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Abstract 

Let p, q, α and β be four real numbers such that ,0>p  ,0>q  

1−>α  and .1−>β  Let g be a holomorphic function in the unit ball 

nB  of .nC  Then g is called a pointwise multiplier from the weighted 

Bergman space ( )n
pA Bα  into the other one ( )n

qA Bβ  if { ∈ffg :  

( )} ( ).n
q

n
p AA BB βα ⊂  In the case ,1=n  Zhao [3] completely 

characterized the pointwise multipliers from ( )DpAα  into ( ).DqAβ  In 

this paper, we prove that his result still holds even in the higher 
dimensional case .2≥n  
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1. Introduction 

Let 1≥n  be a fixed integer. Let nB  denote the unit ball of .nC  Let ν 

denote the normalized Lebesgue measure on .nB  For each ,R∈α  we define 

a weighted Lebesgue measure αν  on nB  by ( ) ( ) ( ),1 2 zdzczd ν−=ν α
αα  

.nz B∈  Here ( )
( ) ( )11

1
+αΓ+Γ

+α+Γ=α n
nc  or 1=αc  if 1−>α  or ,1−≤α  

respectively. ( )nH B  stands for the space of all holomorphic functions in 

.nB  The set of all positive real numbers is denoted by .+R  

For any ( ),nHf B∈  any R∈α  and any ,+∈ Rp  we define 

( ) ( ).:

1

αα να =⎟
⎠
⎞

⎜
⎝
⎛ ν= ∫ p

nn
p L

pp
A fdff

BB  

The weighted Bergman space ( )n
pA Bα  is defined by 

( ) { ( ) ( ) }.:: ∞<∈=
αα n
pAnn

p fHfA BBB  

As usual, we define 

( ) ( ) ( )( )n
z

H Hfzff
n

n
B

B
B ∈=

∈
∞ sup:  

and 

( ) { ( ) ( ) }.:: ∞<∈= ∞
∞

nHnn fHfH BBB  

Let ( )nM B+  denote the set of all positive Borel measures on .nB  For 

( ),nM B+∈μ  R∈α  and ,+∈ RR  we define the function αμ ,ˆ R  on nB  by 

( ) ( )( )
( )

( ),
1

,:ˆ 12, nnR z
z

RzDz B∈
−
μ=μ α++α  

where ( )RzD ,  is the Bergman metric ball with center at z and radius R (cf. 

p. 27 in [5] and p. 71 in [4]). 
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For R∈α  and ( ),nHf B∈  we define 

( ) ( ) {( ) ( ) ( ) }.1sup0: 2 zfzff
n

n z
∇−+= α

∈α B
BB  

The Bloch type space ( )nBαB  is defined by 

( ) { ( ) ( ) }.:: ∞<∈=
αα n

fHf nn BBB BB  

Let { } R⊂βα,  and { } ., +⊂ Rqp  Then a function ( )nHg B∈  is called 

a pointwise multiplier from ( )n
pA Bα  into ( )n

qA Bβ  if { ( )} ⊂∈ α n
pAffg B:  

( ).n
qA Bβ  The set of all pointwise multipliers from ( )n

pA Bα  into ( )n
qA Bβ  is 

denoted by ( ) ( ( ) ( ))., n
q

n
p AA BB βαMP  In [3], Zhao proved the following 

theorem. Note that 1: BD =  denotes the unit disc in the complex plane .C  

Theorem Z ([3, p. 141, Theorem 1]). Let { } ( )∞−⊂βα ,1,  and { }qp,  

.+⊂ R  Put .22
pq
+α−+β=γ  

  (i) If qp ≤  and ,0>γ  then ( ) ( ( ) ( )) ( )., 1 DDD γ+βα =BMP qp AA  

 (ii) If qp ≤  and ,0=γ  then ( ) ( ( ) ( )) ( )., DDD ∞
βα = HAA qpMP  

(iii) If qp ≤  and ,0<γ  then ( ) ( ( ) ( )) { }.0, =βα DD qp AAMP  

(iv) If ,qp >  then ( ) ( ( ) ( )) ( ),, DDD sqp AAA δβα =MP  where qp
pqs
−

=  

and .⎟
⎠
⎞⎜

⎝
⎛ α−β=δ pqs  

The purpose of this paper is to show that the above Theorem Z remains 
valid even if replacing D  by .nB  Our main result is the following theorem: 
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Theorem 1. Let { } ( )∞−⊂βα ,1,  and { } ., +⊂ Rqp  Put q
n β++=γ 1  

