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Abstract

Let NR⊂Ω  be a bounded domain. Let KT  denote the weakly singular

integral operator of the form ( ) ( ) ( )∫Ω= dyyfyxKxfTK ,  generated by

the kernel ( ) ( ) .,, α−−= NyxyxlyxK  In case <2N  ,N<α  we

prove that if ( ) ( )ygyxl ≤,  and ( ),1, Ω∈ αNLg  then ( )( ) ,2lTKn ∈λ

which improves the corresponding results in [J. Funct. Anal. 37 (1980),

88-126], [Math. Ann. 268 (1984), 127-136].

1. Introduction

Let NR⊂Ω  be a domain, λ denote the Lebesgue measure on NR

and RK →Ω2:  be a measurable function given by

( ) ( ) .0,,, N
yx

yxl
yxK

N
<α<

−
=

α−
(1)

The so-called weakly singular integral operator KT  is the integral

operator, with the weakly singular kernel ( ),, yxK  of the form
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( ) ( ) ( )∫Ω= ,, dyyfyxKxfTK (2)

where f belongs to some suitable complex-valued function space. It is well

known that a number of integral equations, derived from differential

equations with boundary values, possess weakly singular kernels.

Let NR⊂Ω  be a bounded domain. In case, where ,2 NN <α<

König et al. in [6] proved that if ( ) ( )ygyxl ≤,  and ( ),,2 λΩ∈ Lg  then

the eigenvalues ( )Kn Tλ  of KT  satisfy ( )( ) .2lTKn ∈λ  Using the theory of

entropy number, Carl and Kühn improved the result of [6]. They obtained

in [1] that if ( )Ω∈ qLg  and ,+∞<<α qN  then ( )( ) .2lTKn ∈λ

In this paper, we will prove, by means of the property of Lorentz

function space and the theory of p-summing operators, that the condition

( )Ω∈ α 1,NLg  alone is sufficient for ( )( ) .2lTKn ∈λ  Background material

can be found in [2-4].

2. A Property of Lorentz Function Space

Let p′  denote the conjugate index defined by .111 =′+ pp  Let

( )µ∑Ω ,,  be a measure space and Rf →Ω:  be a measurable function.

Putting ( ) ( ){ },sfsdf >ω|Ω∈ωµ=  we recall from [5] that the

decreasing rearrangement of f, ( )[ ) [ )∞→Ωµ∗ ,0,0:f  is given by

( ) { ( ) }.0inf tsdstf f ≤|>=∗  If ( ) ,∞<Ωµ  then extend ∗f  to ( )[ )∞Ωµ ,  by

0. For ∞<< p0  and ,0 ∞≤< q  the Lorentz function space ( )µΩ,, qpL

consists of all measurable functions Rf →Ω:  such that

( )

( ( ) )

( )








∞=∞<

∞<∞<








=
∗

≥

∞+ ∗

∫
.,sup

,,

1

0

1

0

1

,
qtft

qdt
t
ttf

f
p

t

qqp

qp (3)

Lemma 1. Let Rgf →Ω:,  be measurable functions. Then for any

( )[ ),,0 Ωµ∈t
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( ) ( ) ( ) ( ).2 tgtftgf ∗∗∗ ⋅≤⋅ (4)

Proof. Since

{ ( ) ( ) ( ) ( )}tgtfgf ∗∗ ⋅>ω⋅ω|Ω∈ωµ

{ ( ) ( )} { ( ) ( )} ,2ttggtff =>ω|Ω∈ωµ+>ω|Ω∈ωµ≤ ∗∗

by the definition of rearrangement, we have ( ) ( ) ( ) ( ).2 tgtftgf ∗∗∗ ⋅≤⋅  The

proof is complete.

Theorem 1. Let ∞<< 21,0 pp  and .,0 21 ∞≤< qq  Let 111 pp =

21 p+  and .111 21 qqq +=  Then

( ) ( ) ( ).,,, 2211
Ω⊂ΩΩ qpqpqp LLL (5)

Proof. Let ( )Ω∈
11, qpLf  and ( ).

22, Ω∈ qpLg  Then by Lemma 1 and

Hölder inequality, we have

( )
(( ) ( ) )

qqp

qp dt
t

ttgfgf
1

0

1

, 






 ⋅=⋅ ∫
∞+ ∗

( ( ) ( ) )
qqp

p dt
t

ttgtf
1

0

1
12 







 ⋅≤ ∫
∞+ ∗∗

( ) ( ).2
2211 ,,

1
qpqp

p gf ⋅≤ (6)

The proof is complete.

Theorem 2. Let ∞<< 21,0 pp  and .,0 21 ∞≤< qq  Let 111 pp =

21 p+  and .111 21 qqq +=  If ( ) +∞<Ωµ  and ,2121 qqpp ≤  then

( ) ( ) ( ).,,, 2211
Ω=ΩΩ qpqpqp LLL (7)

Proof. Since ,2121 qqpp ≤  it is easy to verify that .011 ≥− pqpq

Let ( ) ( )., Ω∈ qpLxh  Denote ( ) ( ) 1qqxhxf =  and ( ) ( )( )xhxg sign=

( ) .2qqxh⋅  Then ( ) ( ) ( ).xhxgxf =⋅  We shall prove that ( ).
11, Ω∈ qpLf

Indeed, ( ) ( )qq
hf sdsd 1=  and then ( ) { ( ) } =≤|>=∗ tsdstf qq

h
10inf
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( ( )) .1qqth∗  Hence we have

( )
( ( ) )( ) 111

11

1

0

1

,

qqp

qp dt
t
ttff 








= ∫

Ωµ ∗

( ( ) )( ) 1
11

1

0

1 q
pqpq

qp
dtt

t
tth









= ∫

Ωµ −
∗

( )( )
( ) .1111

, +∞<Ωµ≤ − qq
qp

qpqpq h (8)

Similarly, we can prove that ( )( ).
22, Ω∈ qpLg  Thus, we have ( )ΩqpL ,

( ) ( ).
2211 ,, ΩΩ⊂ qpqp LL  Our proof now follows from this and Theorem 1.

