  be the orthonormal 

basis of the weighted Bergman space ( ) ( ).12 −>αα DA  Set { }jnkj espanL +=  
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( ).1...,,1,0 −= nj  Then we have 

  (i) { }∞=+ 0kjnke  form an orthonormal basis of .jL  

 (ii) .110
2

−α ⊕⊕⊕= nLLLA "  

(iii) jL  is a reducing subspace for .nz
M  

Proof. (i) 

jnmjnk ee ++ ,  

( )
( ) ( )

( )
( ) ( )∫ ++

α+Γ+
α+++Γ

α+Γ+
α+++Γ=

D
jnmjnk zjnm

jnmzjnk
jnk

2!
2

2!
2  

( ) ( ) ( ).11 2 zdAz α−α+×  

If ,mk = then 

jnmjnk ee ++ ,  

( )
( ) ( ) ( ) ( )( )∫ ∫

π α+ θ−α+
α+Γ+
α+++Γ

π
=

1

0

2

0
22 112!

21 rdrdrrjnk
jnk jnk  

( )
( ) ( ) ( ) ( ) ,11,112!

2 =+α++α+
α+Γ+
α+++Γ= jnkBjnk

jnk  

where B stands for the usual Beta function. 

If ,mk ≠  without loss of generality, we assume that ,mk >  then 

jnmjnk ee ++ ,  

( )
( ) ( )

( )
( ) ( ) ( )α+

α+Γ+
α+++Γ

α+Γ+
α+++Γ

π
= 12!

2
2!
21

jnm
jnm

jnk
jnk  

( ) ( ) ( )∫ ∫
π αθ−++ =θ−×

1

0

2

0
22 .01 rdrdrer mkinjmkn  

(ii) First, from (i), we know that .10, −≤≠≤⊥ ntjLL tj  Next, suppose 
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that 

∑ ∑
∞

=

∞

=
−+− =++

0 0
1,10 ,0

k k
nnkknnkk eaea "  

from ( ),...,1,00,
0

1

0
==∑ ∑

∞

=

−

=
+ leea

k

n

j
ljnkjk  we have ( ,1...,,1,00 −== nja jk  

)...,1,0=k  which implies that .0000
�� ��� �


"
n

⊕⊕⊕=  So "⊕⊕=α 10
2 LLA  

.1−⊕ nL  

(iii) It is easy to see that both jL  and ⊥
jL  are the invariant subspaces for .nz

M  

 ~ 

Theorem 6. Let ( ) ( )12 −>αα DA  be the weighted Bergman space. Then the 

analytic Toeplitz operator nz
M  is similar to z

n
M

1
⊕  on ( ).2 DAα  

Proof. Set ( ).1...,,1,0 −=|= njMT jn Lzj  Then 

( )
( ) ( )

jnkn
jnkj zjnk

jnkzeT +
+ α+Γ+

α+++Γ= 2!
2  

( ) ( )
( ) ( ) .2!

!2
jnnkejnnkjnk

jnnkjnk
++α++++Γ+

++α+++Γ=  (3.1) 

Define ( ) jj LDAX →α
2:  such that ,jnk

j
kkj eceX +=  where j

kc  are given by 

( ) ( )( ) ( )
( ) ( ) ( ) ( )

⎪
⎩

⎪
⎨

⎧

=

≥
α++α++α+++
α+α+α+++=

.1

,1!!21
21!

0
j

j
k

c

kjkjjnkjnk
kkjnkc "

"
 (3.2) 

In fact, we claim that .kjjkzj eXTeMX =  Indeed, 

jnk
j

kjkj ecTek
kX ++ =

α++
+

12
1  
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and 

( ) ( )
( ) ( ) .2!

!2
2

1
1 jnnk

j
kjnnk

j
k ejnnkjnk

jnnkjnkceck
k

+++++ α++++Γ+
++α+++Γ=

α++
+  

From 

 ( ) ( ) ( )
( ) ( ) ( ) ,1!2

2!21
++α++++Γ

α++++α+++Γ=+
kjnkjnnk

kjnnkjnk
c

c
j

k

j
k  (3.3) 

we can get (3.2). 

