
  

Universal Journal of Mathematics and Mathematical Sciences 
Volume 1, Number 1, 2012, Pages 41-55 
Published Online: December 2011 
Available online at http://pphmj.com/journals/ujmms.htm 
Published by Pushpa Publishing House, Allahabad, INDIA 

 

 HousePublishingPushpa2012©  
2010 Mathematics Subject Classification: 34B10, 34B15, 34B18.

 Keywords and phrases: symmetric positive solution, multiplicity, three-point boundary value 
problem, fixed point theorem, cone. 
This work is supported by NSF of China (No. 10771001), NSF of Anhui Province (No. 
KJ2009A49, No. 090416237), Talent Foundation of Anhui Province Education Department 
(No. 05025104), Research Fund for the Doctoral Program of Higher Education 
(20103401120002), and 211 Project of Anhui University (02303129, KJTD002B). 

*Corresponding author 
Communicated by Haydar Akca 
Received October 2, 2011 

EXISTENCE AND MULTIPLICITY OF SYMMETRIC 
POSITIVE SOLUTIONS FOR THREE-POINT 

BOUNDARY VALUE PROBLEM 

Zheng Wu and Lianglong Wang* 

School of Mathematical Science 
Anhui University 
Hefei, 230039, P. R. China 
e-mail: wangll@ahu.edu.cn 

Abstract 

This paper is concerned with the existence and multiplicity of 
symmetric positive solutions for the following second-order three-
point boundary value problem: 

( ) ( ) ( )( ) ,10,0, <<=+′′ ttutftatu  

( ) ( ) ( ) ( ) ,2
110,1 ⎟
⎠
⎞⎜

⎝
⎛=′−′−= uuututu  

where ( ) [ )∞→ ,01,0:a  is symmetric on ( )1,0  and may be singular 

at 0=t  and ,1=t  [ ] [ ) [ )∞→∞× ,0,01,0:f  is continuous and 
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( )uf ,⋅  is symmetric on [ ]1,0  for all [ ).,0 ∞∈u  By using Leggett-

Williams’ fixed point theorem, sufficient conditions are obtained that 
guarantee the existence of at least three symmetric positive solutions 
to the above boundary value problem. As applications, three examples 
are given to illustrate the main results and their differences. 

1. Introduction 

The existence and multiplicity of positive solutions for second-order 
nonlinear boundary value problem have been studied by many authors using 
the fixed point theorems, see [1-3] and the references therein. 

In this paper, the existence of symmetric positive solutions for the 
following second-order three-point boundary value problems (BVP): 

( ) ( ) ( )( ) ,10,0, <<=+′′ ttutftatu  (1.1) 

( ) ( ) ( ) ( ) ,2
110,1 ⎟
⎠
⎞⎜

⎝
⎛=′−′−= uuututu  (1.2) 

is studied, where ( ) [ )∞→ ,01,0:a  is symmetric on ( )1,0  and may be 

singular at 0=t  and ,1=t  [ ] [ ) [ )∞→∞× ,0,01,0:f  is continuous and 

( )uf ,⋅  is symmetric on [ ]1,0  for all [ ).,0 ∞∈u  

The three-point boundary value problems for ordinary differential 
equations arise in a variety of applied mathematics and physics. For instance, 
the vibrations of a guy wire of uniform cross-section and composed of N 
parts of different densities can be set up as a multi-point BVP; also, many 
problems in the theory of elastic stability can be handled by multi-point 
problems (see [4]). 

The existence and multiplicity of positive solutions for nonlinear second-
order three-point boundary value problem has been studied by many authors 
by applying the Leray-Schauder continuations theorem, nonlinear alternative 
of Leray-Schauder, coincidence degree theory, or Krasnoselskii’s fixed point 
theorem and so on. For example, see [5-14] and the references therein. 
Recently, Henderson and Thompson [15] and Li and Zhang [16] studied          
the multiple symmetric positive and nonnegative solutions of second-order 
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ordinary differential equations. Yao [17] considered the existence and 
iterations of n symmetric positive solutions for a singular two-point boundary 
value problem. Kosmatov [18] obtained sufficient conditions for the 
existence of positive solutions for an m-point boundary value problem. 

Very recently, Sun [19] studied the existence of symmetric positive 
solutions to the BVP (1.1)-(1.2) by using Krasonselskii’s fixed-point 
theorem. Motivated by the papers mentioned above, in this paper, we 
investigate the BVP (1.1)-(1.2) and provide sufficient conditions for the 
existence of at least three symmetric positive solutions of BVP (1.1)-(1.2). 

