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Abstract

For free St-actions on spaces in the rational homotopy type of a space

X, a classification by a poset P is given. It is constructed with

x,st
respect to certain subgroups of 8(XQ), the group of homotopy

classes of homotopy self-equivalences of the rationalized space Xg,

associated to S* -equivariant structures.

1. Introduction

Puppe [8] gave a classification of st -actions on a space X having fixed
points by Gerstenhaber’s deformation [3, 4] of cohomology algebra. In this

note, we give a classification of free st -actions on X from Klein’s point of
view that geometric properties are characterized by their remaining
invariant under the transformations of the principal group [7]. Here the
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principal groups are given by the subgroups of £(Xq) preserving st -actions,
where S(XQ) is the group [9] of homotopy classes of homotopy self-

equivalences of a space Xq, the rationalization of X [6].

For a free S'-action p on a space Y in the rational homotopy type of a
simply connected space X, we put &( p@) the set of fibrewise self-
equivalences f of the rationalized Borel fibration pg :(ES1 x:l Y)Q - BS%;D,

which satisfies pg o f = pg. Put £,(Xg) the image of the natural

homomorphism induced by fibre restrictions

We are interested in the set EX’51 = {gu(XQ)}u of subgroups of £(Xg).
We define a class of free S!-actions by [u] = [t] when Eu(Xqg) = &€:(Xg)
in &(Xg) and define [u] < [t] when there is an inclusion i: &, (Xg) —

E:(Xg) in &(Xg). Thus we have a poset of such classes of free st -actions
on spaces Y in the rational homotopy type of X, added with [trivial] for the

trivial St -action on X,

Py =il <

Here “[u] < [t]” means that the action p is ‘stronger’ than 1. In particular, we

put [u] < [trivial] for any free S-action p. In this note, we consider Py st

only for free st -actions, but it must be suitable for general st -actions.
In Section 3, we give the examples in cases

(1) $?xS%, (2 s3xs®xs?  (3) s*xsfxs?

for X. In Section 4, we define the Sl-depth of a space as a numerical
invariant in rational homotopy.
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2. Sullivan Model

Let X be a simply connected finite CW complex with the Sullivan
minimal model M(X)=(AV,d) [11]. It is a free @Q-commutative

differential graded algebra (DGA) generated by the Q-graded vector space
V = @izzv‘ of finite type, in which the differential d is decomposable; i.e.,

d\V)c A°% and d o d = 0. Denote the degree of a homogeneous element

x of a graded algebra as | x| Note that M(X) determines the rational
homotopy type of X. In particular, H*(M(X))= H*(X; Q) and V" =
Hom(r,(X), Q) for any n. Refer to [1] for details.

When the circle S acts on X by u: slux - X, the model of the

Borel fibration X — ES? xgl X — BS! is given by a relative Sullivan
algebra
Pt
(Qlt} 0) > QI ® AV, D) > (A, d) (¥
with [t| =2, Dt = 0 and Dv = dv modulo the ideal (t) for v e V.

Proposition 2.1 [5, Proposition 4.2]. For a finite simply connected

complex X, there is a free st -action on a finite simply connected complex Y
with Yo = Xg if and only if there is a relative Sullivan algebra () satisfying

dimH*(Q[t] ® AV, D) < w.

For the group of DGA-homotopy classes of DGA-automorphisms
Aut(AV, d) of (AV, d), it folds that

£(Xg) = Aut(AV, d)

[11]. Denote by Aut(Q[t]® AV, D) the group of DGA-homotopy classes
of DGA-automorphisms f of (Q[t] ® AV, D) with f(t) =t. Then

£(pg) = Aut(Qt] ® AV, D)
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and F, : E(pg) = &(Xq) is equivalent to
F\ - Aut (Q[t]® AV, D) — Aut(AV, d)

with Fi(f)(v) = p(f(v)) forveV.
3. The Examples

(1) When X =52x53  M(X)=(A(v, u, up), d) with |v|=2,
|up|=|up| =3 dv=du, =0 and du; =v? Put a relative Sullivan
algebra (*) by

2

Du; =v + at?, Du, =vt, aeQ =Q-{0}

and suppose that certain st -actions w and p, make o e((@*)2 and
o ¢ (Q*)Z, respectively. Then the Hasse diagram

