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Abstract

Let D be the unit disk and AZ(D) (o > -1) be the weighted Bergman

space. In this paper, by constructing an orthonormal basis of A§(D), we

n
prove that the analytic Toeplitz operator Mg ,) is similar to © M, on
1

n
AZ(D) if and only if B(z) has the form B(z):(%)

(0<|a|<1). Then, using the skills of matrix and operator theory
techniques, we characterize the commutant of Mg,).

1. Introduction
Let D and T be the unit disk D ={z e C :|z|<1} and the boundary of D,
respectively. For the Hardy space H 2(D), the mth power of the unilateral shift Tm

is unitarily equivalent to T, ® 1, on H2(D)®C™, since T m is an isometry of
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multiplicity m. Let Aé(D) (o > —1) denote the weighted Bergman space of analytic
functions which belong to Li(D). It is well-known that A§(D) is a closed

subspace of L2(D), and AZ(D) is a Hilbert space. If f e A2(D), then || f ll, 2

1
= UDl f(z)|2dAa(z))2, where dA,(z) =1+ a)(l-|z |2)°‘dA(z), and we denote

by dA the ordinary Lebesgue area measure on D. When o =0, AZ(D) is the

ordinary Bergman space, and the results of the paper are certainly right on Bergman
space.

Let H*(D) denote the algebra of bounded analytic functions on D. For

f e H®, My is an analytic Toeplitz operator on Bergman space defined by

M:g = fg, forany g e Aé(D). M ; is a bounded linear operator on Aé(D), with
[M¢ || =] f], =sup{| f(z)|]:z € D}. Let A'(M¢) denote the commutant of

Mg, ie, A(M¢)={T e £L(A2(D)): TM¢ = M{T}, where £(A2(D)) represents
the collection of all bounded linear operators on Aé(D).

In studying an operator on a Hilbert space, it is of interest to characterize the
operators which commute with a given operator, for such a characterization should
help in understanding the structure of the operator. The commutant of an analytic
Toeplitz operator on the Hardy space and Bergman space has been studied
extensively in the literature, we mention here the papers (see [1-7]), and the books
(see [10, 11, 13]) including an excellent account of the knowledge of operator
theory. In particular, Thomson gave an explicit description of the commutant of Mg

when B is a Blaschke product with two zeros. Cowen described the commutant of
Mg for a finite Blaschke product in terms of the Riemann surface generated by B.
On Bergman space, to characterize the commutant of analytic Toeplitz operators is
very difficult. Zhu obtained a complete description of the reducing subspaces of
multiplication operators on Bergman space induced by Blaschke product with two
zeros using the method of the geodesic midpoint of the two zeros of B(z). In [8], Hu
et al. proved that the analytic Toeplitz operator with finite Blaschke product symbol
on the Bergman space has at least a reducing subspace on which the restriction of the
associated Toeplitz operator is unitary equivalent to Bergman shift. In [9], Stroethoff
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and Zheng discussed the bounded property of product of Hankel and Toeplitz
operators on the Bergman space and answered the Sarason’s problem. In 2007, Jiang
and Li [17] proved that each analytic Toeplitz operator Mg ;) is similar to n +1

copies of the Bergman shift if and only if B(z) is an n + 1-Blaschke product. In this
n

paper, we prove that the analytic Toeplitz operator Mg(z) is similar to ® M, on
1

z-a
l1-az

n
AZ(D) if and only if B(z) has the form B(z) = ( ) (0<|a|<1). Then,

using the matrix skills and operator theory techniques, we characterize the

commutant of Mg(;) on AZ(D).
The following is the Main theorem in the paper.
Main Theorem. Let Aé(D)(oa > —1) be the weighted Bergman space. Then the

n
analytic Toeplitz operator Mg, is similarto ® M, on AZ(D) if and only if B(z)
1

n
has the form B(z) = (f:;zj (0<]al<).

2. Preparation

Lemma 1 (See [13]). For -1 < a < +oo, let P, be the orthogonal projection

f(w)dA, (w)
from L2(D, dA, ) onto A2. Then P, f(z) = J.Dm, zeD.If f e AZ(D),

P, f(z) = f(z), then we have f(z)=J.D%, zeD.
- W

Definition 2. k,(z) = ;2 (-1 < o < +o0) is said to be the reproducing
(1-wz)-*¢
kernel of Aé(D). The kernel k,, has the property f(w)=(f,ky),. for every

we D and f e A2(D). Particularly, | ky(2)[* = (Ky. Kw)y = ﬁ we
@=fw[%)

0\ 2ta
kw _ @Q-|w[?)™2

= the normalized reproducing kernel of Aé(D).
Tkwl @ - wz)2+e

call ky, =
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Lemma 3. Let B(z)= (12_—;2)” (0<|al<l), fy = ‘/%B(Z)@(Z),

n=0,1 ... Then {f }_ , forman orthonomal basis of Aé(D).

