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Abstract

In the present work we give a necessary and sufficient condition for the
compactness of a not closed subset A of a compact space X.

It is well known that a closed subset of a compact space is compact (see [1, 2]
for an elementary introduction to topology). What about subsets which are not
closed? It is well known that there exist compact subsets of a compact space which
are not closed. In the present note, we give a necessary and sufficient condition for
the compactness of a not closed subset A of a compact topological space X. We
begin by giving some examples. Consider the interval S = [0, 1] with the finite
complement topology (see [3, p. 49]), that is, the topology generated by declaring

open the set [0, 1], the empty set & and all the sets with finite complements. Each
subset A of [0, 1] is compact. Indeed, if C is a cover of A, each open set G € C

contains all the points of A but a finite number of points {x;};_; . Therefore, the

family of sets {G, Gy, ..., G}, where G; € C and x; € G; is a finite cover of A.

Another example is the following. Let us consider the set X = [-1, 1] with the
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overlapping interval topology ([3, p. 77]), that is, the topology generated by
declaring open the sets of the form [-1,b) for b > 0 and (a, 1] for a < 0. This
means that also the sets of the form (a, b) are open. The space X is compact, since

for any open cover, the open sets containing 1 and —1 cover X.

Now, let us consider the subset A =[-1/2, 1/2] and the relative topology of A
(aset Z — A isopenif Z =G () A, where G is an open set in the topology of X).
The subset A is not closed since it is neither of the form [-1, a] nor of the form
[b, 1] but it is compact. In order to see this, notice that any covering of A must
contain the points —1/2 and 1/2. Moreover, the neighborhoods of —1/2 are the sets
of the form [-1, b) and (a, b), with a < —1/2, b > 0, while the neighborhoods of
1/2 are the sets of the form (c, 1] and (c, d), with ¢ <0, d > 1/2. Therefore, any

cover of A contains one of the following sub-covers:
{=L.b)N A (c, 11N A},
{-Lb)N A (c, d]N A},
& b)N A (e, 1IN A},
& b)N A (c, d)N A}

Notice that the topological spaces considered above are not Hausdorff (or T,)

and this is a general consequence of the fact that a compact subset of a compact
Hausdorff space is closed [1, 2]. Moreover, it is worth remarking that X is T but it

isnot T; while Sis T; and thus T.

Theorem 1. Let (T, t) be a compact space, A = T be a not closed subset of T
and t' be the relative topology of A. Then A is compact if and only if for any open
cover {G; |G, e t'};_, of Aand forany x e A — A, there exist a neighborhood V,

of x and a finite subset L, of L such that Vy, N A < Ui, G.

Proof. Sufficiency. First, we suppose that the hypothesis of the theorem is true

and prove that A is compact. Let C == {G| |G| € t'};_, be an open cover of A. For

any x € A — A, there exist V, and L, c L, such that L, is finite and V, N A <
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UjeL, Gi- Now, we consider the family of sets C; = C U, x_a {UjeL, Gi} which
we denote by C; = {Gr(nl)}m om- The family C; is a cover of A such that for any

x € A — A, there exist a neighborhood V, of x and a set Gr(nl) € {Gr(#)}meM for
X
which V, N A c Gr(r})' Now, we start from the family C; and for each x e A-A
X
we replace the sub-family of sets {Gg) JxeA_a © Cy by the family of sets
X

{(H(l)(X)UVX)ﬂK}XEK,A, where H(l)(X)G‘E is the open set such that

H(l)(x)ﬂA=Gr(T2. We get a family of sets C; which we denote by

51 = {Ggl)}ses. Moreover, 51 is a cover of A. Since A is closed, it is compact [1,
2]. Therefore, there exists a finite sub-cover {G gl)} j<l..m C C, of A. By setting

Gj =G gl) N A, we get a cover of A. Indeed,

mG =ULGYNA)=UL GMNA=ANA=A

Moreover, {Gj}j_; pn is asub-cover of Cy, ie. {Gj}j_ < {G,(T})}mGM. In

m
order to prove this, we recall that 51 was obtained from C; by replacing the family

of sets {Gr(riz yeA_a by the family of sets {(H (l)(X) UV )N Al x_a- Therefore,

égl) € C orthereexistsapoint X € A — A suchthat 651) =(H (1)(xj ) Uij )N A.

