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Abstract

If n is a natural number, let p*(n) denote the number of partitions of

n all of whose parts are divisors of n. We obtain some formulas for

p*(n) when n has few divisors.

1. Introduction

If n is a natural number, let p*(n) denote the number of partitions of n

all of whose parts are divisors of n. This function appears to have been
previously only scarcely investigated, in spite of a paper by Gupta with a

somewhat misleading title. (See [1].) It is known that p*(n) is the coefficient

of x" in the series expansion of Hdm @- x4 )_1. (See [2].) Using this

identity, T. D. Noe wrote a Mathematica program to generate a table of

p*(n) for 1 < n <1000. (See [2].) Unlike other partition functions, the value
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of p*(n) depends on the prime factorization of n. Using counting techniques
and specialized summation identities, we obtain formulas for p*(n) when n

has 5 or fewer divisors, or satisfies other restrictions.

2. Preliminaries

The notation a™b"c" will represent the partition consisting of m a's,
nb's, and r c's, where a > b > c. However, (qm)n will represent n copies

of q™ (ordinary exponential notation):

z K = n(n + 1) 1)
=1

Z”:kz _n(n +1)6(2n 1) 2

k=1

Remarks. (1) and (2) are well-known summation formulas that are easily
proven by induction on n.

3. The Main Results

Theorem 1. If g is prime, then p*(q) = 2

Proof. The only divisor partitions of q are q and 19. O
Theorem 2. If q is prime, then p*(g?) = q + 2.

Proof. Aside from the trivial partition q2, each divisor partition of q2

k q2—kq
has the form "1 , where 0 < k < g. Thus we have

q
p*(@®) =1+ Y 1=1+(q+1)=q+2. O
k=0
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Remarks. Theorem 1 and a slightly weaker version of Theorem 2 are
stated in [2].

(@+1)(g* +2)
xRS

Theorem 3. If q is prime, then p*(q3) =1+

Proof. Aside from the trivial partition q3, each divisor partition of q3
has the form (qz)jqklm, where 0 < j <q and jg? + kq+m =g, sothat
0<k< q2 — gj. Therefore, we have

QQJ

p*(a®)= 1+Z Zl 1+Z(q —gj+1)=1+(q+1)(a® +1)- OIZJ

j=0 k=0

C1e(@engey-COED @@ g

Theorem 4. If g is prime, then p*(q4) =1+ [ql—;l)(qu +q* +39% +
6q° +12).

Proof. Aside from the trivial partition q4, each divisor partition of q4
has the form (q%)1(q%)q™1", where 0< j<q and jg° +kg? + mq +
r= q4, so that 0 <k < q2 —gj and 0<m< q3 - jq2 —kg. Therefore,

we have
q 9%-gja>—q%j a>—qj
'@ =1+ Z Z - 1+Z > @ +1-0%j-qk)
i0 k=0 m=0 =0 k=0
a?=qj

=1+ (q +1-0%)(@” +1-dj) - qzk

M=

q
= +Z{(q3+1—qzj)(q2+1—qj)—%q(q2—qj)(q2+1—qj)}-
=0

The conclusion follows if we simplify, and make use of identities (1) and
). O
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Before deriving the formula for p*(pq), where p and q are distinct

primes, we will need the following lemma:

Lemma 1. Let p, q be positive integers such that (p, q) =1. Then

q-1

> 2|-30p-n@-.

j=1
Proof. Consider the set of lattice points (a, b), where 1< a <q -1 and
1< b < p—1. The total number of these lattice pointsis (p —1)(q —1). Let
line £ have the equation: qy = px. Therefore, £ does not pass through any
lattice point. Now, if (a, b) is a lattice point below L, then (b, @) is a
corresponding point above L. Thus there are equally many lattice points
above and below L. The conclusion now follows. U

Theorem 5. If p and q are distinct primes, then

p*(pa) = 2+—(p+1)2(q *3),

Proof. The divisor partitions of pq are pg, qP and piqjlh, where
ip+ jg+h=pg, sothat 0<i<qg-1and jq< p(q-i). Therefore, we
have

p*(pg)-2= 1=) |1+ 1l=q+ 1.

If we let k = q — i and then invoke Lemma 1, we get
3

* q.LJ q pk q-1 pk

p*(pa)-2=0q+ ) 21=q+z[7}:q+ p+z[?}
1= k=1

k=1 j=1 k=1

(P-D@-1) _(p+1(@+I
2 2 '

=p+q+

The conclusion now follows. O
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We conclude by obtaining formulas for p*(n) in several cases, where n

has 6 divisors.