.1
p

n α++−  

  (i) If qp ≤  and ,0>γ  then ( ) ( ( ) ( )) ( )., 1 nn
q

n
p AA BBB γ+βα =BMP  

 (ii) If qp ≤  and ,0=γ  then ( ) ( ( ) ( )) ( )., nn
q

n
p HAA BBB ∞

βα =MP  

(iii) If qp ≤  and ,0<γ  then ( ) ( ( ) ( )) { }.0, =βα n
q

n
p AA BBMP  

(iv) If ,qp >  then ( ) ( ( ) ( )) ( ),, n
s

n
q

n
p AAA BBB δβα =MP  where =s  

qp
pq
−

 and .⎟
⎠
⎞⎜

⎝
⎛ α−β=δ pqs  

2. Preliminaries 

Since all the weighted Bergman spaces are F-spaces, by using the closed 
graph theorem ([1, Theorem 2.15]), we can easily prove the following 
proposition: 

Proposition 2. Suppose { } ( ),,1, ∞−⊂βα  { } +⊂ Rqp,  and ( ).nHg B∈  

Then the following two conditions are equivalent: 

 (i) 

( ) ( ( ) ( ))., n
q

n
p AAg BB βα∈ MP  

(ii) 

( )

( )
( ) { } .0\:sup ∞<

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈ α
α

β
n

p

A

A
Aff

fg

n
p

n
q

B
B

B
 

Proposition 3. Let ( ),, ∞∈ ns  ( )1+−=α ns  and .+∈ Rp  Then ∈α  

( )∞− ,1  and 
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( ) { ( ) }
( )

( )
( )∫ ανα

+ ϕ=ν
−

ϕ−

n
p

p
Lzn

s
z

p
fcwd

w
wwf

B

1
1

1
12

2
 

for any ( )nCf B∈  and any ,nz B∈  where zϕ  is the involutative 

biholomorphic map of nB  that exchanges 0 and z. 

Proof. It is clear that ( ).,1 ∞−∈α  By Lemma 1.2 of [5] and Proposition 

1.13 of [5], for any ( )nCf B∈  and any ,nz B∈  

( ) { ( ) }
( )

( )∫ ν
−

ϕ−
+

n
wd

w
wwf

n

s
z

p

B 12

2

1
1  

( )
( )

( ) ( ) ( )∫ ν
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−

−−

−
= +

n
wd

zw
wz

w
wf

s

n

p

B 2

22

12 ,1
11

1
 

( ) ( ) ( ) ( )∫ ν
−

−−
=

−−

n
wd

zw
wzwf s

nss
p

B 2

122

,1
11  

( ) ( ) ( )
( ) ( )∫ ν

−

−−
= α++

αα++

n
wd

zw
wzwf n

n
p

B 12

212

,1
11  

( ) ( )
( ) ( )∫ αα++

α++

α
ν

−

−
=

n
wd

zw
zwfc n

n
p

B 12

12

,1
11  

( ) ( ) ( )∫ α
α

νϕ=
n

wdwfc
p

zB
1  

( )
.1 p

Lz pfc ανα
ϕ=   

The next lemma is in p. 260 of [5] as Exercise 7.7. For the completeness, 
we prove it here. 

Lemma 4. For any ( ),,1 ∞∈α  it holds that 

( ) ( ) {( ) ( ) } .1sup: 1

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∞<−∈= −α

∈
α zfzHf

nz
nn

B
BBB  
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Proof. For any ( )nHf B∈  and any ,nz B∈  

( ) ( ) ( ) ( ) ( ) ( )∫∫ ∇≤∇=−
1

0

1

0
,0 dttzfdtztzffzf  

( ) ( ) ( ) ( )∫ α−α −∇−=
1

0
22 11 dttztzftz  

{( ) ( ) ( ) } ( )∫ α−α

∈
−∇−≤

1

0

22 11sup dttzwfw
nw B

 

( ) {( ) ( ) ( ) }wfwz
nw

∇−−
−α

≤ α

∈

α− 21 1sup11
1

B
 

( ) {( ) ( ) ( ) }.1sup11
2 212

1
wfwz

nw
∇−−

−α
≤ α

∈

α−
−α

B
 (1) 