In the following, we will analyze the coefficient j
kc  and prove that 

.,0lim ∞≠
∞→

j
kk

c  

Case 1. If ,0,1 ≥α≥k  then we consider the equality 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) !!21

21!2
jkjjnkjnk

kkjnkc j
k α++α++α+++

α+α+α+++= "
"  

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) !21

23111
jkjnkjnk

jkjnkjnk
α++α++α+++

α+α+α+++−++= "
""  

( ) ( ) ( ) ( )
( ) ( )

,1
!1

1231
αα+++

+α+α+α++= j
kbjjnk

kj "  (3.4) 

where 

( ) .21111 ⎟
⎠
⎞⎜

⎝
⎛

+
α+⎟

⎠
⎞⎜

⎝
⎛

−+
α+⎟

⎠
⎞⎜

⎝
⎛

+
α+=α kjnkjnkb j

k "  (3.5) 

Note that 

( )
( )

21

11111
1

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+⎟

⎠
⎞⎜

⎝
⎛

−++
α+⎟

⎠
⎞⎜

⎝
⎛

++
α+

=
α

α+

k

jnkjnnkjnnk
b

b
j

k

j
k

"
 

21

1

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+

≥

k

jnnk

n
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1

21

1
≥

+
α+

++
α+

≥

nnk
n

jnnk
n

 

which implies that { ( )}αj
kb  is a monotone increasing sequence, and 

( )
( )

( )
.211

1111 −+−−+−
⎟
⎠
⎞⎜

⎝
⎛

+
α+≤α≤⎟

⎠
⎞⎜

⎝
⎛

+
α+

jkn
j

k

jkn

kbjnk  (3.6) 

Let ( )
( )

.1
11 −+−

⎟
⎠
⎞⎜

⎝
⎛

+
α+=

jkn

jnkkf  Then 

( ) ( )[ ] ( ) ( )[ ],lnln11ln jnkjnkjknkf +−α++−+−=  

( )
( ) ( ) ( )[ ] ⎟

⎠
⎞⎜

⎝
⎛

+
−

α++
−+−+⎟

⎠
⎞⎜

⎝
⎛

+
α+−=

′
jnk

n
jnk

njknjnknkf
kf 111ln1  

 ( ) ( )[ ]
( ) ( ) .111ln1 jnkjnk

njkn
jnkn

+α++
α−+−−⎟

⎠
⎞⎜

⎝
⎛

+
α+−=  (3.7) 

Applying the Lagrange mean value theorem, we have 

( )
( ) ( ) ( )[ ] ( ) ( )jnkjnk

njkn

jnk

jnknkf
kf

+α++
α−+−−

+
α+

+
α

−≥
′ 11

1
1  

( ) ( )[ ]
( ) ( )jnkjnk

jknn
jnk

n
+α++
α−+−−

α++
α−= 111  

.0≥
+
−

α++
α= jnk

jn
jnk  (3.8) 

So ( ) ,0≥′ kf  and ( )kf  is a monotone increasing sequence, 

 ( ) ( ) .11
2−+

⎟
⎠
⎞⎜

⎝
⎛

+
α+=≥

jn

jnfkf  (3.9) 

Let ( )
( )

.21
11 −+−

⎟
⎠
⎞⎜

⎝
⎛

+
α+=

jkn

kkg  Then 

( ) ( )[ ] ( ) ( )[ ],2ln2ln11ln +−α++−+−= kkjknkg  
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( )
( ) ( ) ( )[ ] ⎟

⎠
⎞⎜

⎝
⎛

+
−

α++
−+−+⎟

⎠
⎞⎜

⎝
⎛

+
α+−=

′
2

1
2
11121ln1 kkjknknkg

kg  

( ) ( )[ ]
( ) ( ) .22

11
21ln1

+α++
α−+−−⎟

⎠
⎞⎜

⎝
⎛

+
α+−= kk

jkn
kn  (3.10) 