Proof. Note that
n
(z-a)' _|@-]al)z
B(Z)_(l—az) _{ 1-az 2

(M), ek @ |a)ke"
_Z[kj( " 1-a)

k=0

_T(n+2+a) ITM+2+a) +a
{fn, fm>‘\/ A2 a) \ mireaa) ¢l

. SN ek @-la) 2k rz-am 1
<Z(kj( a) (1_§Z)k+2+a'(1—52] (1_6—12)2+a>a'

k=0

By computing, we deduce that the function (2+a)(3+a)---(k+1+a)

Zk

(1 _ Uz)k+2+(l

the kth derivative at a, so we get
< 2 ( z-a )m 1 >
= \K+2+a ' — 2 =52+
@-az)frere \1-az) q_az**/,

- Er T |
@2+a)-(k+1+a)| o7k | (1-az)™2* )], _,

is the kernel function in Aé(D) for the functional of evaluation of

. - -
~ 1 kY o~} om0
SR PRy o jz(;(jj ok (z-a) )6zj ((1_§Z)m+2+a ]Lza

_ 1
T2+ a)(k+1+a)

1

(k) m(m=1)---(m+1-(k-j))(z—a)" * D(m+2+a)(M+1+a+ j)a
j (1_§Z)m+2+ou+j Z:a'

—
I M;\-
o
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Therefore,

(o, fm)

:\/F(n+2+a) r(m+2+a)

MT2ra) | Mo ©12 [Fyee

n . 1
x Z(kj(‘a) N R D e T v o (e ey

(1_ az)m+2+a+j

(k] m(m-1)--(m+1-(k- j)z-a)"  Dm+2+a)(M+l+a+ j)aj]
—\ |
i=0

If m = n, then we obtain
(fn, fm)

_Ih+2+a)y L M oy
a nFFJ(rZ:oc) §(2+a)(3+oc)---(k+1+a)(kj(_a) “@-faf?)?

Z=a

) ﬂn(n “1)(n+1- k)(Z—E)”‘k}

(1 _ aj)n+2+ot

+|:W(ljjn(n -1 (n+2- k)(f—ﬁ)n_kﬂ(n +o4 a)a} )

+---+{(7_a_)n(n+2+a)"'(n+1+k+a)ak}

(1 _ az)n+2+k+(x .
_T(n+2+a) (1—|af?)n*2re nl .
= Nr2+a) 2+a)B+a)--(n+1+a) (1_|a|2)n+2+0c =

If m > n, then it is obvious that (f,, f,) =0 which implies that {f,}>_, form an

orthonormal basis of A§(D). O
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3. The Similarity of Analytic Toeplitz Operator

In this section, we prove that the analytic Toeplitz operator M B(2) is similar to

n
@M, on AZ(D).
1

Z—a

Theorem 4. Let B(z) = (ﬁ

n
j (0 <|a]<1). Then the analytic Toeplitz

operator Mgy) is similarto M_, on AZ(D).

zZ—-a
1-az

n
Proof. Let B(z) = ( j (0<la]<1) and B, = %. Then define the

composition operator (see [16]) Cg, : f(z) > f(By), forany f e A§(D). Note

that e, (z) = ,/%z” (n=0,1 2, ..) form the orthonormal basis of the

weighted Bergman space AZ(D). From Lemma 3, we know that f,(z)=

rh+2+a) ~ . ) ) _
Vnr2+a) B(z)ka(z) is an orthonormal basis of A; (D). We define an operator

X = Mg Cg, {en(2)h_g = {fn(2)}o_p, then X is an isometric operator. In fact,
X2" =My Cp, 2" =kaB(2). Since Vi feq(2)} = A(D), Viro {fal(2)} = AZ(D),
i.e., ker X* =10}, so X = MIZaCBa is a unitary operator. Therefore, we have
MB(Z)Xf(z) = B(Z)MEaCBa f(z) = B(z)k, T(B,),
XM n f(z) = MEaCBaMz“ f(z) = kaB(z) f(By)
which means that Mp(;)X = XM n, i.e., Mp(,) is unitarily equivalent to M. O

