
 

Far East Journal of Mathematical Sciences (FJMS) 
Volume 57, Number 2, 2011, Pages 133-137 
Published Online: October 13, 2011 
This paper is available online at http://pphmj.com/journals/fjms.htm 
© 2011 Pushpa Publishing House 

 

 :tionClassificaject Sub sMathematic 2010 54D30, 54B05.
 Keywords and phrases: subsets of a compact space, compactness. 

Received December 28, 2010 

WHEN IS A SUBSET OF A COMPACT SPACE COMPACT? 

ROBERTO BENEDUCI 

Dipartimento di Matematica 
Università della Calabria, and 
Istituto Nazionale di Fisica Nucleare 
Gruppo c. Cosenza, via P. Bucci cubo 30-B 
87036 Arcavacata di Rende (Cs), Italy 
e-mail: rbeneduci@unical.it 

Abstract 

In the present work we give a necessary and sufficient condition for the 
compactness of a not closed subset A of a compact space X. 

It is well known that a closed subset of a compact space is compact (see [1, 2] 
for an elementary introduction to topology). What about subsets which are not 
closed? It is well known that there exist compact subsets of a compact space which 
are not closed. In the present note, we give a necessary and sufficient condition for 
the compactness of a not closed subset A of a compact topological space X. We 
begin by giving some examples. Consider the interval [ ]1,0=S  with the finite 

complement topology (see [3, p. 49]), that is, the topology generated by declaring 
open the set [0, 1], the empty set ∅ and all the sets with finite complements. Each 
subset A of [0, 1] is compact. Indeed, if C  is a cover of A, each open set C∈G  
contains all the points of A but a finite number of points { } ....,,1 niix =  Therefore, the 

family of sets { },...,,, 1 nGGG  where C∈iG  and ii Gx ∈  is a finite cover of A. 

Another example is the following. Let us consider the set [ ]1,1−=X  with the 
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overlapping interval topology ([3, p. 77]), that is, the topology generated by 
declaring open the sets of the form [ )b,1−  for 0>b  and ( ]1,a  for .0<a  This 

means that also the sets of the form ( )ba,  are open. The space X is compact, since 

for any open cover, the open sets containing 1 and −1 cover X. 

Now, let us consider the subset [ ]21,21−=A  and the relative topology of A 

(a set AZ ⊂  is open if ,AGZ ∩=  where G is an open set in the topology of X). 

The subset A is not closed since it is neither of the form [ ]a,1−  nor of the form 

[ ]1,b  but it is compact. In order to see this, notice that any covering of A must 

contain the points 21−  and .21  Moreover, the neighborhoods of 21−  are the sets 

of the form [ )b,1−  and (a, b), with ,0,21 >−< ba  while the neighborhoods of 

21  are the sets of the form ( ]1,c  and ( ),, dc  with .21,0 >< dc  Therefore, any 

cover of A contains one of the following sub-covers: 

[ ) ( ]{ },1,,,1 AcAb ∩∩−  

[ ) ( ]{ },,,,1 AdcAb ∩∩−  

( ) ( ]{ },1,,, AcAba ∩∩  

( ) ( ){ }.,,, AdcAba ∩∩  

Notice that the topological spaces considered above are not Hausdorff ( )2or T  

and this is a general consequence of the fact that a compact subset of a compact 
Hausdorff space is closed [1, 2]. Moreover, it is worth remarking that X is 0T  but it 

is not 1T  while S is 1T  and thus .0T  

Theorem 1. Let ( )τ,T  be a compact space, TA ⊂  be a not closed subset of T 

and τ′  be the relative topology of A. Then A is compact if and only if for any open 

cover { } Llll GG ∈τ′∈|  of A and for any ,AAx −∈  there exist a neighborhood xV  

of x and a finite subset xL  of L such that .lLlx GAV x∈⊆ ∪∩  

Proof. Sufficiency. First, we suppose that the hypothesis of the theorem is true 
and prove that A is compact. Let { } Llll GG ∈τ′∈|=:C  be an open cover of A. For 

any ,AAx −∈  there exist xV  and ,LLx ⊂  such that xL  is finite and ⊆AVx ∩  
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.lLl Gx∈∪  Now, we consider the family of sets { }lLlAAx Gx∈−∈= ∪∪CC1  which 

we denote by { ( )} .1
1 MmmG ∈=C  The family 1C  is a cover of A such that for any 

,AAx −∈  there exist a neighborhood xV  of x and a set ( ) { ( )} Mmmm GG
x ∈∈ 11  for 

which ( ) .1
xmx GAV ⊂∩  Now, we start from the family 1C  and for each ,AAx −∈  

we replace the sub-family of sets { ( ) } 1
1 C⊂−∈ AAxmx

G  by the family of sets 

{( ( )( ) ) } ,1
AAxx AVxH −∈∩∪  where ( )( ) τ∈xH 1  is the open set such that 

( )( ) ( ) .11
xmGAxH =∩  We get a family of sets 1

~
C  which we denote by 

{ ( )} .~~ 1
1 SssG ∈=C  Moreover, 1

~
C  is a cover of .A  Since A  is closed, it is compact [1, 

2]. Therefore, there exists a finite sub-cover { ( )} 1...,,1
1 ~~

C⊂= mjjG  of .A  By setting 

( ) ,~: 1 AGG jj ∩=′  we get a cover of A. Indeed, 

( ( ) ) ( ( ) ) .
~~ 1

1
1

11 AAAAGAGG i
m
ii

m
ii

m
i ====′ === ∩∩∪∩∪∪  

Moreover, { } mjjG ...,,1=′  is a sub-cover of ,1C  i.e. { } { ( )} .1
...,,1 Mmmmjj GG ∈= ⊂′   In 