This paper is organized as follows: In the next section, we present some 
necessary definitions and preliminary lemmas that will be used to prove our 
main results. In Section 3, we discuss the existence of at least three 
symmetric positive solutions for the BVP (1.1)-(1.2). Finally, some examples 
are given to illustrate our main results in Section 4. 

2. Preliminaries 

In this section, we provide some background material from the theory of 
cones in Banach spaces, in order that this paper be self-contained. We also 
state a fixed point theorem due to Leggett and Williams [20] for multiple 
fixed points of a cone preserving operator. 

Definition 2.1. Let E be a real Banach space. Then a nonempty convex 
closed set EP ⊂  is said to be a cone provided that 

(1) Pau ∈  for all Pu ∈  and all 0≥a  and 

(2) Puu ∈−,  implies .0=u  

Note that every cone EP ⊂  induces an ordering in E given by yx ≤  if 
.Pxy ∈−  

Definition 2.2. A map α is said to be a nonnegative continuous concave 
functional on E if [ )∞→α ,0: P  is continuous and 

( )( ) ( ) ( ) ( ),11 ytxtyttx α−+α≥−+α  

for all Pyx ∈,  and .10 ≤≤ t  
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Definition 2.3. An operator is called completely continuous if it is 
continuous and maps bounded sets into pre-compact sets. 

Definition 2.4. The function u is said to be symmetric on [ ]1,0  if 

( ) ( ) [ ].1,0,1 ∈−= ttutu  

Definition 2.5. The function u is called a symmetric positive solution of 
the BVP (1.1)-(1.2) if u is symmetric and positive on [ ]1,0  and satisfies the 

differential equation (1.1) with the boundary value condition (1.2). 

Definition 2.6. For numbers ba <<0  and α nonnegative continuous 
concave functional on E, define convex sets rP  and ( ),,, baP α  respectively, 

by 

{ }ryPyPr <∈= :  

and 

( ) ( ){ }.,:,, byyaPybaP <α≤∈=α  

To obtain multiple symmetric positive solutions of BVP (1.1)-(1.2), the 
following fixed point theorem of Leggett and Williams will be fundamental. 

Theorem 2.1 [20]. Let cc PPA →:  be a completely continuous and α 

be a nonnegative continuous concave functional on P such that ( ) xx ≤α  

for all .cPx ∈  Suppose there exist cbad ≤<<<0  such that 

(C1) ( ) ( ){ } ,:,, ∅≠>αα∈ axbaPx  and ( ) ,aAx >α  for ∈x  

( ),,, baP α  

(C2) ,dAx ≤  for ,dPx ∈  and 

(C3) ( ) ,aAx >α  for ( )caPx ,,α∈  with .bAx ≥  

Then A has at least three fixed points 21, xx  and 3x  satisfying 

( )21 , xadx α<<  and dx >3  with ( ) .3 ax <α  
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We shall consider the Banach space [ ]1,0C  endowed with the norm 

( ) .max
10

tuu
t≤≤

=  Denote 

[ ] [ ] ( ) [ ]{ }.1,0,0:1,01,0 ∈≥∈=+ ttuCuC  

Lemma 2.1 [19]. Let [ ]1,0Cy ∈  be symmetric on [ ].1,0  Then the three-

point BVP 

( ) ( ) ,10,0 <<=+′′ ttytu  (2.1) 

( ) ( ) ( ) ( ) ,2
110,1 ⎟
⎠
⎞⎜

⎝
⎛=′−′−= uuututu  (2.2) 

has a unique symmetric solution 

 ( ) ( ) ( )∫=
1

0
,, dssystGtu  (2.3) 

where ( ) ( ) ( ),,, 21 sGstGstG +=  here 

( )
( )
( )

( )
⎪
⎩

⎪
⎨

⎧

≤≤+

≤≤−
=

⎩
⎨
⎧

≤≤≤−

≤≤≤−
=

.12
1,2

1
,2

10,21

,10,1

,10,1
, 21

ss
ss

sG
tsts

stst
stG  

Lemma 2.2 [19]. Let [ ].1,0, ∈st  Then ( )stG ,  satisfies ( ) ≤ssG ,4
3  

( ) ( ).,, ssGstG ≤  

Lemma 2.3 [19]. Let [ ].1,0+∈ Cy  Then the unique symmetric solution 

( )tu  of BVP (2.1)-(2.2) is nonnegative on [ ],1,0  and if ( ) ;0≡/ty  then 

( ) ,0>tu  [ ].1,0∈t  

Lemma 2.4 [19]. Let [ ].1,0+∈ Cy  Then the unique symmetric solution 

( )tu  of BVP (2.1)-(2.2) satisfies 

 
[ ]