Applying the Lagrange mean value theorem again, we have 

( )
( ) ( ) ( )[ ] ( ) ( )2211

21
21

+α++
α−+−−

+
α+

+
α

−≥
′

kkjkn

k

knkg
kg  

( ) ( )[ ]
( ) ( )22

11
2
1

+α++
α−+−

−
α++
α−

= kk
jkn

k
n  

.02
12

2 ≥
+

−−
α++

α= k
jn

k  (3.11) 

Thus ( ) ,0≥′ kg  and we get 

 ( )
( )

( ) .21lim 1
11

α−
−+−

∞→
=⎟

⎠
⎞⎜

⎝
⎛

+
α+≤ n

jkn

k
ekkg  (3.12) 

And we obtain 

 ( ) ( ) .lim1 1
2

α−

∞→

−+
≤α≤⎟

⎠
⎞⎜

⎝
⎛

+
α+ nj

kk

jn
ebjn  (3.13) 

Combining (3.4) with (3.13), we arrive at 

( ) ( )
( ) ( )21 lim

!
21 j

kkn c
enj

j
∞→α− ≤α+α++ "  

 
( ) ( ) ( ).1!

21 2
≥⎟

⎠
⎞⎜

⎝
⎛

α++
+α+α++≤

−+
jjn

jn
nj

j jn"
 (3.14) 

If ,0=j  then we get 

 ( ) ( ) .1lim1 2
20

1

−

∞→α− ⎟
⎠
⎞⎜

⎝
⎛

α+
≤≤

n
k

kn n
n

nc
ne

 (3.15) 
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Case 2. If ,01,1 <α<−≥k  then 

( )
( )

21

11111
1

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+⎟

⎠
⎞⎜

⎝
⎛

−++
α+⎟

⎠
⎞⎜

⎝
⎛

++
α+

=
α

α+

k

jnkjnnkjnnk
b

b
j

k

j
k

"
 

21

1

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+

<

k

jnnk

n

 

.

21

21

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+

<

k

jnnk

n

 (3.16) 

We consider the following inequality: 

⎟
⎠
⎞⎜

⎝
⎛

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+

=
⎟
⎠
⎞⎜

⎝
⎛

+
α+

⎟
⎠
⎞⎜

⎝
⎛

++
α+

21ln

21ln

21ln

21ln

k

jnnkn

k

jnnk

n

 

21
2

2

+
α+

+
α

++
α

<

k

k

jnnk
n

 

12
2 <

++
α++= jnnk

nnnk  (3.17) 

which implies that 

.2121
+
α+<⎟

⎠
⎞⎜

⎝
⎛

++
α+ kjnnk

n
 

So ( ) ( ),1 α<α+
j

k
j

k bb  and we have 

 
( )

( )
( )

.121
1111 −+−−+−

⎟
⎠
⎞⎜

⎝
⎛

+
α+<α<⎟

⎠
⎞⎜

⎝
⎛

+
α+

jkn
j

k

jkn

jnkbk  (3.18) 
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Let ( )
( )

.21
11 −+−

⎟
⎠
⎞⎜

⎝
⎛

+
α+=

jkn

kkh  Then 

( ) ( )[ ] ( ) ( )[ ],2ln2ln11ln +−α++−+−= kkjknkh  

and 

( )
( ) ( ) ( )[ ] ⎟

⎠
⎞⎜

⎝
⎛

+
−

α++
−+−+⎟

⎠
⎞⎜

⎝
⎛

+
α+−=

′
2

1
2
11121ln1 kkjknknkh

kh  

( ) ( )[ ]
( ) ( )22

11
21

+α++
−+−α−

+
α−< kk

jkn
kn  

( ) ( ) .02
11

2 <
α++

α+−+−
+
α= k

njn
k  (3.19) 

Thus ( ) ,0<′ kh  and ( ){ }∞=1kkh  is a monotone decreasing sequence. We have 

 ( )
( )

( ) .21lim 1
11

α−
−+−

∞→
=⎟

⎠
⎞⎜

⎝
⎛

+
α+> n

jkn

k
ekkh  (3.20) 

Note that 

 
( )

.1lim
1111 α⎟
⎠
⎞⎜

⎝
⎛ −−+−

∞→
=⎟

⎠
⎞⎜

⎝
⎛

+
α+ n

jkn

k
ejnk  (3.21) 

We obtain 

 ( ) ( ) .lim
111 α⎟
⎠
⎞⎜

⎝
⎛ −

∞→

α− ≤α≤ nj
kk

n ebe  (3.22) 

Therefore, 

( ) ( ) ( ) ( ) ( )
( ) ( ).1

!
21lim

!