Lemma 5. Let g (z) = J%zk (k =0,1,..) be the orthonormal

basis of the weighted Bergman space A§(D) (o >-1). Set L; =span{eny. i}
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(j=0,1, .., n=1). Then we have
(i) {€nk+jlko form an orthonormal basis of L;.
() 2=L®L @@Ly,
(iii) L; is a reducing subspace for M -
Proof. (i)

(enk+jv enm+j>

_J‘ F(nk+j+2+a)znk+j F(nm+j+2+oc)znm+j
S JpV(nk + PDIT(2 + o) (nm+ T2 + )

x (L+ o) (1—] z[>)*dA(2).
If kK = m, then

(enk+j7 enm+j>

_10mk+j+2+a) J'lj‘zn 2(nk+)(q _ 2y
_n(nk+j)!r(2+a)(1+°‘) oJo ' (1-r°)*rdrd0

_T(nk+ j+2+a)
~(nk + P)ITR2 +a)

(l+a)Bnk + j+1, o +1) =1,

where B stands for the usual Beta function.

If k = m, without loss of generality, we assume that k > m, then

<enk+j! enm+j>

1+ a)

_1\/F(nk+j+2+cx) r(nm+j+2+a)
TV (k + DITQ2+ o)\ (nm+ T2+ a)

X J.lj. - rn(k+m)+21ein(k_m)e(l— rz)a rdrd® = 0.
0J0

(ii) First, from (i), we know that Lj L Ly, 0 < j=t<n-1. Next suppose
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that

o0 o0
Z Qg + -t Z an_1, kenk+n-1 = 0,
k=0 k=0

oo n-1
from <Z Zajkenk+j, e|> =0 (| =01 ), we have ajk =0 (j =01 ..,n-1
k=0j=0

n

———
k=0,1,..) which implies that 0=0®0®--®0. So A2=Lo®L ®--
® Ly_g.

(iii) It is easy to see that both L; and Lﬁ are the invariant subspaces for Mzn.

U
Theorem 6. Let A2(D) (o > —1) be the weighted Bergman space. Then the

n
analytic Toeplitz operator M n is similar to ® M, on Aé(D).
1

Proof. Set Tj = M p | L (j=0,1, ..., n—=1). Then

n [Tk + j+2+0a) nk+j

Ttk = 23k + DT + @)

I(nk+ j+2+a)(nk+n+ j) .
(Nk + IT(NK + N+ j + 2+ ) "K+n+d0

(3.1)

Define X : A2(D) - Lj such that X jey, = ckjenk+j, where ckj are given by

i (nk + Mk +1+ o)k +a)--(2+a) > 1)
G = (kK + j+1+a)(nk + j+oa)(j+2+a)klj " =77 (3.2)

i _
co—l.

In fact, we claim that X ;M e, = T;X jey. Indeed,

k+1 i
XK T 25 ook = TiCkCoke
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and

[[k+1 ol e ol IF(nk + j+2+a)(nk +n+ j)! .
K+2+o0 Kmkens ] = My (nk + IT(Nk + N+ | + 2+ a) "K#n+ls

From
ij+1_ Fnk+ j+2+a)(nk+n+ j)lk+2+a)
- Tk +n+j+2+a)(nk + j)N(k +1)

: 33
l (3.3)

we can get (3.2).

In the following, we will analyze the coefficient ¢! and prove that

lim ij # 0, .
k—o

Case 1. If k > 1, a > 0, then we consider the equality

(Cj)z _ (nk + Pk +1+a)k+a)--(2+a)
k Mk + j+1+a)(nk + j+a)-(j+2+a)k! ]
_(nk+ j)nk+ j-1)--(k+D(j+1+a)--B+0a)(2+a)
B (nk + j+1+a)(nk+ j+a)-(k+2+a)j
C(j+1+0)-B+a)2+a)k+1) 1
B (nk + j+1+a)j! bkj(oc), (34)
where
bkj(a)=(1+ nko_i j)(u - +°‘j _J---(uﬁ). (3.5)
Note that

j 1+ & 1+ o PN (R
bk]+_1(0t)= nk +n+ j nk+n+j-1 nk + j+1
bl (o) e

1 k+2
n
(1+—CL j
nk+n+ j

_o
k+2
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no

* K+n+j

_Mk+n+) o9
+ no
nk + 2n

which implies that {bkj (o)} is @ monotone increasing sequence, and

o \(-Dk+j-1 j o \(M-Dk+j-1
o (n-)k+j-1
Let f(k) = (1 + —j . Then
nk + j

In f(k)=[(n -k + j—1][In(nk + j + a) — In(nk + j)],

%:(n—l)ln(l+ ¢ )+[(n—l)k+j—1]( : : )

nk + j nk+j+a nk+j
o a \_ [(n=Dk+ j-1]na
=(n 1)In(l+nk+jj kT j+ o) (k£ )" @.7)