( ) .4
3min

1,0
utu

t
≥

∈
 (2.4) 
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We assume the following conditions throughout the paper: 

( ) ( ) [ )∞+→ ,01,0:1 aH  is continuous, symmetric on ( )1,0  and 

( ) ( )∫ ∞+<<
1

0
.,0 dssassG  

( )2H  [ ] [ ) [ )∞→∞× ,0,01,0:f  is continuous and ( )uf ,⋅  is symmetric 

on [ ]1,0  for all [ ).,0 ∞∈u  

Denote 

{ [ ] ( )tuCuP :1,0+∈=  is symmetric, concave on [ ]1,0  

and 
[ ]

( ) }.4
3min

1,0
utu

t
≥

∈
 

Obviously, P is a positive cone in [ ].1,0C  Define an operator →PA :  

[ ]1,0C  by 

 ( ) ( ) ( ) ( ) ( )( ) [ ]∫ ∈=
1

0
.1,0,,, tdssusfsastGtAu  (2.5) 

It is easy to see that the BVP (1.1)-(1.2) has a solution ( )tuu =  if and only if 

u is a fixed point of the operator A defined by (2.5). 

Lemma 2.5 [19]. Suppose that ( )1H  and ( )2H  hold. Then A is 

completely continuous and ( ) .PPA ⊂  

3. Main Results 

We shall use the following notation: 

[ ]
( )

[ ]
( )
x

xtffx
xtff

txtx
,maxsuplim,,maxsuplim

1,01,00
0

∈+∞→
∞

∈+→
==  

and 

( ) ( ) .,
11

0

−

⎟
⎠
⎞

⎜
⎝
⎛=Λ ∫ dssassG  
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Let the nonnegative continuous concave functional [ )∞→α ,0: P  be 

defined by 

( ) ( ) .,min
10

Putuu
t

∈∀=α
≤≤

 

Obviously, ( ) .4
3 uuu ≤α≤  

Theorem 3.1. Suppose ( ) ( )21 , HH  hold. If the following conditions are 

satisfied: 

( )3H  Λ<0f  and [ )1,0, ∈ηΛη<∞f  (particularly, ),00 == ∞ff  

( )4H  there exists a constant aba 3
4,0 >>  such that 

( ) ( ) [ ] [ ],,1,0,,3
4, baxsaxtf ×∈Λ>  

then the BVP (1.1)-(1.2) has at least three symmetric positive solutions. 

Proof. First, from ,Λη<∞f  [ ),1,0∈η  there exists a real number 

,bN >  such that ( ) ,, xxsf Λη≤  for ( ) [ ] [ ).,1,0, ∞×∈ Nxs  Take 

( ) ,1,max
⎭⎬
⎫

⎩⎨
⎧

η−Λ
≥ MNc  

where ( ) ( ) [ ] [ ]{ }.,01,0,:,max NxsxsfM ×∈=  Now choose .cPu ∈  

Thus, 

( ) ( ) ( ) ( ) ( )( )∫=≤
1

0
,,0 dssusfsastGtAu  

( ) ( ) ( )( )
( )∫ ≤

=
Nsu

dssusfsastG ,,  

( ) ( ) ( )( )
( )∫ >

+
Nsu

dssusfsastG ,,  
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( ) ( ) ( )( )
( )∫ ≤

≤
Nsu

dssusfsassG ,,  

( ) ( ) ( )( )
( )∫ >

+
Nsu

dssusfsassG ,,  

( ) ( )
( )∫ ≤

≤
Nsu

MdssassG ,  

( ) ( )
( )∫ >

Λη+
Nsu

xdssassG ,  

( ) ( ) ( )∫ Λη+≤
1

0
, dsxMsassG  

( ) ( ) ( )∫Λη+≤
1

0
, dssassGcM  

( ) ( )∫⎟⎠
⎞⎜

⎝
⎛

Λ
+ηΛ=

1

0
, dssassGc

Mc  

.cc
Mc ≤⎟

⎠
⎞⎜

⎝
⎛

Λ
+η=  

Then ,cAu ≤  i.e., .cPAu ∈  Hence 

 .: cc PPA →  (3.1) 

Let 

( ) .3
4

2
1

3
2 2

0 atatu +⎟
⎠
⎞⎜

⎝
⎛ −−=  

Then ,3
4

0 bau <=  ( ) .6
7 aau >=α  Thus { ( ) ( )ubaPuu αα∈∈ :,,0  

},a>  we obtain 

 ( ) ( ){ } .:,, ∅≠>αα∈ aubaPu  (3.2) 