21
1

2
11

≥α+α++≤≤α+α++
α−∞→α⎟

⎠
⎞⎜

⎝
⎛ −

j
enj

jc

enj

j
n

j
kk

n

""  (3.23) 

If ,0=j  then we have 

 ( ) ( ) .1lim1
1

20
11 α−∞→α⎟
⎠
⎞⎜

⎝
⎛ −

≤≤ nk
k

n
ne

c

ne

 (3.24) 
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Finally, according to the above analysis, we deduce that the operator jX  

( )1...,,1,0 −= nj  is bounded and invertible. We obtain 

 ( ).1...,,1,0~ −= njMT zj  (3.25) 

Furthermore, we have 

 ( ) .~
1

1102 z
n

nDAz
MTTTM n ⊕⊕⊕⊕ −=|

α
"  (3.26) 

 ~ 

In order to prove the Main theorem, we introduce the following concepts, an 
operator ( )HL∈T  is compact if the image of the unit ball in complex separable 

Hilbert space H  under T has compact closure. Let ( )HK  be the ideal of all compact 

operators acting on H  and ( ) ( ) ( ) ( )HKHLHAHL =→π ::  is the canonical 

projection of ( )HL  to Calkin algebra, ( )Teσ  is called the essential spectrum of T, 

which is the spectrum of ( )Tπ  in ( )HA  and ( )TC eσ\  is called the Fredholm 

domain of T and is denoted by ( ),TFρ  and ( ) ( ) ( )TTT relee σσ=σ ∪  (left and right 

essential spectrum of T). T is a semi-Fredholm operator if ran T is closed and either 

TT kerdim nul =  or ∗∗ = TT kerdim nul  is finite. In this case, the index of T is 

defined by ∗−= TTT  nul nulind  and ( ) ( ) ( )TTT relelre σσ=σ ∩  is called Wolf 

spectrum of T. 

Now we prove the Main theorem. 

Theorem 7 (Main Theorem). Let ( ) ( )12 −>αα DA  be the weighted Bergman 

space. Then the analytic Toeplitz operator ( )zBM  is similar to z
n

M
1
⊕  on ( )DA2

α  if 

and only if ( )zB  has the form ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 

Proof. Suppose that ,~ ∗∗
nzB MM  then ∗

BM  is a Cowen-Douglas operator (see 

[7]) with index n, and ( ) ( ) .TT ==σ ∗ BM Blre  Therefore, ( )zB  is an inner function, 

but the only inner function in disk algebra is the finite Blaschke product (see [15]). 
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From ( ) ( ) ( )zBDnM B ,ind ∈λ=−λ ∗  is an n-Blaschke product. Moreover, ( )zB  

has the form ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 

Conversely, let ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 By Theorems 4 and 6, 

( ) nzzB MM ~  and .~
1

z
n

z
MM n ⊕  Therefore, we have ( ) .~

1
z

n
zB MM ⊕  ~ 

4. The Commutant of Some Analytic Toeplitz Operators 

In this section, we will characterize the commutant of some analytic Toeplitz 
operators using the Main theorem. 

Theorem 8. Let ( )DHF ∞∈  and ( )zBF ϕ=  be its outer-inner factorization, 

where ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 If for some λ−ϕ∈λ≠ ,0 C  is divisible 

by ( ),zB  then ( ) ( ( ) ) ( ).ϕ′′=′ MMM zBF AAA ∩  

Proof. We consider ( ) ,∗ϕ
∗∗ = MMM zBF  by Main theorem, we can find an 

invertible operator Y such that ( ) .
1

1 ∗−∗ ⊕= z
n

zB MYYM  So == −∗ 1YYMA F  

( ) ,
1

11 TMYYMYYM z
n

zB
∗−∗

ϕ
−∗ ⊕=  where .1−∗

ϕ= YYMT  For two operators 1T  and 

,2T  if ,~ 21 TT  then ( ) ( ).21 TT AA ′≅′  We only need to prove that ( ) =′ AA  