Applying the Lagrange mean value theorem, we have

£/(k) nk + j i ha
T U el U A R e ey
nk + j

(n-1a n[(n -1k + j-1]a
nk+j+a (nk+j+oa)nk+j)

a n-j
K+ jroanksjo (38)

So f'(k) >0, and f(k) is a monotone increasing sequence,

n+j-2
f(k) > f(1)=(1+ni‘j) . (3.9)

~ o (n-1)k+j-1
Let g(k)=|1 . Then

+k+2

Ing(k) =[(n -2k + j=1][In(k + 2+ a) = In(k + 2)],
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9k _ o _a _ - 11
g(k) (n 1)In(l+ k +2)+[(n Dkt ] l](k +2+a k +2)
i o _[(n—l)k+j—1]0c
=(n 1)In(1+k+2) k+2+a)k+2)° (3.10)
Applying the Lagrange mean value theorem again, we have
(k) )
g'(k k2 e - a
T I P S A B [ (o B [ ()
k+2
_ (n-Da  [(n-Dk+ j-1]a
T k+2+a (k+2+a)k+2)
_ o 2n—j-1
T k+2+a k+2 = 0. (3.11)
Thus g'(k) = 0, and we get
(n-1)k+j-1
g(k) < k|ilnw(1+k;:‘2) = g De, (3.12)
And we obtain
n+j-2 .
(1+ ¢ j) < lim b)(w) < Do (3.13)

Combining (3.4) with (3.13), we arrive at

(j+1+0)(2+a) . i\2
njle("-o < Jim ()

i j n+j-2
S(J+1+0;])j! (2+a)(nzjf+la) (j=1). (3.14)

If j =0, thenwe get

1 - 0,2 1 n n-2
- - @< < =
(n 1) hS klll (Ck) < ( ) . (315)
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Case2.If k 21, -1 < a < 0, then

j 1+ ¢ 1+ o [ R—
bkl+1(0l): nk+n+j nk+n+j-1 nk +j+1

bJ (a _a
k() 1+k+2
n
[+ 5eg)
nk +n+ j
< o
1+k+2

o n
(1+nk+2n+j)
< .

L, o (3.16)
k+2
We consider the following inequality:
o n o
In(1+ nk +2n + jj _ nln(1+ nk +2n + j)
o (04
In(l+—k+2J In(l+—k+2j
no
nk +2n + j
(04
k+2
o
1+k+2
_ nk + 2n + na <1 (3.17)

nk +2n + j

which implies that

n
o (03
(1+nk+2n+j) <1Jrk+2'

So bkj (o) < bkj (o), and we have

o (n-1)k+j-1 i o (n-)k+j-1
(1+ m) < b/(a) < (l+ KT j) . (3.18)
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. Then

(n-k+j-1
)

Let h(k) = (1+

Inh(k) =[(n-=1)k + j—1][In(k + 2 + a) — In(k + 2)],

and

k+2+a

%_(n—l)ln(1+ )[(n 1)'<+J"1]( 1 _lerZ)

a[(n-1)k + j-1]
<(n_l)k+2_(k+2+oc)(k+2)

o n—1+(n—1)(1+oe)

“k+2 kK+2+a (3.19)
Thus h'(k) < 0, and {h(k)};_; is a monotone decreasing sequence. We have
(n-1)k+j-1
h(k) > I|m (1+ = @ 2) = et Do, (3.20)
Note that
(n-1)k+j-1 11
lim (1+ ¢ ) = e( ”j . (3.21)
k—o0 nk + j
We obtain
1
. 1-= o
eV < Jim bl(a) < e( ”) . (3.22)
kK —o0
Therefore,

(j+1+a)-(2+a)
nj!e(l_%ja

If j =0, then we have

(j+1+a)-(2+a)

njle D (j21. (323

< lim(c))? <
k%oo( k)

1

r.1e(n—_1)(1 . (3.24)

