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Abstract 

We investigate the lattice structure of the set of principal L-topologies 
on a given set X. It is proved that the lattice of principal L-topologies 
is atomic and even not modular. It is complete and it has dual atoms if 
and only if membership lattice L has dual atoms and this lattice is 
semi-complemented. 
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1. Introduction 

The concept of fuzzy topology was introduced by Chang [2] in 1968, and 
later in a different way by Lowen [10] and Hutton [8]. Meanwhile, Goguen 
[7] introduced the concept of L fuzzy sets and consequently the Chang’s 
definitions of a fuzzy topology have been extended to L-topology [15]. In 
this paper, we investigate the lattice structure of the set ( )Xβ  of all principal 

L-topologies on a given set X. In [1], Birkhoff proved that the set ( )X∑  of 

all topologies on a fixed set X, forms a complete lattice with natural order of 
set inclusion. Vaidyanathswamy [12] showed that this lattice is not 
distributive in general. Steiner [11] proved that the lattice of topologies on a 
set with more than two elements is not even modular. Vaidyanathswamy [12] 
determined atoms in this lattice and proved that it is an atomic lattice. Frolich 
[4] determined dual atoms of this lattice and proved that it is also dually 
atomic. Van Rooji [13] and Steiner [11] independently proved that the lattice 
of topologies is complemented. In [9], Johnson studied the lattice structure of 
the set of all L-topologies on a given set X. It is quite natural to find 
sublattices in the lattice of L-topologies and study their properties. The 
collection ( )Xβ  of all principal L-topologies on a given set X forms one of 

the sublattices of the lattice of L-topologies on X. Lattice of principal 
L-topologies is a complete sublattice of lattice of L-topologies. Also, ( )Xβ  is 

not modular and complemented. The concept of principal topologies in the 
crisp case was studied by Steiner [11]. The lattice of principal topologies is a 
complete lattice whose least element is the indiscrete topology and the 
greatest element is the discrete topology. This lattice is both atomic and 
dually atomic. Its atoms coincide with those of ( ).X∑  However, we prove 

that the lattice ( )Xβ  has dual atoms if and only if the membership lattice L 

has dual atoms and it is not dually atomic in general. Also, it is proved that 
induced principal L-topologies have complements. 

2. Preliminaries 

Throughout this paper, X stands for a nonempty ordinary set and L for a 
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fuzzy lattice with an order reversing involution. We denote the constant 

function in XL  taking the value L∈α  by .α  The fundamental definitions 

of L fuzzy set theory and L-topology are assumed to be familiar to the reader. 
A topological space is called principal if it is discrete or if it can be written 
as the meet of principal ultra topologies. Steiner [11] proved that this is 
equivalent to requiring that arbitrary intersection of open sets is open. 
Analogously, we define principal L-topology. 

Definition 2.1. An L-topology is called principal L-topology if arbitrary 
intersection of open L subsets is an open L subset. 

Definition 2.2 [15]. A fuzzy lattice is a complete and completely 
distributive lattice with an order reversing involution. 

Definition 2.3 [15]. An element of a lattice L is called an atom, if it is the 
minimal element of { }.0\L  

Definition 2.4 [15]. An element of a lattice L is called a dual atom, if it is 
the maximal element of { }.1\L  

Definition 2.5 [3]. A lattice is said to be bounded if it possesses the 
smallest element 0 and the largest element 1. 

Definition 2.6 [15]. A bounded lattice L is said to be joint complemented 
if for all x in L, there exists Ly ∈  such that .1=∨ yx  

Definition 2.7 [15]. A bounded lattice L is said to be meet complemented 
if for all ,Lx ∈  there exists Ly ∈  such that .0=∧ yx  

Definition 2.8 [15]. A bounded lattice is said to be complemented if it is 
both join complemented and meet complemented. 

Definition 2.9. A bounded lattice L is said to be semi-complemented if it 
is either join complemented or meet complemented. 

Definition 2.10 [6]. An element Lp ∈  is called prime if 1≠p  and 

whenever Lba ∈,  with ,pba ≤∧  then pa ≤  or .pb ≤  The set of all 

prime elements of L will be denoted by ( ).Pr L  
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Definition 2.11 [14]. The Scott topology on L is the topology S, 
generated by the sets of the form { },: ptLt ≤/∈  where ( ).Pr Lp ∈  Let 

( )τ,X  be a topological space and L be a fuzzy lattice. Then ( ) LXf →τ,:  

is said to be Scott continuous if ( ) ( )SLXf ,,: →τ  is continuous, i.e., if 

for every ( ) { }( ) .:,Pr 1 τ∈≤/∈∈ − ptLtfLp  

Remark 2.12. When [ ],1,0=L  the Scott topology coincides with a 

topology of topologically generated spaces of Lowen [10]. The set 

( ) { ( ) }continuousScottis,:: LXfLf X
L →τ∈=τω  is an L-topology. 

An L-topology F on X is called an induced L-topology, if there exists a 
topology τ  on X such that ( ).τω= LF  If τ  is a principal L-topology, then 

( )τωL  is a principal L-topology and is denoted by ( ).τωPL  

Note [5]. A lattice L is modular if it has no sublattice isomorphic to ,5N  

where 5N  is a standard non-modular lattice. 

3. Lattice of Principal L-topologies 

The family ( )Xβ  of all principal L-topologies on a given set X forms a 

lattice under the natural order of set inclusion. The least upper bound of a 
collection of principal L-topologies belonging to ( )Xβ  is the principal 

L-topology, which is generated by their union and the greatest lower bound is 
their intersection. The smallest principal L-topology is the indiscrete 
L-topology denoted by 0 and the largest principal L-topology is the discrete 
L-topology denoted by 1. 