order to prove this, we recall that 1
~
C  was obtained from 1C  by replacing the family 

of sets { ( ) } AAxmx
G −∈

1  by the family of sets {( ( )( ) ) } .1
AAxx AVxH −∈∩∪  Therefore, 

( )
1

1~
C∈jG  or there exists a point AAx j −∈  such that ( ) ( ( )( ) ) .

~ 11 AVxHG jxjj ∩∪=  

This means that 

[( ( )( ) ) ] ( ( ) ( ) ) AVxHAAVxHG jj xjxjj ∩∪∩∩∪ 11 ==′  

 ( ( )( ) ) ( ) ( ) ( ) ( ) ,111
jxjjxj mxmxj GAVGAVAxH === ∩∪∩∪∩  

where the fact that ( ) ( )1
jxj mx GAV ⊆∩  was used. Therefore, { } mjjG ...,,1=′  is a cover 

of A and { } .1...,,1 C⊂′ = mjjG  We recall that { } .1 AAxlLl Gx −∈∈= ∪∪CC  This 

means that the sets in 1C  are either contained in C  or are finite unions of sets 

contained in .C  Since, as we proved above, { } ,1...,,1 C⊂′ = miiG  the same is true for 
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the sets ,iG′  that is, either C∈′iG  or lLli GG x∈=′ ∪  for some .AAx −∈  

Therefore, if we replace in { } niiG ...,,1=′  each set of the form lLli GG x∈=′ ∪  by the 

family of sets { }
xLllG ∈  we get a finite cover of A which is a sub-cover of .C  

 Necessity. Let { }τ′∈|= ll GGC  be a cover of A. Since A is compact, there 

exists a finite sub-cover { } ....,,11 CC ⊂= = niliG  Therefore, for any AAx −∈  and 

for any neighborhood xV  of x, 

 .1 il
n
ix GAAV ==⊂ ∪∩  ~ 

 

Figure 1. The figure represents a neighborhood xV  of the point x and two open sets 

C∈21, GG  which cover .xVA ∈  It is crucial that xVA ∩  could be covered by a 

finite number of sets of C  for any cover C  of A. 

In order to apply Theorem 1 to a concrete case, let us consider the interval            
[−1, 1] with the overlapping interval topology introduced above. 

Example 1. [ ]1,1−=X  and the open sets are the sets of the kind [ ),,1 b−  

( ]1,a  and (a, b) with 0>b  and .0<a  Let us consider the subset [ ].21,21−=A  

As we showed above, A is not closed but it is compact. Now, we want to prove the 
compactness of A by using Theorem 1. In order to do this, it is sufficient to show 
that the hypothesis of the theorem is true. The smallest closed set containing A is X 

itself, so that .XA =  Let [ ) ( ].1,2121,1 ∪−−=−∈ AAx  In particular, assume 

( ].1,21∈x  Notice that, since ,21 A∈  any covering of A is of the form =C  

( ]{ } LllGAa ∈,1, ∩  or of the form {( ) } ,~,,~
LllGAba ∈= ∩C  with 21>b  and 

021 <<− a  (we are excluding the cases C∈A  and ).~
C∈A  Now, let us consider 
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the neighborhood ( ]1,aVx =  of x. We have 

( ] ,1, C∈= AaAVx ∩∩  

( ] ( ] ( ) 1,21,1, C∈=== AbaaAaAVx ∩∩∩  

so that the hypothesis of the theorem is satisfied in the case ( ].1,21∈x  An 

analogous reasoning for the case [ )21,1 −−∈x  ends the proof. 

Notice that the compactness of X in Theorem 1 is crucial for the validity of the 
theorem. Indeed, the following is an example in which X is not compact and there 
exists a subset A of X such that the hypothesis of the theorem is satisfied, in spite of 
the fact that A is not compact. 

Example 2. We define a topology on the interval [ ]1,0=X  by declaring open 

the set ∅ and any subset containing the point 0. Therefore, the only closed set 
containing 0 is X itself. The topological space X is not compact since there is no 
finite sub-cover of the cover { { },1,01 == GC  [ ) =−= nGG ...,,211,02  

[ ) }....,11,0 n−  Now, let us consider the subset [ ).1,0=A  In the relative topology, 

the sets ii GAG =∩  are open. Therefore, A is not compact since there is no finite 

sub-cover of the cover { }....,...,,2 nGG=C  Now, we prove that the hypothesis of 

Theorem 1 is satisfied. The closure of A is [0, 1] so that { }.1=− AA  Moreover, 

every cover { } LllA ∈=C  of A is such that ,0 lA∈  .Ll ∈  Let us consider the 

neighborhood { }1,01 =V  of 1. We have 

{ } .,01 LlAAV l ∈⊂=∩  

Thus, the hypothesis of Theorem 1 is satisfied although A is not compact. 
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