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Abstract

We consider the problem whether or not the Chebyshev varieties ,nV

introduced in Part I of this article, are characterized by their integral

points. We show that for any ,2≥n  square-free polynomials of n

variables which vanish on ( )ZnV  constitute a two-dimensional Q-vector

space generated by the defining equation ( )nxxu ...,,1  of nV  together

with ( ) ( )....,,...,, 211 nn xxuxxu −−

1. Introduction

This paper is a continuation of our previous papers [1, 2]. In Parts I
and II, we investigated the arithmetic and geometry of a family of

hypersurfaces ,n
nV A⊂  ,1≥n  called the Chebyshev varieties (of the

second kind). We found, among other things, that there exists a finite
number of linear subvarieties ,1, miLi ≤≤  of dimension ( ) 21−≤ n  such

that ( ) ( )U
mi

in LV
≤≤

=
1

.ZZ  (See Theorem 2.5 for more precise statement.)

For instance, ( )Z3V  turns out to be the union ( ) ( ) UU ZZ 21 LL

{ }4321 ,,, PPPP  of two lines and four points, where { },0311 === xxL

{ },02312 ==+= xxxL  { } ( ) ( ){ }.2,1,2,1,2,1,,, 4321 ±±±±±±=PPPP
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In the present paper, we consider the problem whether or not the
Chebyshev varieties are characterized by their integral points. We show
that for any ,2≥n  square-free polynomials of n variables which vanish

on ( )ZnV  constitute a two-dimensional Q-vector space generated by the

defining equation ( )nxxu ...,,1  of nV  and ( ) ( )....,,...,, 211 nn xxuxxu −−

When ,3=n  our result specializes to the claim that if [ ]321 ,, xxxf Q∈

consists solely of square-free terms and the zero locus ( ) { }0== ffV

3A⊂  contains two lines { },031 == xx  { }0231 ==+ xxx  and four

points ( ),1,2,1 ±±±  ( ),2,1,2 ±±±  then f is a Q-linear combination of

( ) 31321321 ,, xxxxxxxxu −−=  and ( ) ( ) .,, 32213221 xxxxxxuxxu −=−

Thus our main result of this paper may be regarded as a natural
generalization of this rather straightforward claim, and will provide one
with an infinite family of varieties characterized by their integral points.

The plan of the paper is as follows. In Section 2 we recall the
definition and some fundamental properties of the Chebyshev varieties.
In Section 3, we check that ( ) ( )nn xxuxxu ...,,...,, 211 −−  as well as

( )nxxu ...,,1  vanish on ( )ZnV  for any ,2≥n  and formulate the main

theorem. In Section 4 we prove the theorem. Some polynomial identities
satisfied by ( ),...,,1 nxxu  which is established in Section 2, play an

essential role in the proof.

2. Chebyshev Varieties and their Integral Points

In this section, we recall the definition and some fundamental
properties of Chebyshev varieties.

Let k be a field of arbitrary characteristic, and let nn k=A  be the

affine space of dimension n over .k  For any n independent variables

,...,,, 21 nxxx  let
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and let

( ) ( )....,,,det...,,, 2121 nn xxxUxxxu =

Let ( ){ } ,0...,,, 21
n

nn xxxuV A⊂==  and call it to be the Chebyshev

variety (of the second kind). We recall some properties of u.

Proposition 2.1 [1, Proposition 2.1].

(i) ( ) ( )....,,,...,,, 1121 xxxuxxxu nnn −=

(ii) ( ) ( ) ( )....,,...,,...,,, 32121 nnn xxuxxuxxxxu −=

(iii) ( ) ( ) ( )....,,...,,...,,, 211121 −− −= nnnn xxuxxuxxxxu

The symmetry stated in (i) will play a role when we characterize the

Chebyshev varieties by their integral points. The following assertion

follows easily from (ii) by induction on n.

Corollary 2.1.1. The degree of ( )nxxxu ...,,, 21  is equal to n and the

part of degree n of ( )nxxxu ...,,, 21  consists solely of .21 nxxx L  Moreover

every term of u is of degree congruent to n mod 2.