By (1), we obtain for any ( ),nHf B∈  

 {( ) ( ) } ( ).1
211sup

1
12

n
n

fzfz
z

B
B α⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−α

+≤−
−α

−α

∈
B  (2) 

Conversely, suppose 

( )nHf B∈  and {( ) ( ) } .1sup 12 ∞<− −α
∈ zfz

nz B  

Then ( ).1
1 nAf B−α∈  The Bergman integral formula (Theorem 2.2 of [5]) 

thus gives 

 ( ) ( )
( )

( ) ( )∫ ∈ν
−

= −αα+
n

nn zwd
wz
wfzf

B
B .

,1 1  (3) 

Differentiating inside the integral sign, we have for { },...,,1 nj ∈  

 ( ) ( )
( ) ( )
( )

( ) ( )∫ ∈ν
−

α+
= −α+α+

n
nn

j
j zwd

wz

wfwn
zfD

B
B .

,1 11  (4) 
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By (4), for ,nz B∈  

( ) ( )zf∇  

 ( ) { ( ) ( ) } ( )∫ +α+
−α

∈
−α

−
ν−α+≤

nn
n

w wz
wdwwfcnn

BB
.

,1
1sup 1

12
1  (5) 

By Proposition 1.4.10 of [2], 

 ( )
( )

( )∫ ∈
−

≤
−

ν
α+α+

n
nn z

z
C

wz
wd

B
B ,

1,1 21  (6) 

where C is a positive constant depending only on α and n. By (5) and (6), 

{( ) ( ) ( ) }zfz
nz

∇− α

∈

21sup
B

 

 ( ) { ( ) ( ) }.1sup 12
1

−α

∈
−α −α+≤ wwfCcnn

nw B
 (7) 

By (7), we have 

 ( ) { ( ) } { ( ) ( ) }.1sup1 12
1

−α

∈
−α −α++≤

α
wwfCcnnf

n
n w B

BB  (8) 

(2) and (8) together show that 

 ( ) { ( ) {( ) ( ) } }.1sup: 1 ∞<−∈= −α

∈
α zfzHf

nz
nn

B
BBB   

3. Proof of Theorem 1 in the Case qp ≤  

Lemma 5. Let ( ),,1 ∞−∈α  { } +⊂ Rqp,  and ( ).nM B+∈μ  Suppose 

.qp ≤  Then the following two conditions are equivalent: 

 (i) 

( )

( )
( ) { } .0\:sup ∞<

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈ α
μ

α
n

p

A

L Aff
f

n
p

q
B

B
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(ii) 

( ) ( )

( )
( ) .

,1

1
sup

12

12
∞<

⎪⎭

⎪
⎬

⎫

⎪⎩

⎪
⎨

⎧
μ

−

−
∫

α++

α++

∈ nn

wd
wz

z

n
p
q

n
p
q

z BB
 

Proof. See [4, p. 69], (a) ⇔ (b) of Theorem 50.  

Proposition 6. Let { } ( )∞−⊂βα ,1,  and { } ., +⊂ Rqp  Put q
n β++=γ 1  

.1
p

n α++−  Suppose .qp ≤  Then for any ( ),nHg B∈  the following 

inequalities hold: 

{( ) ( ) }q

z
zgzC

n

γ

∈
− 2

1 1sup
B

 

( ) ( )

( )
( ) ( )

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
≤ ∫ β

α++

α++

∈ nn

wdwg
wz

z q

np
q

np
q

z BB 12

12

,1

1sup  

{( ) ( ) } ,1sup 2
2

q

z
zgzC

n

γ

∈
−≤

B
 

where 1C  and 2C  are both positive constants depending only on qp,,, βα  

and n. 

Proof. Put 

 ( ) .,1 0 qnp
qs γ−β=αα++=  (1) 

Then by the assumptions and (1), 

 ( ) ( ).1,, 0 +−=α∞∈ nsns  (2) 

Fix ( ).nHg B∈  Define 

 ( ) ( ) ( ) ( ).1 2
nzzgzzG B∈−= γ  (3) 
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Then ( ),nCG B∈  and so, by (1) ~ (3) and Proposition 3, 

( )
q
Lz

z
q

n

Gc 00

sup1
αν∈α

ϕ
B

 

( ) ( ) ( )
( )

( ) ( )
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
−= ∫ α++

β
α++

∈ nn

wdwg
wz

wz q

np
q

np
q

z BB 12

2
12

,1

11sup  

( ) ( )

( )
( ) ( ) .