Theorem 6. If g is an odd prime, then

s g [112)
Aol +[3)
e[ ]

Proof. 4q has 4 divisor partitions that are all multiples of g, namely: 4q,
(2q)2, (2q)q2, q*. There are also 6 types of divisor partitions, where some
of the parts may be 1, 2 or 4, namely:

Type (i) q3422°1¢ Type (ii) (29)q422°1° Type (iii) g2422°1°
Type (iv) (29)422°1° Type (v) q422°1° Type (vi) 422°1°

In each case, we have 4a+2b + ¢ = jg, where 1< j <4, namely j=1in
Types (i) and (ii), j =2 in Types (iii) and (iv), j =3 in Type (v), and
j =4 in Type (vi). For a given value of j, the number of corresponding

divisor partitions of 4q is

il kA

The conclusion now follows. O
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A more convenient version of Theorem 6 is given by Theorem 6a below:

Theorem 6a. If g is an odd prime, then

. 35m? + 41m +16 if q = 4m +1,
pr(4a)=y
35m* + 76m + 45 if g = 4m + 3.

Proof. This follows directly from Theorem 6. U

Our final theorem concerns a formula for p*(2q2), where ¢ is an odd

prime. We need two preliminary lemmas.

Lemma 2. If g is an odd prime, and n is the number of divisor partitions

of 2q° of the form (g%)!(29)2qP2%19, then

n= %(q +1)(q +3)(2q2 +q+9).

Proof. By the hypothesis, we have a(2q)-+bg+2c+d = 9%, so we

2
have 0 <a < q2—1, 0<b<g-2a0<c< {W} Therefore,
we have
q_]_ [mjl q_]_
2 0Q-2a 2 0Q-2a qz _bq
=YY Y 1-y (1—qa+{TD.
a=0 b=0 c=0 a=0 b=0

2 f—
Let Zg;ga {1— qa + {%D =Sy +S;, where Sy, S; are the sums

taken over even, odd values of b, respectively. Then

a1, a1,
2 2 2 2
-1 . +1 .
SOZ E (1_qa+q2 _Jqu E (q 2 _qa_qJJ
=0 =0
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S RDIRCES E

_afg-1 ya+l y_(a+l Y@+l . a® q, ca
2(2 a)(z a)‘(z aj( B e R R

Now

q_2a 2 2
Z [1—qa+{q ;qu=SO+Slz(q;1—aj[q 2+3—an

b=0

_(g+D(@*+3) [(29°+q+3
= 4 2

)awqa2 -n

[y

q_

2 2 2
_N )@ +3) (297 +q+3 1, 02
~ 4 2

:(qzlj((qﬂ)iqw)_(zqz+2q+3>J[(q+1)8(q—1>+(% J(qT—l)(unn
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_(@+D(Q+3)(29° +q+9) a
48

Lemma 3. If g is an odd prime, and m is the number of divisor partitions
of 2q2 of the form (29)3q°2%19, then

m=4 +1(4q +502 +9q +12).

Proof. By the hypothesis, we have a(2q)+bg+2c+d = 202, so that

0<a<q,0<b<2g-a),0<c< [qz —aq _qu} Therefore, we have
_ag-d
9 2(g-a) [q - 2} 9 2(g-a) b
q
23 2y Y (e -w-))
a=0 b=0 c=0 a=0 b=0

Let zz(q a)( [ —aq _%qD = Sp +S1, where Sy, S; are the sums

taken over even, odd values of b, respectively. Then

g-a
So = > (1+9*—aqg— ja) = (q+1-a)(a” +1-aq)
j=0

g-a
~q) i=(@+1-a)(@® +1-aq) -2 (@-a)(g+1-a)
j=1

= (q +1-— a)[ﬁ#}
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qa-lr, 2 2
2q° - 1 . 2q° — 1
= E £—q 2q+ —aq—JqJ:(q—a)(—q 2q+ —an
j=0

g-a-1

. 2
~qy j=<q—a)[%—aq}—%(q—a—l)(q—a)
=1

-a
= qT(qz +1-aq).

Therefore, after simplifying, we have

3. 42 2
SO+81=2q +q2+3q+2_(4q +2q+3]a+qa2.
This implies
q 3., 42 2
mZZ{Zq +q2+3q+2_(4q +2q+3}a+qa2}
a=0

29° + g% + 30+ 2 492 +q+3 +1
:(Q+1)(q a+30 J_[q o Jq(qz)

RCHCE: D@a+y

After simplifying, we obtain m = ql—;l(4q3 + 5q2 +9q +12). U

Theorem 7. If g is an odd prime, then

qg+1

i (69° + 992 +16q + 25).

p*(29%) =2+

Proof. Note that 2q2 has 2 divisor partitions with largest part greater

than or equal to g2, namely, 2g° and (q2)2. Therefore, p*(2q2):

2+ m+ n. The conclusion now follows, after simplification, from Lemmas
2 and 3. 0
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