( ).
1

TM z
n

AA ′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′ ∗⊕ ∩  From the condition of theorem, there exists a 0≠λ  such that 

( ) ,fzB=λ−ϕ  then ,~
1

SMIT z
n

∗⊕=λ−  and .
1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
′∈ ∗⊕ z

n
MS A  So 

.
1

2

111
∗∗∗∗ ⊕⊕⊕⊕ λ+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
λ+= z

n

z

n

z

n

z

n
MSMISMMA  

Denote the orthonormal basis of ( )DA2
α  by ( ) ( ) ....,!2

23,2,1 2

⎭
⎬
⎫

⎩
⎨
⎧ α+α+α+ zz  



Yucheng Li 144 

Suppose A is defined on ( ),2
1

DA
n

α⊕  then ( )DA
n

2
1

α⊕  has an orthonormal basis 

( )
( )
( )

( )

( )
( )

....,2,1,0

2!
2000

002!
20

0002!
2

2

2

⎪
⎪
⎪
⎪

⎭

⎪⎪
⎪
⎪

⎬

⎫

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

=

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

α+Γ
α++Γ

α+Γ
α++Γ

α+Γ
α++Γ

⊕⊕⊕⊕

⊕⊕⊕⊕

⊕⊕⊕⊕

n

zn
n

zn
n

zn
n

n"

"

"

"

 

The operator ∗⊕ z
n

M
1

 admits the following matrix representation with respect to the 

above basis: 

.

1
0000

0
4

3000

00
3

200

000
2

10

1

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

α++

α+

α+

α+

=∗⊕

%#%####

""

"#%####

""

""

""

n

n

n

n

z

n

I
n

n

I

I

I

M  (4.1) 

Note that ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′∈ ∗⊕ z

n
MG

1
A  if and only if 

( )( ) ( )( )( )
( ) ( )
( )

( )( )
( ) ( )
( )

( ) ( )
( )

( ) ( )
( )( )

.

!21
!10000

!21
4!1

4
300

!11
3!1

34
23

3
20

!01
2!1

234
123

23
12

2
1

12

2,1121

1,113121

11413121

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+Γ−

α++Γ
α+Γ−

α+

α++Γ
α+Γ−

α+α+
⋅

α+

α++Γ
α+Γ−

α+α++
⋅⋅

α+α+
⋅

α+

=
−

−

%#%####

""

"#%####

""

""

""

Gnn
nn

Gn
nGG

Gn
nGGG

Gn
nGaGGG

G
n

n

n

 

 (4.2) 
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Since ,,
1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
′∈ ∗⊕ z

n
MST A  we have 

( )( ) ( )( )( )
( ) ( )
( )

( )( )
( ) ( )
( )

( ) ( )
( )

( ) ( )
( )( )

,

!21
!10000

!21
4!1

4
300

!11
3!1

34
23

3
20

!01
2!1

234
123

23
12

2
1

12

2,1121

1,113121

11413121

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+Γ−

α++Γ
α+Γ−

α+

α++Γ
α+Γ−

α+α+
⋅

α+

α++Γ
α+Γ−

α+α++
⋅⋅

α+α+
⋅

α+

=
−

−

%#%####

""

"#%####

""

""

""

Tnn
nn

Tn
nTT

Tn
nTTT

Tn
nTaTTT

T
n

n

n

 

 (4.3) 

( )( ) ( )( )( )
( ) ( )
( )

( )( )
( ) ( )
( )

( ) ( )
( )

( ) ( )
( )( )

,

!21
!10000

!21
4!1

4
300

!11
3!1

34
23

3
20

!01
2!1

234
123

23
12

2
1

12

2,1121

1,113121

11413121

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+Γ−

α++Γ
α+Γ−

α+

α++Γ
α+Γ−

α+α+
⋅

α+

α++Γ
α+Γ−

α+α++
⋅⋅

α+α+
⋅

α+

=
−

−

%#%####

""

"#%####

""

""

""

Snn
nn

Sn
nSS

Sn
nSSS

Sn
nSaSSS

S
n

n

n

 