The next proposition shows that there is a simple formula for the

partial derivatives of u.

Proposition 2.2. For any k with ,1 nk ≤≤  we have

[ ] [ ] [ ].,11,1,1 nkukunu
xk

+−=
∂
∂ (2.1)

This implies that there is a strong restriction on the shape of

( )....,,1 nxxu

Corollary 2.2.1. Every term of the polynomial ( )nxxu ...,,1  is square-

free.

In the previous article [1], we introduced three families of maps

between the Chebyshev varieties in order to investigate the set of

integral points on them. We recall their definitions and basic properties.

(We have changed the notation a little in order to indicate the dimension

of their domains of definition.)
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Theorem 2.3 [1, Definition 2.9, Theorem 2.11]. For any ,1≥n  we

define three maps

(Blow-up) ( ) ,11,: 1
; +≤≤→ +
± niblup nnn

i AA

(Splitting) ( ) ,,1,: 2
; kcnisplit nnn
ci ∈≤≤→ +AA

(Pasting) ( ) ,,: 2
; kcApaste nnn
c ∈→ +

± A

by the following rules:

(i) ( )( ) ( ),...,,,1,1,1,...,,...,, 11211; niiiin
n
i xxxxxxxxblup +−−± ±±±=

,2 ni ≤≤

( )( ) ( ),...,,,1,1...,, 211;1 nn
n xxxxxblup ±±=±

( )( ) ( ),1,1,...,,...,, 111;1 ±±= −±+ nnn
n
n xxxxxblup

(ii) ( )( ) ( ) ,1,...,,,,0,,...,,...,, 1111; nixxccxxxxxsplit niiin
n

ci ≤≤−= +−

(iii) ( )( ) ( ),...,,,,0...,, 11; nn
n

c xxcxxpaste =−

( )( ) ( ).0,,...,,...,, 11; cxxxxpaste nn
n

c =+

Then we have

(iv) ( ( )( )) ( ) ,11,...,,...,, 11; +≤≤±=± nixxuxxblupu nn
n
i

(v) ( ( )( )) ( ) ,,1,...,,...,, 11; kcnixxuxxsplitu nn
n

ci ∈≤≤−=

(vi) ( ( )( )) ( ) .,...,,...,, 11; kcxxuxxpasteu nn
n

c ∈−=±

In particular, these families of maps restrict to morphisms between the

Chebyshev varieties:

( ) ( ) ( ) .:,:,: 2;2;1; +±++± →→→ nn
n

cnn
n

cinn
n
i VVpasteVVsplitVVblup

From now on, sometimes for ease of description, we write [ ]n,1  for

( )....,,1 nxxu
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Next we introduce another family of polynomials which satisfy

transformation rules similar to those for ( )....,,1 nxxu  They are defined

by

( ) ( ) ( )nnn xxuxxuxxv ...,,...,,...,, 2111 −= −

for any .2≥n  We show that they obey the following transformation

rules.

Proposition 2.4.

(i) ( ( )( ))
( )
( ) ( )
( ) ( )