Theorem 3.1. The lattice ( )Xβ  is complete. 

Proof. Let S be a subset of ( ),Xβ  ∩
SH

HG
∈

α
α

=  and .Gf ∈α  Then 

αα ∈ Hf  for each .α  Since αH  is a principal L-topology, αα ∈∧ Ff  for 

each .α  Therefore, αα ∈∧ Hf ∩  and so .Gf ∈∧ α  Thus, G is closed under 

arbitrary intersection. That is ( )XG β∈  and G is the greatest lower bound of 
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S. Let K be the set of upper bounds of S. Then K is nonempty, since .1 K∈  
Using the above argument, K has the greatest lower bound, say H. Then this 
H is the least upper bound of S. Thus, every subset S of ( )Xβ  has the 

greatest lower bound and least upper bound. Hence, ( )Xβ  is complete. ~ 

Theorem 3.2. ( )Xβ  is atomic. 

Proof. Atoms in ( )Xβ  are of the form ( ) { }.subset an  is ,1,0 Lggg =F  

Let P be any element of ( ).Xβ  Then ( ).gP
Pg
F

∈
∨=  Hence, ( )Xβ  is 

atomic. ~ 

Theorem 3.3. ( )Xβ  is not modular. 

For example, let { }cbaX ,,=  and { } { } { }{ }.,,,,, babaX∅=τ  Suppose 

{ },1,01 =F  { ( )},,1,02 aF μ=  { ( )},,1,03 bF μ=  { ( ) ( )},,,1,0 ,4 baaF μμ=   

{ ( ) ( ) ( )},,,,1,0 ,5 babaF μμμ=  where ( ) ( ) ( )baba ,,, μμμ  are the characteristic 

functions of open subsets { } { } { }baba ,,,  of ( )., τX  Then each element in 

the collection [ ]54321 ,,,, FFFFFS =  belongs to ( )Xβ  and S is a sublattice 

of ( ),Xβ  isomorphic to .5N  Therefore, the ( )Xβ  is not modular. 

Theorem 3.4. If L has no dual atoms, then the lattice of principal 
L-topologies ( )Xβ  on a set X has no dual atoms. 

Proof. Let F be any principal L-topology on X other than 0 and 1. Being 
F is a principal L-topology it is closed for arbitrary intersection. Since ,1≠F  

F cannot contain all constant L-subsets and all characteristic functions of 

open sets in .τ  Let .FLS X −=  Then S is infinite since L has no dual atoms. 
Let Sg ∈  and G be the principal L-topology generated by { }.gF ∪  Then 

.1≠⊂ GF  Hence, the proof of the theorem is completed. ~ 

Theorem 3.5. If L has dual atoms, then ( )Xβ  has dual atoms. 

Proof. Let g be a dual atom in the lattice of principal topologies. Let A 
be a subset of X not in τ  such that { } { }ABBS ∪τ∈= :  generates the 
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discrete topology on X. Let L∈α  and assume that α  is the dual atom of L. 

Then the L-topology generated by ( ) ατω APL f∪  is the dual atom in ( ),Xβ  

where ( )τωPL  is the principal L-topology consists of all Scott continuous 

functions and 

 ( )
⎩
⎨
⎧ ∈α

=α

otherwise.,0

, if, Ax
xf A  ~ 

By comparing Theorems 3.4 and 3.5, we get 

Theorem 3.6. Lattice of principal L-topologies ( )Xβ  on a set X has dual 

atoms if and only if L has dual atoms. 

Theorem 3.7. Lattice of principal L-topologies ( ),Xβ  on a set X is not 

dually atomic in general. 

Proof. This follows from Theorem 3.4. ~ 

Theorem 3.8. If F is any principal L-topology on X such that the 
topology corresponding to the characteristic functions in F is neither 
discrete nor indiscrete, then F has at least one join complement. 

Proof. Let τ be the principal topology corresponding to the 
characteristics functions in F. Since the lattice of principal topologies on X is 
complemented [11], we can find a principal topology τ′  such that 0=τ′∧τ  
and 1=τ′∨τ  in the lattice of principal topologies. Then the principal 
L-topology generated by ( ) 1=τ′ωPLF ∪  in ( ),Xβ  where ( ) =τ′ωPL  

{ ( ) ,,: LXfLf X →τ′∈  is Scott continuous}. Hence the proof. ~ 

Theorem 3.9. The lattice of principal L-topologies ( )Xβ  on any set X, is 

semi-complemented. 

Proof. This follows from the above theorem. ~ 

Theorem 3.10. If F is any induced principal L-topology on X, then F has 
at least one complement in ( ).Xβ  
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Proof. Since F is induced, there exists a principal topology τ  in the 
lattice of principal topologies such that ( ) .FPL =τω  Since lattice of 

principal topologies is complemented [11], there exists at least one topology 
τ′  in the lattice of principal topologies such that 0=τ′∧τ  and 1=τ′∨τ  
in the lattice of principal topologies. Then ( ) 1=τ′ω∨ PLF  and ( )τ′ω∧ PLF  

0=  in ( ).Xβ  ~ 

4. Conclusion 

For a given principal topology ,τ  the family τF  of all principal 

L-topologies defined by families of Scott continuous functions from ( )τ,X  

to L, form a lattice under the natural order of set inclusion. From this lattice, 
we can deduce the properties of ( ).Xβ  
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