 (4.4) 

TMA z

n
∗⊕=

1
 

( )( ) ( )( )( )
( ) ( )
( )

( )( )
( ) ( )
( )

( ) ( )
( )

( ) ( )
( )( )

,

!21
!10000

!21
4!1

4
3000

!11
3!1

34
23

3
200

!01
2!1

234
123

23
12

2
10

1

3,11

2,1121

1,113121

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+Γ−

α++Γ
α+Γ−

α+

α++Γ
α+Γ−

α+α+
⋅

α+

α++Γ
α+Γ−

α+α++
⋅⋅

α+α+
⋅

α+

=
−

−

−

%#%####

""

"#%####

""

""

""

Tnn
nn

Tn
nT

Tn
nTT

Tn
nTaTT

n

n

n

 

 (4.5) 
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=⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
∗⊕ SM z

n 2

1
 

( ) ( ) ( ) ( ) ( )
( ) ( )
( )

( ) ( )
( ) ( )

( )

( ) ( )
( ) ( )

,

!31
1!10000

!11
3!1

34
23000

!01
2!1

234
123

23
1200

1

3,11

2,1121

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+−Γ−

α++Γ
α+Γ−

α+α+
⋅

α++Γ
α+Γ−

α+α+α+
⋅⋅

α+α+
⋅

−

−

Snn
nn

Sn
nS

Sn
nSS

n

n

 

 (4.6) 

∗∗ ⊕⊕ λ+⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
= z

n

z

n
MSMA

1

2

1
 

.

1000

3
200

2
10

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

α++
λ

∗∗
α+

λ

∗∗∗
α+

λ

=

n

n

n

In
n

I

I

 (4.7) 

Comparing (4.5) with (4.7), we have .1 nIT λ=  Thus 

( ) ( ) ( ) ( ) ( )
( ) ( )
( )

( ) ( )
( ) ( )

( )
( ) ( )
( )

( ) ( )
( ) ( )

.

!21
!10000

!21
4!1

4
3000

!11
3!1

34
23

3
200

!01
2!1

234
123

23
12

2
10

3,1

2,112

1,11312

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+Γ−

λ

α++Γ
α+Γ−

α+
λ

α++Γ
α+Γ−

α+α+
⋅

α+
λ

α++Γ
α+Γ−

α+α+α+
⋅⋅

α+α+
⋅

α+
λ

=
−

−

−

n

nn

nn

nn

Inn
nn

Tn
nI

Tn
nTI

Tn
nTTI

A

 

 (4.8) 
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On one hand, if ( ),
1

TMQ z
n

AA ′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′∈ ∗⊕ ∩  then we have 

QTMTMQQMMQ z

n

z

n

z

n

z

n
∗∗∗∗ ⊕⊕⊕⊕ =⇒=

1111
 

( )AQAQQATQMTMQ z

n

z

n
A′∈⇒=⇒=⇒ ∗∗ ⊕⊕

11
 

which means that ( ) ( ).
1

ATM z
n

AAA ′⊆′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′ ∗⊕ ∩  

On the other hand, if ( ),AQ A′∈  then in order to prove ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′⊆′ ∗⊕ z

n
MA

1
AA  

( ),TA′∩  we only need to prove ,
1 ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
′∈ ∗⊕ z

n
MQ A  and we complete the proof of 

Theorem 8. In fact, 

TQMTMQAQQA z

n

z

n
∗∗ ⊕⊕ =⇒=

11
 

QMTMQT z

n

z

n
∗∗ ⊕⊕ =⇒

11
 

∗∗ ⊕⊕ =⇒ z

n

z

n
MTQMQT

11
 

( ) 0
1

=−⇒ ∗⊕ z

n
MTQQT  

( ) .0
1

=−⇒ ∗∗∗∗⊕ TQQTM z

n
 

Noting that z
n

M
1
⊕  is an injective operator, we have .TQQT =  Suppose that 

( ),AQ A′∈  then Q admits the following matrix representation: 
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 .
00

0

343

24232

1413121

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

#####

"

"

"

QQ

QQQ

QQQQ

Q  (4.9) 