+=+±
=−±

≤≤±
=±

,1,...,,...,,
,1,...,,...,,

,2,...,,
...,,

11

11

1

1;
nixxuxxv

ixxuxxv

nixxv

xxblupv

nn

nn

n

n
n
i

(ii) ( ( )( )) ( ) ,,1,...,,...,, 11; kcnixxvxxsplitv nn
n

ci ∈≤≤−=

(iii) ( ( )( )) ( ) ( ) ,,...,,...,,...,, 111; kcxxcuxxvxxpastev nnn
n

c ∈−−=−

( ( )( )) ( ) ( ) .,...,,...,,...,, 111; kcxxcuxxvxxpastev nnn
n

c ∈+−=+

Proof. (i) We give a proof of the transformation formula for ( ),;
n
iblup +

since that for ( )
n
iblup −;  can be proved similarly. When ,2 ni ≤≤  the

assertion follows from Theorem 2.3(iv). When ,1=i  we compute as

follows by using Theorem 2.3(iv) together with Proposition 2.1,

( ( )( ))n
n xxblupv ...,,1;1 +

( )nxxv ...,,1,1 1 +=

( ) ( )nn xxuxxu ...,,1...,,1,1 111 +−+= −

( ) ( ) ( ) ( )( )nnn xxuxxuxxxu ...,,...,,1...,, 32111 −+−= −

( ) ( )( ) ( ) ( )( )nnnn xxuxxuxxxuxxu ...,,...,,...,,...,, 321211 −−−= −

( ) ( )....,,...,, 11 nn xxuxxv −=

The case 1+= ni  can be treated similarly.



w
w

w
.p

ph
m

j.c
om

FUMIO HAZAMA390

(ii) When ,12 −≤≤ ni  the assertion follows from Theorem 2.3(v).

When ,1=i  we can compute as follows:

( ( )( )) ( )nn
n

c xxccxvxxsplitv ...,,,,0,...,, 211;1 −=

( ) ( )nn xxcuxxccxu ...,,,,0...,,,,0, 2121 −−= −

( ) ( )nn xxuxxxu ...,,...,,, 2121 +−= −

(by Theorem 2.3(v) and (vi))

( )....,,, 21 nxxxv−=

When ,ni =  we compute as follows:

( ( )( )) ( )ccxxvxxsplitv nn
n

cn ,0,...,,...,, 11; −=

( ) ( )ccxxucxxu nn ,0,...,,0,...,, 21 −−−=

( ) ( )nn xxuxxxu ...,,...,,, 2121 +−= −

(by Proposition 2.1(iii) and Theorem 2.3(v))

( )....,,, 21 nxxxv−=

(iii) The first assertion is assured by the following computation:

( ( )( )) ( )nn
n

c xxcvxxpastev ...,,,,0...,, 11; =−

( ) ( )nn xxcuxxcu ...,,,...,,,,0 111 −= −

( ) ( ) ( )( )nnn xxuxxcuxxu ...,,...,,...,, 2111 −−−= −

( ) ( )....,,...,, 11 nn xxcuxxv −−=

For the second assertion we compute as follows:

( ( )( )) ( )0,,...,,...,, 11; cxxvxxpastev nn
n

c =+

( ) ( )0,,...,,,...,, 21 cxxucxxu nn −=

( ) ( )( ) ( )nnn xxuxxuxxcu ...,,...,,...,, 2111 +−= −

( ) ( )....,,...,, 11 nn xxcuxxv +−=

This completes the proof of Proposition 2.4.
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When the base field is ,Q=k  the set of integral points on nV  is

determined in [1] as follows. For any variety V defined over Q, we denote

the set of integral points on V by ( ).ZV

Theorem 2.5 [1, Theorem 3.3]. The set of integral points on the

Chebyshev variety nV  is given by the following:

(i) ( ) { },01 =ZV

(ii) ( ) ( ) ( ){ },1,1,1,12 −−=ZV

(iii) ( ) ( ) ( )( ) ( ) ( )( )
























=

∈
−≤≤

−
−

≤≤
−

−
± UU U

Z

ZZZ

c
ni

n
n

ci
ni

n
n
in VsplitVblupV

21
2

2
;

1
1

1
;

( ) ( )( ) ,2
2

; 








∈
−

−
±UU

Z
Z

c
n

n
c Vpaste

for any .3≥n  In particular, ( )ZnV  is stable under the map

( ) ( )....,,,...,,,: 1121 xxxxxxr nnn −a

Together with Proposition 2.4 this implies the following by induction

on n.

Theorem 2.6. For any ,2≥n  the polynomial ( )nxxv ...,,1  vanishes

on ( ).ZnV

One of the main purposes of this paper is to show that under some

condition u and v are the only polynomials which vanish on ( ).ZnV

3. Family of Varieties Determined by their Integral Points

In this section, we discuss the question: are the Chebyshev varieties

characterized by the integral points on them?