! < lim (c|(2)2 <

(1_lja T ko
nev "
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Finally, according to the above analysis, we deduce that the operator X

(j =0,1, ..., n—1) is bounded and invertible. We obtain

Ti~M; (j=01.,n-1) (3.25)
Furthermore, we have
n
MZH|A§(D):TO®T1®---®Tn_1~(?MZ. (3.26)
]

In order to prove the Main theorem, we introduce the following concepts, an
operator T € £(H) is compact if the image of the unit ball in complex separable

Hilbert space H under T has compact closure. Let K() be the ideal of all compact
operators acting on ‘H and n: L(H) - A(H) = L(H)/K(H) is the canonical
projection of £(H) to Calkin algebra, o.(T) is called the essential spectrum of T,
which is the spectrum of =(T) in A(H) and C\cg(T) is called the Fredholm
domain of T and is denoted by pg(T), and 6.(T) = 61e(T) U o,0(T) (left and right
essential spectrum of T). T is a semi-Fredholm operator if ran T is closed and either
nulT =dimkerT or nulT" = dimker T* is finite. In this case, the index of T is
defined by indT =nulT —nulT* and o}e(T) = 61e(T) N oe(T) is called Wolf
spectrum of T.

Now we prove the Main theorem.
Theorem 7 (Main Theorem). Let A§(D) (o > =1) be the weighted Bergman

n
space. Then the analytic Toeplitz operator Mg, is similar to © M, on Aé(D) if
1

n
and only if B(z) has the form B(z) = (12__;;) (0<Jal<1).

Proof. Suppose that Mg ~ M:n, then Mg is a Cowen-Douglas operator (see

[7]) with index n, and oy,(Mg) = B(T) = T. Therefore, B(z) is an inner function,

but the only inner function in disk algebra is the finite Blaschke product (see [15]).
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From ind(L — Mg)* = n (A € D), B(z) is an n-Blaschke product. Moreover, B(z)

z
1-

n
has the form B(z) = ( ) (0<|al|<1).

a
az
n
Conversely, let B(z) = (%) (0<|a|<1). By Theorems 4 and 6,
n n
Mg(z) ~M_n and M, ~ EPMZ. Therefore, we have Mg, ~ EPMZ. O

4. The Commutant of Some Analytic Toeplitz Operators

In this section, we will characterize the commutant of some analytic Toeplitz
operators using the Main theorem.

Theorem 8. Let F € H*(D) and F = ¢B(z) be its outer-inner factorization,

Z—a

l1-az

n
where B(z) = ( ) (0<|a|<1). If for some 0+ L eC, ¢—A is divisible

by B(z), then A'(Mg) = A'(Mpz)) N A(M,).
Proof. We consider Mg = Mg(;)M,, by Main theorem, we can find an

n
invertible operator Y such that YME(Z)Y’lzC-BM;‘. So A=YMgYl-=
1

n
YM E(Z)Y‘lYM(’;Y‘l = (Jla M,T, where T = YM:;Y’l. For two operators T; and

Ty, if Ty ~T,, then A'(T) = A'(T,). We only need to prove that A'(A) =

*

n
A’(@ M Zj N A'(T). From the condition of theorem, there exists a A = 0 such that
1

~ n n
@—L=B(z)f, then T —Al =@ M,S, and S eA’(@M;‘). So
1 1
n n _ n 2 _ﬂ
A=@M§‘(@M§‘S+Mj=(@M;‘] S+rA @M.
1 1 1 1

Denote the orthonormal basis of Aé(D) by {1, 2+ az, ‘/sz, }
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n n
Suppose A is defined on @ Aé(D), then @ A§(D) has an orthonormal basis
1 1

/%f@o@o@_@o
0@ /T;T’fog)zzcao@m@o

0D0D0® .- @ /%z”

n=0,1 2, ..;.

n
The operator @ M, admits the following matrix representation with respect to the
1

above basis:
i 1
N L 0 0
2
0 340" 0
Su; ;
M =
e 0 0 Zro
0 0 0 0 o
n *
Note that G e A’(@ M Zj if and only if
1

[ 1 21 3-2-1 ~
G J2+a°12 \/(3+a)(2+a)"13 \/(4+a)(3+a)(2+a)°14

2 3-2
o0 & V37o 012 VETaGra)
/ 3
0 0 0 0

0
0

0

/ n
_y
n+1+oa

(n—DIr2+a)
"\ Th+ira)ol Cn

(n-)IF(3+a)

r(n+l+o)lt
(n-)'Tr(4+a)