From ,AQQA =  we can get 

( ) ( ) ( )

( )

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

α+
λ

α+
λ+

α+α+
⋅

α+
λ

#####

"

"

4,23
200

4,13
2

23
12

2
10

2

121211

QAQ

QAQTQQ

 

( ) ( ) ( )

( ) ,4,23
200

4,123
12

3
2

2
10

3

312232

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

α+
λ

α+α+
⋅+

α+
λ

α+
λ

=

#####

"

"

QAQ

QAQTQQ

 

where 

( ) ( ) ( ) ( ) ( ) ( ) ,4
3

34
23

234
1234,1 131212131 QTQTQQA

α+
λ+

α+α+
⋅+

α+α+α+
⋅⋅=  

( ) ( ) ( ) ,4
3

34
234,2 23122 QTQQA

α+
λ+

α+α+
⋅=  

( ) ( ) ( ) ( ) ( ) ( ) ,234
123

23
12

2
14,1 413341224 QTQTQAQ

α+α+α+
⋅⋅+

α+α+
⋅+

α+
λ=  

( ) ( ) ( ) .34
23

3
24,2 41234 QTQAQ

α+α+
⋅+

α+
λ=  

Comparing ( ) ( )11, ≥+ nnn  entries of QA with that of AQ, we obtain 

.21 nQQQ === "  Comparing ( ) ( )12, ≥+ nnn  entries of QA with that of AQ, 

we have 
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( ) ( )
( ) ( )

( )
( ) ( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−α++Γ
α++Γ−

−α++Γ
α+Γ−λ −+ nnnn Qnn

nnQnn
nn

,11, !12
1!

!21
!1  

( )
( ) ( ) ( ).!22

!
112121 QTTQnn

nn −
−α++Γ

α+Γ=  (4.10) 

Therefore, 

⎟
⎠

⎞
⎜
⎝

⎛
α++

−
α+

−λ −+ nnnn Qn
nQn

n
,11, 1

1  

( )
( ) ( ) ( )1121211

1 QTTQnn
nn −

α+α++
−= ( ).2≥n  (4.11) 

Dividing the two sides of the equality by ( )
( ) ( ) ,1

1
α+α++

−
nn

nn  we get 

112121,11, 1
1 QTTQQn

nQn
n

nnnn −=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
α+−α++λ −+ ( ).2≥n  (4.12) 

So 

( ) ( )112121121, 11
21 QTTQnQQn

n
nn −−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ α+−α++λ + ( ).2≥n  (4.13) 

If ,0112121 ≠− QTTQ  then ( ) ( ) .1 112121 +∞→−− QTTQn  But the left side of the 

equality is bounded. It is a contradiction. Therefore, .112121 QTTQ =  Furthermore, 

( ).21
1

,11, ≥
−

=
α+
α++

−+ nQn
nQn

n
nnnn  So ,2

1
1212 QQ ′

α+
=  =23Q  

.
1

...,,
3

2
121,12 Q

n
nQQ nn ′

α++
=′

α+ +  Now we suppose that ( )knn +,  entry of 

Q is ( ) ( )
( ) ( ) .!11

1!1
1,1, ++ ′

−α+++Γ
α++Γ−+

= kknn Qnkn
nknQ  Comparing ( +nn,  )1+k  entry 

of QA with that of AQ, we have 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
α+Γ−+
−α+++Γ−

α++Γ+
−α+++Γλ +−++ knnknn Qnkn

nknQnkn
nkn

,11, !1
!21

1!
!12  

( ) ( ) ( ).11212112111211,11,11 kkkkkk QTTQQTTQQTTQ ′−′++′−′+−= ++ "  (4.14) 
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Similarly, we can prove that 

( ) ( )
( ) ( )

( ) ( )
( ) ( ) .!1

!21
1!

!12
,11, knnknn Qnkn

nknQnkn
nkn

+−++ α+Γ−+
−α+++Γ

=
α++Γ+
−α+++Γ  (4.15) 

So 

 knnknn Qn
knQn

kn
+−++ −

+=
α+

α+++
,11, 1

1  ( ).2≥n  (4.16) 

Therefore, 

 ( ) ( )
( ) ( ) .!12

1!
2,11, +++ ′

−α+++Γ
α++Γ+

= kknn Qnkn
nknQ  (4.17) 

Now we complete the proof of Theorem 8. 