In order to formulate our result we introduce some notion. For any

integers ,0,1 ≥≥ dn  let

( ) [ ]{ },free-square is  of term each,deg;...,,, 1 fdfxxfdn nsqf =∈= QP
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and let

( ) ( ) ( )U U
0 0

.,,
≥ ≤≤











==

d nd
sqfsqfsqf dndnn PPP

A polynomial [ ]nxxf ...,,1Q∈  is said to be consistent if

( ) ( ) ( ),...,,1...,, 11 n
n

n xxfxxf −=−−

and is said to be anti-consistent if

( ) ( ) ( )....,,1...,, 1
1

1 n
n

n xxfxxf −−=−−

In other words, [ ]nxxf ...,,1Q∈  is consistent (resp. anti-consistent) if it

has the same (resp. opposite) parity as .1 nxx L  Furthermore, let

( ) [ ] ( ) ( ){ },anyfor 0;...,,1 ZQI nn VPPfxxfn ∈=∈=

( ) ( ) ( ),nnn sqfsqf PII I=

( ) ( ) { },consistent is; ffnn sqfconssqf III =

( ) ( ) { }.consistent-anti is; ffnn sqfantisqf III =

Our main result in this paper is formulated as follows:

Theorem 3.1. For any ,2≥n  ( )nsqfI  is a two-dimensional Q-vector

space generated by [ ]n,1  and [ ] [ ].,21,1 nn −−  More precisely, we have

( ) [ ],,1 nn conssqf ⋅= QI

( ) [ ] [ ]( ).,21,1 nnn antisqf −−⋅= QI

The next section is devoted to prove this theorem.

4. Proof of Theorem 3.1

In this section, we give a proof of Theorem 3.1 by induction on n.

Case 1. .2=n  The most general element f of ( )2sqfP  is written as

.211222110 xxaxaxaaf +++=
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In order for f to belong to ( ),2I  it must satisfy ( ) ( ) ,01,11,1 =−−= ff

since ( ) ( ) ( ){ }1,1,1,12 −−=ZV  by Theorem 2.5(ii). It follows that

( ) ,01,1 12210 =+++= aaaaf

( ) .01,1 12210 =+−−=−− aaaaf

Therefore we see that any element of ( )2sqfI  is a linear combination of

[ ] 12,1 21 −= xx  and [ ] [ ] .21 21 xx −=−  Noticing that [ ] ( )conssqf nI∈2,1

and [ ] [ ] ( ) ,21 antisqf nI∈−  we see that Theorem 3.1 holds for .2=n

Remark. If we drop the assumption that every term of f is square-

free, then many other polynomials like 5
2

9
1

4
2

2
1 ,1 xxxx −−  belong to ( ).2I

For this reason we restrict our attention on square-free polynomials.

Case 2. .3=n  Let ( ) ( )3,, 321 sqfxxxf I∈  and put

.3211233223311321123322110 xxxaxxaxxaxxaxaxaxaaf +++++++=

Since ( ) ( ) ( )Z3,0,,0,,0 Vttt ∈−  for any Z∈t  by Theorem 2.5(iii), we see

that

,020 =+ taa  hence ,020 == aa

,02
1331 =−+− tatata  hence 31 aa =  and .013 =a

Hence we have

( ) .32112332232112311 xxxaxxaxxaxxaf ++++=

Furthermore, since ( ) ( ) ( )Z31,2,1,1,2,1 V∈−−−  by Theorem 2.5(iii), we

have

,02222 12323121 =+++ aaaa

,02222 12323121 =−++− aaaa

which imply that ,, 12231231 aaaa −=−=  and hence

( ) ( ) [ ] [ ] [ ]( ).3,22,13,1 1212332211231321123 −+=−+−−= aaxxxxaxxxxxaf
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Noticing that [ ] ( )conssqf 33,1 I∈  and [ ] [ ] ( ) ,33,22,1 antisqfI∈−  we see

that Theorem 3.1 holds for .3=n

Case 3. .4≥n  We assume that Theorem 3.1 holds for nk <  and

prove it by induction. Let ( ) ( )....,,1 nxxf sqfn I∈  Then there exist

( )2, 21 −∈ nff sqfP  and ( )13 −∈ nf sqfP  such that

.3211 fxfxff nn ++= − (4.1)