For ( ),,, baPu α∈  we have 

( ) buau ≥≥α ,   and  ( ) [ ],1,0, ∈≥≥ tbtua  
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then 

( ) ( ) ( )tAuAu
t 10

min
≤≤

=α  

( ) ( ) ( )( )∫≤≤
=

1

010
,,min dssusfsastG

t
 

( ) ( ) ( )( )∫≤≤
≥

1

010
,,min4

3 dssusfsassG
t

 

( ) ( )∫ =Λ×>
1

0
.,3

4
4
3 adssassGa  (3.3) 

This shows that condition (C1) of Theorem 2.1 is satisfied. 

Second, from ,0 Λ<f  there exists a real number ( )ad ,0∈  such that 

( ) xxsf Λ<,  for ( ) [ ] [ ].,01,0, dxs ×∈  For every ,, duPu ≤∈  

( ) ( ) ( ) ( ) ( )( )∫=≤
1

0
,,0 dssusfsastGtAu  

( ) ( ) ( )( )∫≤
1

0
,, dssusfsassG  

( ) ( ) ( )∫ Λ<
1

0
, dssusassG  

( ) ( )∫ ≤≤≤=Λ≤
1

0
.10,, tdudssassGu  

Then 

 ., dPuduAu ∈∀≤<  (3.4) 

This shows that condition (C2) of Theorem 2.1 is satisfied. 

We finally show that (C3) of Theorem 2.1 also holds. For ∈u  
( )caP ,,α  and ,bAu ≥  we have 

 ( ) .4
3

4
3 abAuAu >≥≥α  (3.5) 
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So, condition (C3) of Theorem 2.1 is satisfied. Therefore, the BVP (1.1)-
(1.2) has at least three symmetric positive solutions 321 ,, uuu  satisfying 

( ),, 21 uadu α<<  and du >3  with ( ) .3 au <α  

The proof is completed. ~ 

Theorem 3.2. Suppose ( ),1H  ( )2H  hold. In addition, assume that there 

exist numbers a, b, c, d with cbaad ≤<<<< 3
40  such that the 

following conditions are satisfied: 

( )5H  ( ) cxsf Λ≤,  for ( ) [ ] [ ],,01,0, cxs ×∈  

( )6H  ( ) dxsf Λ<,  for ( ) [ ] [ ],,01,0, dxs ×∈  

( )7H  ( ) axsf Λ> 3
4,  for ( ) [ ] [ ].,1,0, baxs ×∈  

Then the BVP (1.1)-(1.2) has at least three symmetric positive solutions 

321 ,, uuu  satisfying 

( ),, 21 uadu α<<   and  du >3  with ( ) .3 au <α  

Proof. First, ,cPu ∈∀  we have cu ≤≤0  and then by ( ),5H  

 ( ) ( ) ( ) ( ) ( )( )∫=≤
1

0
,,0 dssusfsastGtAu  

( ) ( ) ( )( )∫≤
1

0
,, dssusfsassG  

( ) ( ) .,
1

0∫ =Λ≤ cdssassGc  

Therefore, ,cAu ≤  i.e., .cPAu ∈  Hence, 

 .: cc PPA →  (3.6) 
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Let 

( ) .3
4

2
1

3
2 2

0 atatu +⎟
⎠
⎞⎜

⎝
⎛ −−=  

Then ,3
4

0 bau <=  ( ) .6
7 aau >=α  Thus { ( ) ( )ubaPuu αα∈∈ :,,0  

},a>  we obtain 

 ( ) ( ){ } .:,, ∅≠>αα∈ aubaPu  (3.7) 

For ( ),,, baPu α∈  we have 

( ) ,, buau ≤≥α   and  ( ) [ ].1,0, ∈≤≤ tbtua  

Then 

( ) ( ) ( )tAuAu
t 10

min
≤≤

=α  

( ) ( ) ( )( )∫≤≤
=

1

010
,,min dssusfsastG

t
 

( ) ( ) ( )( )∫≤≤
≥

1

010
,,min4

3 dssusfsassG
t

 

( ) ( )∫ =Λ×>
1

0
.,3

4
4
3 adssassGa  (3.8) 

This shows that condition (C1) of Theorem 2.1 is satisfied. 