,1

1sup1
12

12

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
= ∫ β

α++

α++

∈β nn

wdwg
wz

z
c

q

np
q

np
q

z BB
 (4) 

Since ( ) ,10 =να nB  by (3), 

( )
( ) {( ) ( ) } .1supsupsup 2

0

q

w

q

w

q
Lz

z
wgwwGG

nn
q

n

γ

∈∈ν∈
−=≤ϕ

α BBB
 (5) 

By (4) and (5), 

( ) ( )

( )
( ) ( )

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
∫ β

α++

α++

∈ nn

wdwg
wz

z q

np
q

np
q

z BB 12

12

,1

1sup  

{( ) ( ) } .1sup 2

0

q

z
zgzc

c

n

γ

∈α

β −≤
B

 (6) 

Conversely, choose any .+∈ RR  By using Lemma 2.24 of [5], we have 

 ( )
( )

( )
( )∫ ∈ν

−
≤ ββ++ RzD

n
q

n
q zdg

z
Czg

,12
1 ,

1
B  (7) 

where 1C  is a positive constant depending only on β, R and n. By (7), 

{( ) ( ) }q

z
zgz

n

γ

∈
− 21sup

B
 

( ) ( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

≤ ∫ βγ−β++
∈ RzD

q
qnz

dg
z

C

n ,12
1

1
sup
B
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( ) ( ) ( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

= ∫ β
α++∈ RzD

q

np
qz

dg
z

C

n
,12

1

1
sup
B

 

 ( ) ( )

( ) ( )
( ) ( )

( )
.

1

1sup
, 122

12

1
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
= ∫ β

α++

α++

∈ RzD

q

np
q

np
q

z
wdwg

z

zC
nB

 (8) 

By Lemma 2.20 of [5], 

 
( )

( )( ),,,
1

,1
2

12

2 RzDwzC
z

wz
n

np
q

∈∈<⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−
−

α++

B  (9) 

where 2C  is a positive constant depending only on Rqp ,,, α  and n. By (8) 

and (9), 

{( ) ( ) }q

z
zgz

n

γ

∈
− 21sup

B
 

( ) ( )

( )
( ) ( )

( ) ⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
≤ ∫ β

α++

α++

∈ RzD

q

np
q

np
q

z
wdwg

wz

zCC
n , 12

12

21
,1

1sup
B

 

( ) ( )

( )
( ) ( ) .

,1

1sup
12

12

21
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

ν
−

−
≤ ∫ β

α++

α++

∈ nn

wdwg
wz

zCC q

np
q

np
q

z BB
 (10) 

The assertion of the proposition follows from (6) and (10).  

Proposition 7. Let { } ( ),,1, ∞−⊂βα  { } +⊂ Rqp,  and ( ).nHg B∈  

Put .11
p

n
q

n α++
−

β++
=γ  Suppose .qp ≤  Then the following three 

conditions are equivalent: 

  (i) 

( ) ( ( ) ( ))., n
q

n
p AAg BB βα∈ MP  
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 (ii) 

( ) ( )

( )
( ) ( ) .

,1

1
sup

12

12
∞<

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
ν

−

−
∫ β

α++

α++

∈ nn

wdwg
wz

z q

n
p
q

n
p
q

z BB
 

(iii) 

{( ) ( ) } .1sup 2 ∞<− γ

∈
zgz

nz B
 

Proof. Define ( )ng M B+∈μ  by .βν=μ dgd q
g  Then 

( ) ( )n
q

g
q AL fgf Bβ

=μ  for all ( ).nHf B∈  

Hence, the present proposition follows from Proposition 2, Lemma 5 and 
Proposition 6.  