Recall that for any ( ) ( ),...,, 221 Z−− ∈ nn Vaa  we have ( )( )21; ...,, −+ nt aapaste

( )ZnV∈  with .Z∈t  Hence

( ) ( ) ( ),...,,...,,0,,...,,0 21221121 −−− +== nnn aatfaaftaaf (4.2)

which implies that ( ).2, 21 −∈ nff sqfI  Note that any polynomial in

( )nsqfP  can be written as fff ′′+′=  with f ′  consistent and f ′′  anti-

consistent. The following lemma shows that the ( )nsqfI  is stable under

this decomposition.

Lemma 4.1. ( ) ( ) ( ) .antisqfconssqfsqf nnn III ⊕=

Proof of Lemma 4.1. Let ( )nf sqfI∈  and write it as fff ′′+′=

with f ′  consistent and f ′′  anti-consistent. Since ( )ZnV  is, by definition,

the set of integral zeros of the consistent polynomial [ ],,1 n  it is stable

under the map ( ) ( )....,,...,,: 11 nn xxxx −−ι a  Therefore for any

( ) ( ),...,,1 Znn Vaa ∈  we have

( ) ( ) ( )nnn aafaafaaf ...,,...,,...,,0 111 ′′+′== (4.3)

and

( )naaf −−= ...,,0 1

( ) ( )nn aafaaf −−′′+−−′= ...,,...,, 11

( ) ( ) ( ) ( )....,,1...,,1 1
1

1 n
n

n
n aafaaf ′′−+′−= − (4.4)

Comparing the right hand sides of (4.3) and (4.4), we see that

( ) ( ) 0...,,...,, 11 =′′=′ nn aafaaf  for any ( ) ( ),...,,1 Znn Vaa ∈  hence the

assertion of Lemma 4.1 follows.
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By this lemma, we can divide our argument into two cases where

( )conssqf nf I∈   and  ( ) .antisqf nf I∈

Case 3.1. Let ( ) .conssqf nf I∈  Then we see that ( )conssqf nf 21 −∈ I

and ( )antisqf nf 22 −∈ I  in (4.1). Therefore by induction hypothesis, we

see that
[ ]2,111 −= ncf

[ ] [ ]( )2,23,122 −−−= nncf

hold for some ,, 21 Q∈cc  hence we have

[ ] [ ] [ ]( ) .2,23,12,1 3121 nn xfxnncncf +−−−+−= − (4.5)

On the other hand, by using ( )
2

;
−
−

n
tpaste  in the derivation of (4.1) and (4.2)

instead of ( ),
2

;
−
+

n
tpaste  we see that

[ ] [ ] [ ]( ) 13221 ,41,3,3 xgxnndndf +−−+= (4.6)

holds for some [ ]....,,,, 2321 nxxgdd QQ ∈∈  By letting 01 == nxx  in

(4.5) and (4.6), we have

[ ]( ) [ ] [ ]( ) 122322221 ...,,...,,,0...,,,0 −−−− −+ nnnn xxxxxcxxc

[ ] [ ] [ ]( ) .0,...,,...,,0,...,, 214132131 xxxxxdxxd nnn −−− −+=

By Proposition 2.1, this is equivalent to

[ ] [ ] [ ]( ) 122332231 ...,,...,,...,, −−−− −−+− nnnn xxxxxcxxc

[ ] [ ] [ ]( ) .0...,,...,,...,, 224132231 =+−+ −−− xxxxxdxxd nnn

Since the coefficient of 12 −nxx L  on the left hand side is ,22 dc −−  we

find that .22 cd −=  Hence the coefficient of 1−nx  on the left hand side is

equal to

[ ] [ ] [ ]( )22322332 ...,,...,,...,, xxxxxxxc nnn −−− +−−

[ ] [ ] [ ]( )( )22322332 ...,,...,,...,, xxxxxxxc nnn −−− −−−=

[ ] [ ]( )....,,...,, 24332 −− +−= nn xxxxc



w
w

w
.p

ph
m

j.c
om

FUMIO HAZAMA396

Therefore we must have .02 =c  Thus (4.5) simplifies to

[ ] .2,1 31 nxfncf +−= (4.7)

