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Abstract 

Let ( )Gα′  and ( )Gβ′  be the matching number and edge covering 

number, respectively. The Kronecker product 21 GG ⊗  of graphs of 

1G  and 2G  has vertex set ( ) ( ) ( )2121 GVGVGGV ×=⊗  and edge 

set ( ) {( ) ( ) ( )121221121 GEuuvuvuGGE ∈|=⊗  and ( )}.221 GEvv ∈  

In this paper, let G be a simple graph of order m, we prove that 

( ) ( )
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢α′=⊗α′ 2,max nmGnGPn  

and 

( ) ( ) .2,min
⎭⎬
⎫

⎩⎨
⎧

⎥⎥
⎤

⎢⎢
⎡β′=⊗β′ nmGnGPn  
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1. Introduction 

In this paper, graphs must be simple graphs which can be trivial graphs. 
Let 1G  and 2G  be graphs. Then the Kronecker product of graphs 1G  and 

,2G  denoted by ,21 GG ⊗  is the graph that ( ) ( ) ( )2121 GVGVGGV ×=⊗  

and ( ) {( ) ( ) ( )121221121 GEuuvuvuGGE ∈|=⊗  and ( )}.221 GEvv ∈  

In [1], there are some properties about Kronecker product of graphs. We 
recall here. 

Proposition 1.1. Let ( ) ( )( ).,21 HEHVGGH =⊗=  Then 

  (i) ( )( ) ( ) ( )( )( ),21 GVnGVnHVn =  

 (ii) ( )( ) ( ) ( )( )( ),2 21 GEnGEnHEn =  

(iii) for every ( ) ( ) ( )( ) ( ) ( ).,,,
21

vdudvudHVvu GGH =∈  

Note that for any graph G, we have .1221 GGGG ⊗≅⊗  

Theorem 1.2. Let 1G  and 2G  be connected graphs. Then the graph 

21 GGH ⊗=  is connected if and only if 1G  or 2G  contains an odd cycle. 

Theorem 1.3. Let 1G  and 2G  be connected graphs with no odd cycle. 

Then 21 GG ⊗  has exactly two connected components. 

Next we get that general form of graph of Kronecker product of nP  and 

any simple graph. 

Proposition 1.4. Let G be a connected graph of order m. Then the graph 
of 

GPn ⊗   is  ∪
1

1

,
−

=

n

i
iH  

where ( ) 1+= iii WWHV ∪  for ;1...,,2,1 −= ni  ( ) ( ) ( );,...,,2,,1, miiiWi =  

( ) ( ) ( ) ( ){ }.,1, GEuvviuiHE i ∈+=  Moreover, if G has no odd cycle, then 

for each iH  has exactly two connected components isomorphic to G. 
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Example. 

 
Figure 1. The graphs of 13 GP ⊗  and .23 GP ⊗  

Next, we give the definitions about some graph parameters. A subset of 
the edge set E of G is said to be matching or an independent edge set of G, if 
no two distinct edges in M have a common vertex. A matching M is 
maximum matching in G if there is no matching M ′  of G with .MM >′  

The cardinality of maximum matching of G is called the matching number of 
G, denoted by ( ).Gα′  

An edge of graph G is said to cover the two vertices incident with it, and 
an edge cover of a graph G is a set of edges covering all the vertices of G. 
The minimum cardinality of an edge cover of a graph G is called the edge 
covering number of G, denoted by ( ).Gβ′  

By definitions of matching number, edge covering number, clearly that 

( ) ⎥⎦
⎥

⎢⎣
⎢=α′ 2
nPn  and ( ) .2 ⎥⎥

⎤
⎢⎢
⎡=β′ nPn  

2. Matching Number of the Graph of GPn ⊗  

We begin this section by giving the definition and theorem for 
alternating path and augmenting path, Lemma 2.2 that shows character of 
matching for each .iH  
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Definition 2.1. Given a matching M, an M-alternating path is a path that 
alternates between edges in M and edges not in M. An M-alternating path 
whose endpoints are unsaturated by M is an M-augmenting path. 

Theorem 2.1 [2]. A matching M in a graph G is a maximum matching in 
G if and only if G has no M-augmenting path. 

Next, we give Lemma 2.2 which shows character of matching for each 
.iH  

Lemma 2.2. Let ∪
1

1
.