1Ln-1 °°°

T+l+q)2 obn-2 =~

(n=-1)IT(n+a)
I(n +l+oc)(n—2)!(312

(4.1)

(4.2)
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n
Since T, S € A’(@ M;‘j we have
1

0 T

0 0
T=

0 0

0 S

0 0
S =

0 0
A=@DM;T

0

0

3-2-1

1 21
n \/mle \/(3+a)(2+a)T13 \/(4+a)(3+a)(2+a)Tl4

2 3-2
3+0LT12 V@)@ a)T13
3
E Vara 2

3-21

1 71
51 \/mslz \/(3+(x)(2+a)sl3 \/(4+a)(3+(x)(2+(x)514

2 s 32 s
3+q 12 (4+0)(B+a) 13
3
51 Va1

2 3-2-1

0

0

1
i 1
0 \/2+(1T1 \/

1
Gro)2ro) 2 \/ G G )23
2 3.2
V3ra VG a)G o) 2
3
0 4+ chl

[(-DIT2+a)
ln"(n +1+0$0! Tin

(n—)IF3+a)
V ForTeo

(n-1)!C(4+0)

T(n+l+o)2l M2 )

(n-1)IM(n+a)
VT +1+a)(:_ 2)!T12

(n-)'IT(2+a)
\ I"(n+1+ot)g! Sn
)

(n-D)IT(3+a

T(n+l+o)yn L1 7

[(n-D)T(4+a)
F(n+1+o$§! SLn-2 ‘
(n-1)!IT(n+a)
\/r(n+1+a)(n+?2)!512

[(-DTCro),
T(h+1l+a)ol 01
(n-1)Ir(3+a)

\ F(n+1+a)z Tn2 -
[h-D)Ir(4+a)
F(n+1+o$2! o3 -

(n-1)If(n+ o)
VT F it a) =2} +1+0L)(n—OL Y
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(4.3)

(4._4)

(45)
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n 2
[@M;‘]S:
1
[ 2-1 3.2-1
00 \/(3+oc)(2+a)sl \/(4+a)(3+0c)(2+(x)812
3-2
0 0 0 VaT @ o)t
0 0 0 0
n 2 _n
A=|@®M;|S+1DM;
1 1
-1
0 Ayzig'n * *
—[ 2
|0 0 ) 3gra'” - '
= n
o 0 AR oy prrmal

Comparing (4.5) with (4.7), we have T; = Al,. Thus

[ -1 21 3.2-1
0 k\/zw'" \/(3+0L)(2+a)T12 \/(4+a)(3+a)(2+u)T13
= 2 3-2
0 0 MEraln TG
3
AL 0 0 Mg n
0 0 0 0

[(n—1)r(2 + @)g ]
T(h+1+o)0l Ln-2 7

(n-DITE+a)
T+ 1+ o)l 103

(n=-DIM(h -1+ a)

Tn+ir)(n -3t

(4.6)

*

*

4.7

[(n-1rE+ o) i
T(h+1l+oyor L0t 7
[(h-DIrE+ o)
Th+1+a) Ln-2
(n-D!IT(4+ )
Th+1+a)2t Ln3

T (n—l)!F(n+(x)|
VI(h+1+oa)(n-2)1"

(4.8)
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n
On one hand, if Q A[ElD M;j N .A'(T), then we have
n n n n
QDM; =DBM;Q = QDMT =D M;QT
1 1 1 1
n n
:Q(JPM;T =(‘lBM:TQ:QA= AQ = Qe A(A)
n
which means that A'(@ M ;j NA(T)c A(A).
1

n
On the other hand, if Q € A'(A), then in order to prove A'(A) < A'(@ M;‘]
1

n
N A'(T), we only need to prove Q e A'[@ MZ‘] and we complete the proof of
1

Theorem 8. In fact,

n n
QA:AQ:QG{)M;‘T:@M;‘TQ
n n
= QT G?M; =T (?M;‘Q
n n
= QT elam; =TQ er)M;‘
n
= QT -TQ) ®OM; =0
n
:(JPMZ(T*Q*—Q*T*)zo.

n
Noting that @ M, is an injective operator, we have QT = TQ. Suppose that
1

Q € A'(A), then Q admits the following matrix representation:
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Q Qo Qi3 Qu
0 Q Qx Qu