Furthermore it follows from Theorem 2.3(iv) that ( )( )11
1

; ...,, −
−
+ n

n
n aablup

( )ZnV∈  for any ( ) ( )....,, 111 Z−− ∈ nn Vaa  Hence we have

( ) [ ] ( )1...,,...,,1,1...,,0 11321111 ++=+= −−− nnn aafaacaaf

for any ( ) ( )....,, 111 Z−− ∈ nn Vaa  Hence if we put ( ) =−11 ...,, nxxh

( ),1...,, 113 +−nxxf  then ( ) [ ] ( ).1...,,...,, 21111 −∈+ −− nxxcxxh sqfnn I

Therefore by induction hypothesis there exist Q∈BA,  such that

( ) [ ] [ ] [ ] [ ]( ).1,22,11,12,1...,, 111 −−−+−=−+− nnBnAncxxh n

Hence we have

( )113 ...,, −nxxf

( )1...,, 11 −= −nxxh

[ ] [ ] [ ]( ) [ ]211122111 ...,,1...,,...,,1...,, −−−− −−−+−= nnnn xxcxxxxBxxA

[ ] [ ]( )2111 ...,,...,, −− −= nn xxxxA

[ ] [ ] [ ]( ) [ ]211221221 ...,,...,,...,,...,, −−−− −+−+ nnnn xxcxxxxxxB

(by the equality [ ] [ ] [ ]211111 ...,,...,,1...,, −−− −=− nnn xxxxxx

                                                               and the like)

[ ] ( ) [ ] [ ] [ ]( ).2,21,22,11,1 1 −−−−−−+−+−= nnBncBAnA (4.8)

Note that our assumption ( )conssqf nf I∈  implies by (4.7) that 3f  is

consistent. Hence it follows from (4.8) that [ ],1,13 −= nAf  which implies

[ ] [ ] .1,12,11 nxnAncf −+−= (4.9)

By symmetry, mentioned in Theorem 2.5, we see that there exist

Q∈′′ Ac ,1  such that

[ ] [ ] .,2,3 11 xnAncf ′+′= (4.10)
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Comparing the coefficients of nxxx L21  on the right hand sides of (4.9)

and (4.10), we have .AA ′=  Moreover, since the right hand side of (4.10)

is transformed as

[ ] [ ] [ ] [ ] [ ]( ) ,2,21,2,3,2,3 1111 xnxnAncxnAnc n −−−+′=+′

we have Ac −=1  by comparing the coefficients of .221 −nxxx L  Thus we

see that [ ] [ ] [ ],,11,12,1 nAxnAnAf n =−+−−=  which completes the

proof of Theorem 3.1 when f is consistent.

Case 3.2. Let ( ) .antisqf nf I∈  Then we see that there exist ∈1f

( ) ( )conssqfantisqf nfn 2,2 2 −∈− II  and ( )13 −∈ nf sqfP  such that

.3211 fxfxff nn ++= − (4.11)

By a similar argument to the one for Case 3.1, we see that

[ ] [ ]( ),2,23,111 −−−= nncf

[ ]2,122 −= ncf

for some ,, 21 Q∈cc  hence we have

[ ] [ ]( ) [ ] .2,12,23,1 3121 nn xfxncnncf +−+−−−= − (4.12)

By symmetry, we see that there exist [ ]nxxgdd ...,,,, 2321 QQ ∈∈  such

that

[ ] [ ]( ) [ ] .,3,41,3 13221 xgxndnndf ++−−= (4.13)