Lemma 9 (See [3]). Let ( )HL∈N  be a nilpotent operator, ,0 NIX +λ=  

,0 C∈λ≠  if ( )HL∈",,,, 210 AAAB  satisfy 

(a) ...,2,1,0, =≤ kMAk  and 

(b) ....,3,2,1,100 =+= − kBAXXA kk  

Then .210 "=== AAA  

Theorem 10. Let ( )DHF ∞∈  and ( )zBF ϕ=  be its outer-inner factorization, 

where ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 If for some invertible operator Y, 1−∗
ϕYYM  

admits the matrix representation { ,: NITTT njj +λ==  ,0 C∈λ≠  N is a 

nilpotent matrix, }...,2,1=j  with respect to the basis of ( ),2
1

DA
n

α⊕  then 

( ) ( ( ) ) ( ).ϕ′′=′ MMM zBF AAA ∩  

Proof. By the Main Theorem, there exists an invertible operator Y such that 

( ) .
1

1 ∗−∗ ⊕= z
n

zB MYYM  So ( ) ,
1

111 TMYYMYYMYYMA z
n

zBF
∗−∗

ϕ
−∗−∗ ⊕===  where 
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.1−∗
ϕ= YYMT  Note that .

1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′∈ ∗⊕ z

n
MT A  It is easy to see that ( ) ⊇′ AA  

( ).
1

TM z
n

AA ′⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′ ∗⊕ ∩  Next we prove that ( ) ( ).

1
TMA z

n
AAA ′⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
′⊆′ ∗⊕ ∩  According 

to the method from Theorem 8, we have 

TMA z

n
∗⊕=

1
 

( )( ) ( )( )( )
( ) ( )
( )

( )( )
( ) ( )
( )

( ) ( )
( )

( ) ( )
( )( )

,

!21
!10000

!21
4!1

4
3000

!11
3!1

34
23

3
200

!01
2!1

234
123

23
12

2
10

1

3,11

2,1121

1,113121

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−α++Γ
α+Γ−

α++Γ
α+Γ−

α+

α++Γ
α+Γ−

α+α+
⋅

α+

α++Γ
α+Γ−

α+α+α+
⋅⋅

α+α+
⋅

α+

= −

−

−

%#%####

""

"#%####

""

""

""

Tnn
nn

Tn
nT

Tn
nTT

Tn
nTTT

n

n

n

 

 (4.18) 

where ,1 NIT n +λ=  N is a nilpotent matrix. Suppose that ( ),AQ A′∈  and Q has 

the following form: 

.
00

0

343

24232

1413121

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

#####

"

"

"

QQ

QQQ

QQQQ

Q  (4.19) 

From ,AQQA =  comparing ( ) ( )11, ≥+ nnn  entries of QA with that of AQ, we 

have ( ).111 111 ≥
α++

=
α++ + nQTn

nTQn
n

nn  Since ,1 NIT n +λ=  applying 

Lemma 9, we know that ( ).11 ≥= + nQQ nn  The following process is the same as 

Theorem 8, we omit it. Therefore, we complete the proof of Theorem 10. ~ 

Corollary 11. Let ( )DHF ∞∈  and ( )zBF ϕ=  be its outer-inner 

factorization, where ( ) ( ).101 <<⎟
⎠
⎞⎜

⎝
⎛

−
−= aza

azzB
n

 If for some invertible 
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operator Y, 1−∗
ϕYYM  admits the matrix representation { jjTTT :=  is a Jordan 

block, }...,2,1=j  with respect to the basis of ( ),2
1

DA
n

α⊕  then ( ) =′ FMA  

( ( ) ) ( ).ϕ′′ MM zB AA ∩  

Proof. Since 1TT jj =  is a Jordan block, there exists some C∈λ≠0  such that 

,1 NIT n +λ=  where N is a nilpotent matrix, using Theorem 10, we can get the 

result of Corollary 11. ~ 
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