Q- (4.9)
0 0 Q3 Q3 -

From QA = AQ, we can get

= 1
0 }L\/Z ] (3+ a)(2 + a)QlTl? \/ 5 Q2 QA(L, 4)
0 A Q QA(2, 4)

3+0(

_0 \/T \/7Q23 1/(34_0&)(2 T a) T2Q3 QAL 4) ]

=0 0 Q3 QA(2, 4)

3+0.

where

QAL 4)=\/(4+a)éfal)(2+a)Ql 13 \/(4+a (3+(x Quaiz +
QA(2, 4) = /%Qzﬁz + X\/%ng,

Q)= P 5 %o ey o e
Q2 4) = 752 (o a e

Comparing (n, n+1) (n >1) entries of QA with that of AQ, we obtain
Q =Qy =--=Q,. Comparing (n, n+2) (n > 1) entries of QA with that of AQ,

we have

Q13
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7 (n=1I(n + a) Q B nr(n +1+ o) Q
T(n+1+a)(n-2)! "™ YT(n+2+a)(n -1 <ntn

- \/F(n +n !erunaJr) (0:1)_ 2)! QT2 = T12Qy). (4.10)

Therefore,
= [n-1 n
7*( EAL ‘\/anLnJ

= \/ n(n ~1) (QT12 = T12Q1) (n > 2). (4.11)

(n+1+a)(n+a)

n(n -1)
(n+1+a)(n+a)’

= In+1l+a n+ao
X(],TQn,m—l oL nj = Qo —TpQ (0 22). (4.12)

Dividing the two sides of the equality by \/ we get

So

X(‘/M%Qn,nu - 2+TOLlej =(M-D)(@QT2 ~TQ) (N22). (413)

If QlTlZ - T12Q1 # 0, then ” (n - 1) (QlT].Z - TlZQl) ” — +oo. But the left side of the

equality is bounded. It is a contradiction. Therefore, Q;T;, = T15Qq. Furthermore,

n+1l+a n 1 ,
ﬂWQn,nﬂ = -1-1n (n>2). So Q= 2r g2 Qu=

2 n
—Q, ..., = ,|[——Q4,. Now we suppose that (n, n + k) entry of
3+aQ12 Qn,n+1 n+1+aQ12 pp ( ) entry
_1)!
Qis Qq ik = (n+k—D(n+1+ a)Ql”kJrl. Comparing (n, n+ k +1) entry

C(n+k+1+a)(n-1!
of QA with that of AQ, we have

= [T(n+k +2+a)(n-1)! '(n+k+1+a)(n-2)!
}{\/ (ntr k)+!1“(rJ1r+1+a) Q“'”+k+1_\/ (n: k+—1)+!1“(n+a) Q”‘l'””‘]

= (QUTy ks1 = Ty k1Q1) + (Qr2Tak — TiQi2) + -+ + (QikTaz2 — T12Q1k )- (4.14)



150 Yucheng Li

Similarly, we can prove that

Fn+k+2+a)(n-1)! _T(n+k +1+a)(n-2)!
\/ M+ KT +1+0) Qn'n+k+1‘\/ mrk-Dmnra) -tk (419

So

n+k+1+a n+k
\/T a—Qn,n+k+1 = anfl,nJrk (n>2). (4.16)

Therefore,

\/ N+ +1+a)
Qn,n+k+1 =

TN+ k+2+ o) -Tibke2 (4.17)

Now we complete the proof of Theorem 8.

Lemma 9 (See [3]). Let N e £(H) be a nilpotent operator, Xy = Al + N,
0=xeC, if B, Ay, A, Ay, - € L(H) satisfy

@A <M, k=012, ..and
() AXg = XoA1+B, k=123, ...
Then Ag= A=A =---.

Theorem 10. Let F € H*(D) and F = ¢B(z) be its outer-inner factorization,

_ n
where B(z) = (12_ a‘azj (0 <|a| <1). If for some invertible operator Y, YM [;Y -1

admits the matrix representation T ={T :T;; =Al,+N, 02i1eC, Nis a

n
nilpotent matrix, j =1, 2, ..} with respect to the basis of @ AZ(D), then
1

A(Mg) = A (M) N A(M,).