[trivial]

e ~
(1] [112]
is induced by the inclusions
&(Xo)
7 AN
e N
// N
‘fu{xf&"} tl {\ )

Indeed, for the basis v, uj, up, we can represent as

a

E(Xg) = a? clabeQceQl=Q"xQ" xQ,
b

Eu (Xg) = a® , raeQ*! = Q" when o e (Q*)?
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+1
Eu,(Xg) = { 1 J =~ 7, (= {+1}) when o ¢ (Q*)?
+1

since o € (Q*)? if and only if (Q[t]® AV, D)= (Q[t]® AV, D) with
D'y = v2 and D'u, = t2. (Mimura-Shiga, Bull. Belg. M.S.S.).

(2) When X =53x5°xS% M(X) = (A(v, Vo, V3), 0) with |v; | =3,
|vo|=5,|v3|=9. Then the group of DGA-automorphisms Aut(AV, 0)

=Q"xQ" xQ" ={(a, ay, a3)|a; € Q*} with f(v;) = av; for i =1, 2, 3.
Then the Hasse diagram of inclusions of &

is
X, st
* e @:3 < Qx
=7 s
i1 ,// . ~._ 3
// (5] -
//’J - -
Q* x Q* Q* x Q* Q* x Q*
Til

where ij(a, b)= (1 a, b), ix(a,b)=(a,1b), iz(a, b)=(a, b,1) and is(a) =
(a,al) for a, beQ*. The actions p;:Six X — X with £ (Xq)
= Q" xQ" are given by Dy; =t" and Dvj =0 for j =i (i =1 2, 3) with
m =2,n, =3, n3 =5, respectively. Also, from Proposition 2.1, a free
action p4 is guaranteed by the model of Dvz = vyt +1°, where
Euy(Xg) = Q". The elements of £,,(Xg) are represented by a e Q"
such that f(v;)=ay, f(v,)=a v, and f(v3)=vs. (It is given by a
perturbation of the differential Dvy = t° of the model of the action us.)

Thus there is given the Hasse diagram of the poset PX gl =

{[trivial], [ug], [m2], [1a] [mal} as



186 Toshihiro Yamaguchi
[trivial
/f \“\
/ T \\\

[11] [112] [1e3]

(3) When X =S%x 58 xs?,
M(X) = (AV, d) = (A(vy, v, Uy, Uz, U3), d),
where |vy| =4, |vp|=6, |u|=7, |up|=11 |uz|=9, dvj =dug=0,
du; = v12 and du, = v%. The model of the Borel space ES! xgl Y is given

by Dv; = Dv, =0 and
Dy, = v12 +ag Vot + 2v1t2 +ag 3t4,
Du, = vg + a2,1v2t3 + a211v1t4 + a213t6,
Duz = a311v2t2 +ag 2v1t3 +ag 3t5,
where Du;, Duy, Dug is a regular sequence in Q[vj, vo, t] and & € Q.

That is, the necessary and sufficient conditions for dim H*(Q[t]® AV, D)
< o, Then the algebraic set V(Duj, Du,, Dug) in cd is (0, 0, 0) [10,
Lemma 3.5]. Furthermore, we can assume that the coefficients &; j are 0 or
+1 for our purpose. Recall £(Xg) = Aut(AV, d) is represented for the

basis Vi, Vo, Up, U, U3 asS

a

a ca,b,ceQr={(ah c)=Q" xQ" xQ".
b2
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Then the Hasse diagram of inclusions of SX ol is given by the direct

calculations as

Q* x Q* x ‘@*1
-\—‘—H-\-\-‘-\-‘-‘-\-H-H""--\__
(Q* x Zs)s — Q* x Q* . (Q* x Zo), (Q* x Za)s
. (Zg X ZQ)] (Zz X Z‘Z)?

where Qp, is Q" and Zj , is Z, = {1} for any index n. All the groups
are given by the following relative Sullivan algebras. First, if Du; = v12,

Du, =v3 and Dug =t°, then &, ={(a b,1)|a, beQ*}=Q"xQ"
Next, we have the tables as

Q* xZy Dug Dusy Dug T
Q" x Zy), v VB ot8 | w2 | &g =i(a £ £D)
(Q" x Zy), v -t V3 vt Er, = {(£1 b, +1)}
(Q" xZy), v V3 +18 t° £ = 1{(a £1, 1)}
Q" xZy), v+t V3 t° £, = (=L b, 1)}

Ly x L Dy Du, Dug B
(Za x Za) v +tt | vE—t® Vot Ep, = (e, £1 1)}
(Zo xZp)y | vE—t* | v&+1® yt® Ep, = {(£1 &, 1)}
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Here ¢ means 1 or —1.