This means that

G,J _ [(H(l)(xj)UVXj)ﬂ K]ﬂ A= (H(l)(Xj)Uij)ﬂ A
= (OGN AU N, NA=6L Uty NA=C) .

is a cover

where the fact that (ij NA)c Gr(r}) was used. Therefore, {G'j} j=1,..,m
Xj (]

of A and {Gj};_;  =C;. We recall that C; = CU{Ujcr, Gjlxca_a- This

.,m
means that the sets in C; are either contained in C or are finite unions of sets

contained in C. Since, as we proved above, {G{};_, |, < C, the same is true for
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the sets Gj, that is, either Gf € C or Gj =Ujc, Gy for some xe A-A
Therefore, if we replace in {Gj};_, each set of the form Gf = Uy, G by the

family of sets {G }, cL, Wegeta finite cover of A which is a sub-cover of C.

Necessity. Let C = {G| |G| € 1’} be a cover of A. Since A is compact, there

exists a finite sub-cover C; = {Gy, };_; _, < C. Therefore, for any x e A - A and

n

for any neighborhood V, ofX,

VyNAc A=ULG. O

A 2

Figure 1. The figure represents a neighborhood V, of the point X and two open sets
G;, G, € C which cover A eV,. It is crucial that AV, could be covered by a

finite number of sets of C for any cover C of A.

In order to apply Theorem 1 to a concrete case, let us consider the interval
[=1, 1] with the overlapping interval topology introduced above.

Example 1. X =[-1, 1] and the open sets are the sets of the kind [-1, b),
(a, 1] and (a, b) with b > 0 and a < 0. Let us consider the subset A = [-1/2, 1/2].

As we showed above, A is not closed but it is compact. Now, we want to prove the
compactness of A by using Theorem 1. In order to do this, it is sufficient to show
that the hypothesis of the theorem is true. The smallest closed set containing A is X

itself, so that A = X. Let x € A — A=[-1, -1/2) U (1/2, 1]. In particular, assume
x € (1/2,1]. Notice that, since 1/2 € A, any covering of A is of the form C =
{@ 1]NA G}, or of the form C ={(a,b)N A Gy}, with b>1/2 and

-1/2 < a < 0 (we are excluding the cases Ae C and A e E) Now, let us consider
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the neighborhood V, = (a, 1] of x. We have
V, NA=(a1]NAeC,
Vi NA=(a,1]NA=(a,1/2]=(a,b)NA e

so that the hypothesis of the theorem is satisfied in the case X e (1/2,1]. An

analogous reasoning for the case X € [-1, —1/2) ends the proof.

Notice that the compactness of X in Theorem 1 is crucial for the validity of the
theorem. Indeed, the following is an example in which X is not compact and there
exists a subset A of X such that the hypothesis of the theorem is satisfied, in spite of
the fact that A is not compact.

Example 2. We define a topology on the interval X = [0, 1] by declaring open

the set & and any subset containing the point 0. Therefore, the only closed set
containing 0 is X itself. The topological space X is not compact since there is no
finite sub-cover of the cover C={G; ={0,1}, G, =[0,1-1/2),...,G, =
[0, 1-1/n), ...}. Now, let us consider the subset A = [0, 1). In the relative topology,
the sets G;j 1 A = G; are open. Therefore, A is not compact since there is no finite
sub-cover of the cover C = {G,, ..., Gy, ...}. Now, we prove that the hypothesis of
Theorem 1 is satisfied. The closure of A is [0, 1] so that A — A = {1}. Moreover,
every cover C = {A};_ of Ais such that 0 € A, | €L Let us consider the

neighborhood V| = {0, 1} of 1. We have
ViNA={0}c A, lelL.
Thus, the hypothesis of Theorem 1 is satisfied although A is not compact.
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