3. Eigenvalue Distribution of Weakly Singular Kernel

Using the above theorems and the theory of p-summing operator, we

now discuss the eigenvalue distribution of (2). In the following, we always

suppose that NR⊂Ω  is a bounded domain and ,2 NN <α<  and we

write α= Np  and ( ) N
x yxye −α−=  for the sake of simplicity.

Theorem 3. If ( ) ( )ygyxl ≤,  and ( ),1, Ω∈ αNLg  then ( )( ) .2lTKn ∈λ

Proof. By [5, Lemma 1.c.7], for any ( ),1, Ω∈ pLf  we have

( ) ( ) ( ) ( )
( )

∫ ∫Ω

Ωλ
∗∗≤

0
dttftedyyfye xx

( ) ( )( )

∫
Ωλ ∗

′∗

>
⋅≤

0

1
1

0
sup dt

t
ttf

tte
p

p
x

t

( ),1,
1

p
p

N f′σ≤ (9)

where Nσ  denotes the N-volume of the unit ball in .NR  Let ( ) =yxJ ,

( ) ( )., ygyxK  We show that the integral operator ,JT  defined by J, is a

continuous operator which maps ( )Ω1,pL  into ( ).Ω∞L  For any

( ),1, Ω∈ pLf  from Hölder inequality and (9), we have
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( ) ( )∫ΩΩ∈
∞ = dyyfyxJfT

x
J ,supess

( ) ( )∫ΩΩ∈
≤ dyyfyex

x
supess

( ).1,
1

p
p

N f′σ≤ (10)

Thus, ∞→ LLT pJ 1,:  is a continuous operator with ∞→ LLT pJ 1,:

.1 p
N

′σ≤

We now construct a factorization of g. Let .2111 −= ps  From

Theorem 2 and ( ),1, Ω∈ pLg  there exists a factorization of the form

( ) ( ) ( ),21 ygygyg ⋅= (11)

where ( )Ω∈ 21 Lg  and ( ).2,2 Ω∈ sLg  We define two multiplication

operators: ( ) ( )Ω→Ω∞ 2:
1

LLM g  by fgfM g ⋅= 11
 and ( ) →Ω2:

2
LM g

( )Ω1,pL  by .22
hghM g ⋅=  It is not difficult to check that →∞LM g :

1

.212 gL ≤  By [5, Theorem 2.b.8], this implies that 
1gM  is a

2-summing operator. From (6), we know that 
2gM  is bounded and

( ).2: 2,2
1

1,22 s
p

pg gLLM ≤→  Thus, by the ideal property of

2-summing operators, the multiplication operator :
12 ggg MMM ⋅=

( ) ( )Ω→Ω∞ 1,pLL  defined by fgfM g ⋅=  is also a 2-summing operators.

It is easy to verify that .gJK MTT ⋅=  Thus, by reason similar to

that above, ( ) ( )Ω→Ω ∞∞ LLTK :  is 2-summing. Consequently, by [5,

Proposition 2.a.1], KT  has square-summable eigenvalues, and

( )( ) ( ) ( )
12 222 ggJKKn MMTTT π⋅⋅≤π≤λ

( ) ( ),2 1,2,221
11

aNsG
p

N
p gcggK =⋅σ≤ ′ (12)

where G
p

N
p Kc ′σ= 112  and GK  is the Grothendieck constant. The proof

is complete.
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Remark. König et al. in [6] proved that if ( ),2 Ω∈ Lg  then

( )( ) ,2lTKn ∈λ  and Carl proved in [1] that if ( )Ω∈ qLg  and αN

,∞<< q  then ( )( ) .2lTKn ∈λ  Note that if ,2 NN <α<  then ,21 <α< N

and thus ( ) ( ),1,2 Ω⊂Ω αNLL  ( ) ( ).1, Ω⊂Ω αNq LL  Hence Theorem 3

improves the results in [1, 6].

Theorem 4. If ( ) ( )xgyxl ≤,  and ( ),1, Ω∈ αNLg  then ( )( ) .2lTKn ∈λ

Proof. We first prove that ( ) ( )Ω→Ω 11: LLTK  is bounded. For any

( ),1 Ω∈ Lf

( ) ( )∫ ∫Ω Ω
= dxdyyfyxKfTK ,1

( ) ( ) ( )∫ ∫Ω Ω
⋅≤ dydxyfxexg y

( ) ( ) ( )∫ ∫Ω Ω







= .dyyfdxxexg y (13)

From (13) and (9), we have

( ) ( ) ( )∫Ω
′′ ⋅σ≤σ≤ .11,

1
1,

1
1 fgdyyfgfT p

p
Np

p
NK (14)

Thus, ( ) ( ) ( ).: 1,
1

11 p
p

NK gLLT ′σ≤Ω→Ω  Hence the conjugate

operator of ,KT  ( ) ( )Ω→Ω ∞∞
∗ LLTK :  is also bounded. Let ∗K  denote

the kernel of .∗
KT  Then ( ) ( ) ( ) .,,, α−∗ −== NyxxylxyKyxK  Note

that ( ) ( ),∗λ=λ KnKn TT  N∈n  and ( ) ( )., ygxyl ≤  Thus, in view of

Theorem 1, we have

( )( ) ( ( )) ( ),1,22 α
∗ ≤λ=λ NKnKn gcTT (15)

where c is given as in Theorem 1. The proof is complete.
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