Q" | Dbu Du; Dus Hi

Q Vi v3 +yt? t2 Ey = {(62, b, 1)}

Q| v V3 ytd + 15 | Ep, =1L b, 1)}

Q3 V2| V3 4 vt £ Euy =1(a, 8, 1)

Q| v V3 vt2 + 5 | €, = 1@ 1 D)}

Q5 [V +vet| v | €&, =(aa% D)
Ly Du; Duy Dus Yi
Zy,1 V2 + vt V3 vpt? + 1% | &y ={(#L 1 1)}
Z3,2 v Vivt? | vt at® | &y, =10 L D)
23,3 v V3 +t8 | wtd vt? |y = {(HL £ 1))
23,4 vEatt | vE et Vyt? Ey, =1L £1 1)}
Zas | vE—t* | V&4t yt® £y = (=11, £1)}
Z3,6 Vot | V3wt t° Eye = (L £1 1)}

Finally, if Du; = vf, Du, = vg and Dug = v1t3 + v2t2 +1°, then &y =
{1,141} =e
Thus there are 19-type free st -actions with

Py gt = ltrivial] o], [u] . [14] [Ba] [B2] ) -, [ws) [a) o [ve ) [l

and the Hasse diagram is
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[trivial]

[m3] ———= ¢

4. st -depth

Define the St -depth of X as the height of Hasse diagram of PX ol i.e.,

st-depth(X ) := max{n|[trivial] > (i ] > iy 1> > [, ]
for Py g ={luili}-

Of course, Sl-depth(x) = 0 if the rational toral rank [5] of X is zero and

st-depth(X ) = = if there does not exist such an integer. Since £((X x Y)g)
> E(Xg)x E(Yg) as groups, we have

Sl-depth(X x Y) > S-depth(X )+ St-depth(Y).

We easily see S-depth(S* x S® x $3) = 1. On the other hand, in Section
3(3), we have Sl-depth(s4 x 6 x 89) =5 from

[trivial] > [o] > [t4] > [up] > [v2] > [x]

(or [trivial] > [a] > [t3] > [ua] > [1a] > [x]).
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Example 4.1. S*-depth(S3 x 8% x 8% x s1¥ x 519 > 5,

Indeed, we put the model (A(vy, Vo, V3, Vg4, V5), 0) with |vy|=3,
|vo|=5,]v3|=9,|vs|=13 and |vg | = 19.

If uy is given by Dv; = Dv, = Dvg = Dvy =0 and Dvg = t19, then
&y ={@bcdl;abcde Q1 =Q"xQ"xQ*xQ".

If uy isgivenby Dv; = Dv, = Dvg = Dv4 = 0 and Dvg = v1v4t2 +1%0,
then £, = {(a b, c, al, 1)} = Q" xQ" xQ".

If nug is given by Dv; = Dvp = Dv3 = Dv4 =0 and Dvg = v1v4t2 +
v2v3t3 + 10 then Eug = (a b, bt al 1) =Q" xQ"

If ng is given by Dvy = Dv, = Dv3 =0, Dvy =wvvgt and Dvg =
v1v4t2 + v2v3t3 +110, then £, =1 a’,a?, at 1)} = Q"

If pg is given by Dv; = Dvy, =0, Dvy =vvt, Dvg =vvgt and
Dvg = v1v4'[2 + v2v3t3 + tlo, then & g = {1,111} =e

Thus we have

[trivial] > [y ] > [ua] > [ug] > [ma] > [us]

from the sequence of Ex oL

@*Xs 5 Q*X4 > Q*Xg 5 Q*XZ ) Q* S e
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