−

=
=⊗

n

i
in HGP  Then for each ,iH  ( ) ( ).2 GHi α′=α′  

Proof. Suppose G has no odd cycle, by Proposition 1.4, we get 
.2GHi =  So ( ) ( ).2 GHi α′=α′  

If G has odd cycle, then for each ,iH  vertices ( ) ii Wvu ∈,  and 

( ) 11, ++ ∈ ii Wvu  have ( )( ) ( )( ) ( ).,, 1 vdvudvud GiHiH ii
== +  Let =

−

=
∪

1

1

n

i
iH  

( )eGPn −⊗  when e  is an edge in odd cycle and M be the maximum 

matching of G. We get ( ),2 eGHi −=  then 

( ) ( )
( )[ ]

( )⎪⎩

⎪
⎨
⎧

α′

−α′
=−α′=α′

otherwise.,2

,inisif,12
2

G

MeG
eGHi  

When we add e  comeback, we get ( ) ( ) .1+α′=α′ ii HH  Hence ( )iHα′  

.2 Gα′=  ~ 

Next, we establish Theorem 2.3 for a matching number of .GPn ⊗  

Theorem 2.3. Let G be a connected graph of order m. Then ( )GPn ⊗α′  

( ) .2,max
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢α′= nmGn  

Proof. Let ( ) { },...,,2,1, niuPV in ==  ( ) { },...,,2,1, mjvGV j ==  

{( ) ( ) },...,,2,1, mjGPVvuS njii =⊗∈=  ni ...,,2,1=  and since ( )nPα′  
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.2 ⎥⎦
⎥

⎢⎣
⎢= n  Let ( ) ,kG =α′  assume that the maximum matching of ,nP  G be 

,...,,,
2212243211
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=
⎥⎦
⎥

⎢⎣
⎢−⎥⎦

⎥
⎢⎣
⎢ nn uuuuuuM  { },12...,,3,112 −== + kjvvM jj  

respectively. 

By Lemma 2.2, we have ( ) ( ).2 GHi α′=α′  Since GPn ⊗  is ∪
1

1

−

=

n

i
iH  

which have matching in ,...,,,
12231 −⎥⎦

⎥
⎢⎣
⎢nHHH  ( ) ( ).GnGPn α′≥⊗α′  

By definition of matching, we get another matching of GPn ⊗  is the set 

of edges such that incident with vertices in iS  and .122...,,3,1,1 −⎥⎦
⎥

⎢⎣
⎢=+

niSi  

So ( ) .2 ⎥⎦
⎥

⎢⎣
⎢≥⊗α′ nmGPn  

Hence ( ) ( ) .2,max
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢α′≥⊗α′ nmGnGPn  

 

Figure 2. The matching M when ( ) ⎥⎦
⎥

⎢⎣
⎢>α′ 2
nmGn  and n is odd. 
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If ( ) ,2 ⎥⎦
⎥

⎢⎣
⎢>α′ nmGn  suppose that ( ) ( ),GnGPn α′>⊗α′  then there exists 

a matching M is an augmenting path. That is not true because each vertices in 
GPn ⊗  always incident with edges in 

{( ) ( ) }

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−==

−⎥⎦
⎥

⎢⎣
⎢=

++∪
122,3,1

11 12...,,3,1,,
ni

jiji kjvuvuM  

{( ) ( ) }

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

−⎥⎦
⎥

⎢⎣
⎢=

−+∪∪

122...,,3,1

11 2...,,4,2,,
ni

jiji kjvuvu  

and another edges which are not in M: 

{( ) ( ) }

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−==

⎥⎦
⎥

⎢⎣
⎢=

++∪
22,4,2

11 12...,,3,1,,
ni

jiji kjvuvuN  

{( )( ) } ,2...,,4,2,,

22,4,2

11

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

=

⎥⎦
⎥

⎢⎣
⎢=

−+∪∪
ni

jiji kjvuvu  

so the endpoints of M are saturated by M. 
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Figure 3. The matching M when ( ) ⎥⎦
⎥

⎢⎣
⎢<α′ 2
nmGn  and n is odd. 

If ( ) ,2 ⎥⎦
⎥

⎢⎣
⎢<α′ nmGn  suppose that ( ) ,2 ⎥⎦

⎥
⎢⎣
⎢>⊗α′ nmGPn  it is not true 

because every iS  have .mSi =  Hence ( ) ( ) .2,max
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢α′=⊗α′ nmGnGPn  

 ~ 

3. Edge Covering Number of the Graph of GPn ⊗  

We begin this section by giving Lemma 3.1 that shows a relation of 
matching number and edge covering number and Lemma 3.2 that shows 
character of edge cover number for each .iH  

Lemma 3.1 [2]. Let G be a simple graph of order n. Then ( ) ( )GG β′+α′  
.n=  

Lemma 3.2. Let ∪
1

1
.

−

=
=⊗

n

i
in HGP  Then for each ,iH  ( ) ( ).2 GHi β′=β′  
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Proof. Suppose G has no odd cycle, by Proposition 1.4, we get 
.2GHi =  So ( ) ( ).2 GHi β′=β′  

If G has odd cycle, then for each ( ) ,,1 ii Wvu ∈+  ( ) 11, ++ ∈ ii Wvu                   

in ( )iHV  we have ( )( ) ( ) ( ).,, 1 vdvudvud GiHiH ii
== +  Let ∪

1

1

−

=
=

n

i
iH  

( )eGPn −⊗  when e  is an edge in odd cycle and C be the minimum edge 

covering set of G. We get ( ),2 eGHi −=  then 

( ) ( )eGHi −β=β 2  

( )[ ] ( ) ( )