Proof. By the Main Theorem, there exists an invertible operator Y such that

n n
YMgY = Glr) M;. So A=YMEY ™ = YMg,Y YMay = Glr) MT, where
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n
T=YMQ“? Note that TEA{@M;} It is easy to see that A'(A) o
1

n n
A’(@ M ;j N A'(T). Next we prove that A'(A) A’(@ M ;‘] N A'(T). According
1 1

to the method from Theorem 8, we have

A=@®M;T
1

[ 1 2.1 3-2-1 (n-1)IT(2+a) ]

0 J2+QT1 JG+&X2+G)H2 Tram ™ | faeliego B
[2 [ 32 [ -DIFG+a)

0 0 3ral (4+oc)(3+oc)T12 N Th+1+ o)l T2 -

_ 3 (n-DIF(4+)

SR .

DI+ a)
F(n+1+a)(n-2)! 1

(4.18)

where T; = Al, + N, N is a nilpotent matrix. Suppose that Q € .A'(A), and Q has
the following form:

QA Q2 Qi3 Qu

0 Q Qp Qx

Q- (4.19)
0 0 Q3 Q3 -

From QA = AQ, comparing (n, n+1)(n > 1) entries of QA with that of AQ, we

[ n [ n . .
have anTl = mTlQ“” (n>1). Since T; = Al, + N, applying

Lemma 9, we know that Q, = Q.4 (n >1). The following process is the same as
Theorem 8, we omit it. Therefore, we complete the proof of Theorem 10. O
Corollary 11. Let FeH®(D) and F =¢B(z) be its outer-inner

z—-a
l1-az

n
factorization, where B(z):( ) (0O<|a|<1). If for some invertible
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operator Y, YMf;Y ~1 admits the matrix representation T = {T : Tj; is a Jordan

n
block, j=1,2, ..} with respect to the basis of @ A2(D), then A'(Mg)=
1

A'(Mg(z)) N A (Mg).

Proof. Since Tj; = T is a Jordan block, there exists some 0 % € C such that

Ty = Al + N, where N is a nilpotent matrix, using Theorem 10, we can get the

result of Corollary 11. O

[1]

(2]

(3]

[4]

(5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

References

M. Stessin and K. H. Zhu, Generalized factorization in Hardy spaces and the
commutant of Toeplitz operators, Canad. J. Math. 55(2) (2003), 379-400.

C. C. Cowen, The commutant of an analytic Toeplitz operator, Trans. Amer. Math.
Soc. 239 (1978), 1-31.

J. A. Deddens and T. K. Wong, The commutant of analytic Toeplitz operators, Trans.
Amer. Math. Soc. 184 (1973), 261-273.

E. Nordgren, Reducing subspace of analytic Toeplitz operators, Duke Math. J. 34
(1967), 175-181.

J. Thomson, The commutant of certain analytic Toeplitz operators, Proc. Amer. Math.
Soc. 54 (1976), 165-169.

K. H. Zhu, Reducing subspaces for a class of multiplication operators, J. London
Math. Soc. 62(2) (2000), 553-568.

C. L. Jiang, Similarity classification of Cowen-Douglas operators, Canada J. Math.
156(4) (2004), 742-775.

J. Y. Hu, S. H. Sun, X. M. Xu and D. H. Yu, Reducing subspace of analytic Toeplitz
operators on the Bergman space, Integr. Equ. Oper. Theory 49 (2004), 387-395.

Karel Stroethoff and Dechao Zheng, Products of Hankel and Toeplitz operators on the
Bergman space, J. Funct. Anal. 169 (1999), 289-313.

J. B. Conway, Subnormal operators, Research Notes in Math., 51, Long-Boston-
Melbourne, Pitman Books Ltd., 1981.

R. G. Douglas, Banach Algebra Techniques in Operator Theory, Academic Press, New
York, 1972.

C. L. Jiang and Z. Y. Wang, Strongly irreducible operators on Hilbert space, Research
Notes in Math. 389, Longman, Harlow, Essex, 1998.



[13]

[14]

[15]
[16]

[17]

The Similarity and Commutant of Analytic Toeplitz Operators ... 153
H. Hedenmalm, B. Korenblum and K. H. Zhu, Theory of Bergman space, Vol. 199 of
Graduate Texts in Mathematics, Springer-Verlag, 2000.

M. J. Cowen and R. G. Douglas, Complex geometry and operator theory, Acta Math.
141 (1978), 187-261.

J. B. Garnett, Bounded Analytic Functions, Academic Press, Inc., New York, 1981.

J. H. Shapiro, Composition Operators and Classical Function Theory, Springer-Verlag,
New York, 1993.

C. L. Jiang and Y. C. Li, The commutant and similarity invariant of analytic Toeplitz
operators on Bergman space, Science in China Series A 50(5) (2007), 651-664.