Second, ,dPu ∈∀  we have du ≤≤0  and then by ( ),6H  

( ) ( ) ( ) ( ) ( )( )∫=≤
1

0
,,0 dssusfsastGtAu  

( ) ( ) ( )( )∫≤
1

0
,, dssusfsassG  

( ) ( ) .,
1

0∫ =Λ< ddssassGd  
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Then 

 ., dPuduAu ∈∀≤<  (3.9) 

This shows that condition (C2) of Theorem 2.1 is satisfied. 

We finally show that (C3) of Theorem 2.1 also holds. For ∈u  
( )caP ,,α  and ,bAu ≥  we have 

 ( ) .4
3

4
3 abAuAu >≥≥α  (3.10) 

So, condition (C3) of Theorem 2.1 is satisfied. Therefore, the BVP (1.1)-
(1.2) has at least three positive solutions 321 ,, uuu  satisfying 

( ),, 21 uadu α<<   and  du >3  with ( ) .3 au <α  

The proof is completed. ~ 

In a similar way, we can get the following result. 

Theorem 3.3. Suppose ( ) ( )21 , HH  hold. In addition, assume that there 

exist numbers a, b, c, d with cbad ≤<<<0  such that ( ) ( )65 , HH  and 

the following condition is satisfied: 

( )8H  ( ) axsf Λ> 3
4,  for ( ) [ ] [ ],,1,0, caxs ×∈  

then the BVP (1.1)-(1.2) has at least three symmetric positive solutions 

321 ,, uuu  satisfying 

( ),, 21 uadu α<<   and  du >3  with ( ) .3 au <α  

4. Examples 

In this section, we present some examples to illustrate our main results in 
Section 3. 

Example 4.1 [19]. Consider the three-point BVP 



Existence and Multiplicity of Symmetric Positive Solutions … 53 

( )( ) ,11,01,min1225
48 82 <<=−++′′ − teuttu u  (4.1) 

( ) ( ) ( ) ( ) .2
110,1 ⎟
⎠
⎞⎜

⎝
⎛=′−′−= uuututu  (4.2) 

Set ( ) ,225
48 8eta =  ( ) ( )( ) ,1,min1, 2 ueuttutf −−+=  then ,00 == ∞ff  

thus condition ( )3H  holds. Furthermore, a direct computation shows that 

.2
9 8−=Λ e  Let ,5=a  .3

48 ab >=  Then, for ( ) [ ] [ ],,1,0, bast ×∈  we 

have ( ) ( ) ( ) ,3
489

168,0,0, afxfxtf Λ>×Λ=>≥  which implies that 

condition ( )4H  holds. Hence, by Theorem 3.1, the BVP (4.1)-(4.2) has at 

least three symmetric positive solutions. 

Remark 4.1. Sun [19] obtained that the BVP (4.1)-(4.2) has at least two 
symmetric positive solutions by Example 4.1. In this paper, we investigate 
that the BVP (4.1)-(4.2) has at least three symmetric positive solutions by the 
same example. 

Example 4.2. Consider the three-point BVP 

( )( ) ,11,01,min12025
768 8

1
3 <<=−++′′
−

teuttu
u

 (4.3) 

( ) ( ) ( ) ( ) .2
110,1 ⎟
⎠
⎞⎜

⎝
⎛=′−′−= uuututu  (4.4) 

Set ( ) ,2025
768 8eta =  ( ) ( )( ) ,1,min1, 8

1
3 u
euttutf
−

−+=  then .8=Λ  

Set ,8=a  ,2163
4 ××=b  ,2242 ×=c  .2

1=d  Furthermore, a direct 

computation shows that ( ) ( ) ( )765 ,, HHH  hold. Hence, by Theorem 3.2, the 

BVP (4.3)-(4.4) has at least three symmetric positive solutions 321 ,, uuu  

satisfying 

( ),, 21 uadu α<<   and  du >3  with ( ) .3 au <α  
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Example 4.3. Consider the three-point BVP 

( )( ) ,11,01,min12025
48 8

1
2 <<=−++′′

−
teuttu

u
 (4.5) 

( ) ( ) ( ) ( ) .2
110,1 ⎟
⎠
⎞⎜

⎝
⎛=′−′−= uuututu  (4.6) 

Set ( ) ,2025
48 8eta =  ( ) ( )( ) ,1,min1, 8

1
2 u
euttutf
−

−+=  then .2
1

=Λ  

Set .2
1,16,12,8 ==== dcba  Furthermore, a direct computation shows 

that ( ) ( ) ( )865 ,, HHH  hold. Hence, by Theorem 3.3, the BVP (4.5)-(4.6) has 

at least three symmetric positive solutions 321 ,, uuu  satisfying 

( ),, 21 uadu α<<   and  du >3  with ( ) .3 au <α  
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