By putting 01 == nxx  in (4.12) and (4.13), we have

[ ] [ ]( ) [ ] 122222321 ...,,,0...,,...,,,0 −−−− +− nnnn xxxcxxxxc

[ ] [ ]( ) [ ] .0,...,,0,...,,...,, 213214131 xxxdxxxxd nnn −−− +−=

By Proposition 2.1, this is equivalent to

[ ] [ ]( ) [ ] 123222331 ...,,...,,...,, −−−− −−− nnnn xxxcxxxxc

[ ] [ ]( ) [ ] .0...,,...,,...,, 223224131 =++− −−− xxxdxxxxd nnn
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Looking at the coefficients of 22 −nxx L  and ,13 −nxx L  we have

,021 =+− dc

.012 =−− dc

Hence the left hand side becomes

[ ] [ ] [ ]( )2,32,23,3 21 −+−−−− nxnnc

[ ] [ ] [ ]( )12 2,32,41,3 −−−−+−+ nxnnnc

[ ] [ ]( ) [ ] [ ]( )2,43,32,43,3 21 −+−−+−+−−= nncnnc

( ) [ ] [ ]( ).2,43,321 −+−−+= nncc

Hence we have .12 cc −=  Thus we obtain

[ ] [ ] [ ]( ) ,2,12,23,1 311 nn xfxnnncf +−−−−−= − (4.14)

and hence

[ ] [ ]( ) .2,21,1 31 nxfnncf +−−−−= (4.15)

Since ( )( ) ( )Znn
n
n Vaablup ∈−
−
+ 11
1

; ...,,  for any ( ) ( ),...,, 111 Z−− ∈ nn Vaa

(4.15) implies that

[ ] [ ]( ) ( )1...,,...,,1...,,0 11322111 ++−+−= −−− nnn aafaaaac

[ ] [ ] [ ]( ) ( ).1...,,...,,...,,...,, 1132221111 ++−−−= −−−− nnnn aafaaaaaac

Hence ( ) [ ] [ ] [ ]( ) ( ),12,22,11,11...,, 1113 −∈−+−+−−+− nnnncxxf sqfn I

and it follows from induction hypothesis that there exist Q∈BA,  such

that

( ) [ ] [ ] [ ]( )2,22,11,11...,, 1113 −+−+−−+− nnncxxf n

[ ] [ ] [ ]( ).1,22,11,1 −−−+−= nnBnA

Hence we see that

( ) [ ] [ ]( ) [ ] [ ]( )2,22,12,11,1...,, 1113 −+−+−−−=− nnnncxxf n

[ ] [ ]( )2,11,1 −−−+ nnA

[ ] [ ] [ ]( )2,21,22,1 −+−−−+ nnnB
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( ) [ ] ( ) [ ]2,11,11 −−+−+= nABncA

[ ] ( ) [ ].2,21,2 1 −++−− nBcnB

Since 3f  is anti-consistent, we must have

.0,0 11 =+=+ BccA

Hence BA =  and we have

( ) [ ].1,2...,, 113 −−=− nBxxf n

It follows from (4.14) that

[ ] [ ] [ ]( ) [ ] nn xncxnnncf 1,22,12,23,1 111 −+−−−−−= −

[ ] [ ] [ ] [ ]( )nn xnxnnnc 1,22,12,23,1 11 −+−−−−−= −

[ ] [ ]( ) [ ] [ ]( )( )nn xnnxnnc 1,22,22,13,1 11 −+−−−−+−−−= −

[ ] [ ]( ).,21,11 nnc −−−=

Thus we see that Theorem 3.1 holds when f is anti-consistent. This

completes the proof of Theorem 3.1.

Remark. As is seen in the proof, we do not need the whole ( )ZnV  to

characterize the two-dimensional vector space generated by [ ]n,1  and

[ ] [ ].,21,1 nn −−  Indeed, the subset obtained from successive

applications of ( ) ( ) ( ) ( )1,, ,;1;1 ≥±±+± kpasteblupblup k
c

k
k

k  to { } ( )Z10 V⊂  is

enough to do the same task.
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