( )[ ] ( ) ( )

( )⎪
⎪
⎩

⎪⎪
⎨

⎧

β

≥≥∈=−β

>>∈=+β

=

otherwise.,2

,1or1withif,12

,1and1withif,22

G

ydxdCxyeG

ydxdCxyeG

 

When we add e  comeback, in the case ( ) ( ) ,1−β′=−β′ GeG  we get 

( ) ( ) .1+β′=β′ ii HH  And in the case ( ) ( ) ,2+β′=−β′ GeG  we get =e  

Cxy ∈  of G replace edges ux, yv (edge cover of ),eG −  so ( )eG −β′  

( ) .2−β′= G  

Hence ( ) ( ).2 GHi β′=β′  ~ 

Next, we establish Theorem 3.3 for a minimum edge covering number of 
.GPn ⊗  

Theorem 3.3. Let G be a connected graph of order m. Then ( )GPn ⊗β′  

( ) .2,min
⎭⎬
⎫

⎩⎨
⎧

⎥⎥
⎤

⎢⎢
⎡β′= nmGn  

Proof. Let ( ) { },...,,2,1, niuPV in ==  ( ) { },...,,2,1, mjvGV j ==  

{( ) ( ) } nimjGPVvuS njii ...,,2,1,...,,2,1, ==⊗∈=  and since ( )nPβ′  

.2 ⎥⎥
⎤

⎢⎢
⎡= n  Let ( ) ,kG =β′  assume that the maximum matching of G be ,2M  
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and minimum edge covering set of GPn ,  be 

{ }

{ }⎪⎩

⎪
⎨
⎧

=
−−−

−

odd,iswhere,,...,,,

even,iswhere,...,,,

1124321

14321
1

nuuuuuuuu

nuuuuuu
C

nnnn

nn
 

{ mkkjvvMC j ...,,22,1222 ++== ∪  and v is some endvertex 

of matching in },2M  respectively. 

By Lemma 3.2, we have ( ) ( ).2 GHi β′=β′  Since GPn ⊗  is ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −

=
∪

1

1

n

i
iH  

which have edge cover in ,...,,,
12231 −⎥⎥

⎤
⎢⎢
⎡nHHH  ( ) ( ).GnGPn β′≤⊗β′  

Since definition of edge cover, we get another edge cover of GPn ⊗  is 

set of edges, such that incident with vertices in iS  and ,1+iS  ...,,3,1=i  

.122 −⎥⎥
⎤

⎢⎢
⎡n  So ( ) .2 ⎥⎥

⎤
⎢⎢
⎡≤⊗β′ nmGPn  

Hence ( ) ( ) .2,min
⎭⎬
⎫

⎩⎨
⎧

⎥⎥
⎤

⎢⎢
⎡β′≤⊗β′ nmGnGPn  

 

Figure 4. The edge cover when ( ) ⎥⎥
⎤

⎢⎢
⎡<β′ 2
nmGn  and n is odd. 
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If ( ) ,2 ⎥⎥
⎤

⎢⎢
⎡<β′ nmGn  suppose that ( ) ( ),GnGPn β′<⊗β′  then there exist 

edges xy in edge covering of each ,...,,,
12231 −⎥⎥

⎤
⎢⎢
⎡nHHH  which is endvertex 

x and y incident with another edges in edge covering of each ...,,, 31 HH  

,
122 −⎥⎥

⎤
⎢⎢
⎡nH  it not impossible. 

 

Figure 5. The edge cover when ( ) ⎥⎥
⎤

⎢⎢
⎡>β′ 2
nmGn  and n is odd. 

If ( ) ,2 ⎥⎥
⎤

⎢⎢
⎡>β′ nmGn  suppose that ( ) ,2 ⎥⎥

⎤
⎢⎢
⎡>⊗β′ nmGPn  that is not true 

because every iS  have .mSi =  

Hence ( ) ( ) .2,min
⎭⎬
⎫

⎩⎨
⎧

⎥⎥
⎤

⎢⎢
⎡β′=⊗β′ nmGnGPn  ~ 

By Theorem 2.3 and Lemma 3.1, we can also show that 

( ) ( ) mnGPGP nn =⊗β′+⊗α′  
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( ) ( ) mnGPnmGn n =⊗β′+
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢α′ 2,max  

( ) ( )
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢α′−=⊗β′ 2,max nmGnmnGPn  

( )
⎭⎬
⎫

⎩⎨
⎧

⎥⎦
⎥

⎢⎣
⎢−α′−+= 2,min nmGnmn  

( )( )
⎭⎬
⎫

⎩⎨
⎧ ⎟

⎠
⎞⎜

⎝
⎛

⎥⎦
⎥

⎢⎣
⎢−α′−= 2,min nnmGmn  

( ) .2,min
⎭⎬
⎫

⎩⎨
⎧

⎥⎥
⎤

⎢⎢
⎡β′= nmGn  ~ 
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