Proof of Theorem 1 in the case qp ≤  

When ,0>γ  by Lemma 4, 

 ( ) { ( ) {( ) ( ) }.1sup:1 ∞<−∈= γ

∈
γ+ zgzHg

nz
nn

B
BBB  (1) 

By Proposition 7 and (1), we obtain 

( ) ( ( ) ( )) ( )., 1 nn
q

n
p AA BBB γ+βα =BMP  

When ,0=γ  by Proposition 7, we obtain 

( ) ( ( ) ( )) { ( ) ( ) } ( ).sup:, n
z

nn
q

n
p HzgHgAA

n

BBBB
B

∞

∈
βα =∞<∈=MP  

When ,0<γ  it is easily shown that 

{ ( ) {( ) ( ) } }∞<−∈ γ

∈
zgzHg

nz
n

21sup:
B

B  

{ ( ) ( ) } { }.00lim:
01

==∈=
−→

zgHg
z

nB  (2) 
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By Proposition 7 and (2), we obtain 

( ) ( ( ) ( )) { }.0, =βα n
q

n
p AA BBMP  

The proof of Theorem 1 in the case qp ≤  is now completed. 

4. Proof of Theorem 1 in the Case qp >  

Lemma 8. Let ( ),,1 ∞−∈α  { } +⊂ Rqp,  and ( ).nM B+∈μ  Suppose 

.qp >  Then the following two conditions are equivalent: 

 (i) 

( )

( )
( ) { } .0\:sup ∞<

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈ α
μ

α
n

p

A

L Aff
f

n
p

q
B

B
 

(ii) 

( )α−
α ν∈μ qp

p

R L,ˆ  for all .+∈ RR  

Proof. See [4, p. 73], (a) ⇔ (c) of Theorem 54.  

Proposition 9. Let { } ( ),,1, ∞−⊂βα  { } +⊂ Rqp,  and ( ).nHg B∈  

Define ( )ng M B+∈μ  by .βν=μ dgd q
g  Suppose .qp >  Then the 

following two conditions are equivalent: 

 (i) 

( ) ( ( ) ( ))., n
q

n
p AAg BB βα∈ MP  

(ii) 

( ) ( )α−
α ν∈μ qp

p

Rg L,ˆ  for all .+∈ RR  

Proof. By the definition of ,gμ  
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( ) ( )n
q

g
q AL fgf Bβ

=μ  for all ( ).nHf B∈  

The present proposition thus follows from Proposition 2 and Lemma 8.  

Proposition 10. Let { } ( )∞−⊂βα ,1,  and { } ., +⊂ Rqp  Suppose .qp >  

Put qp
pqs
−

=  and .⎟
⎠
⎞⎜

⎝
⎛ α−β=δ pqs  Then for any pair { } ( ),, nHgf B⊂  

( ) ( ) ( ),n
s

n
p

n
q AAA gfCfg BBB δαβ

≤  

where C is a positive constant depending only on qp,,, βα  and n. 

Proof. Put 

 .1,
0

0
00 −
=

−
= p

pqqp
pp  (1) 

Then 

 { } ( ) .111,,1,
00

00 =+∞⊂ qpqp  (2) 

By the assumptions, 

 ., α=
−⎟

⎠
⎞⎜

⎝
⎛ δ−β=

− qs
s

s
qpqs

sq  (3) 

By (1) ~ (3), 

( )
q
A n

qfg
Bβ

 

∫ βν=
n

dfg q
B

 

( ) ( ) ( ) ( ) ( )∫ ν−⋅−=

δδ
−β

β
n

pp
zdzzgzzfc qq

B

00 22 11  
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This completes the proof.  

Proposition 11. Let { } ( )∞−⊂βα ,1,  and { } .,, +⊂ RRqp  Put =s  

qp
pq
−

 and .⎟
⎠
⎞⎜

⎝
⎛ α−β=δ pqs  Suppose .qp >  Then for any ( ),nHg B∈  
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B B
 

where βν=μ dgd q
g  and C is a positive constant depending only on the 

six numbers { }.,,,,, nRqpβα  

Proof. By the definition of ( ) ,ˆ ,αμ Rg  
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By Lemma 2.24 of [5], we have 
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where 1C  is a positive constant depending only on β, R and n. By (1) and 

(2), 
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This completes the proof.  

Proof of Theorem 1 in the case qp >  

By Proposition 10, 

 ( ) ( ) ( ( ) ( ))., n
q

n
p

n
s AAgAg BBB βαδ ∈⇒∈ MP  (1) 

By Proposition 9 and Proposition 11, 

 ( ) ( ( ) ( )) ( )., n
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n
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n
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(1) and (2) together show that 

( ) ( ( ) ( )) ( )., n
s

n
q

n
p AAA BBB δβα =MP  

The proof of Theorem 1 is now finished.  
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