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Abstract 

Let M be a right module over a ring R. In the present paper, several 
properties of (amply) Mδ -supplemented modules are proved. It is shown, 

among others, that (1) The class of (amply) Mδ -supplemented modules is 

closed under taking homomorphic images; (2) Every π-projective module 
in [ ]Mσ  is an amply Mδ -supplemented module; (3) Every module in 

[ ]Mσ  is an amply Mδ -supplemented module if and only if every module 

in [ ]Mσ  is a Mδ -supplemented module; and (4) A projective module in 

[ ]Mσ  is an amply Mδ -supplemented module if and only if it is a Mδ -

supplemented module. We also investigate the interconnections between 

Mδ -supplemented modules and Mδ -semiperfect modules. 

1. Introduction and Preliminaries 

Throughout this article, R denotes an associative ring with unity and modules M 
are unitary right R-modules. RMod -  denotes the category of all right R-modules. 
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Let M be any R-module. Any R-module N is M-generated (or generated by M) if 

there exists an epimorphism ( ) ,: NMf →Λ  for some indexed set Λ. An R-module 

N is said to be subgenerated by M if N is isomorphic to a submodule of an 
M-generated module. We denote by [ ]Mσ  the full subcategory of the right 

R-modules whose objects are all right R-modules subgenerated by M. In case of 
,RM =  [ ] =σ M .-RMod  Any module [ ]MN σ∈  is said to be M-singular if 

,~ KLN =  for some [ ]ML σ∈  and K is essential in L. The class of all M-singular 

modules is closed under submodules, homomorphic images, and direct sums. The 
concept of small submodule has been generalized to δ-small submodule by Zhou [8]. 
Zhou called a submodule N of a module M is δ-small in M ( )MN δ≤notation  if, 

whenever MXN =+  with XM  singular, we have .MX =  Özcan and Alkan 

considered this notation in [ ].Mσ  For a module N in [ ],Mσ  Özcan and Alkan [4] 

called a submodule L of N is a M-δ -small submodule, written ,NL Mδ  in N if 

,NKL ≠+  for any proper submodule K of N with KN  is M-singular. We write 

Mδ -small for M-δ -small. Clearly, if L is δ-small, then L is a Mδ -small submodule. 

Hence Mδ -small submodules are the generalization of δ-small submodules in the 

category .-RMod  Let L, K be submodules of M. L is called a δ-supplement of K in 

M if KLM +=  and .LKL δ∩  L is called a δ-supplement submodule of M if L 

is a δ-supplement of some submodule of M. M is called a δ-supplemented module if 
every submodule of M has a δ-supplement. If for every submodules L, K of M with 

,KLM +=  there exists a δ-supplement N of L such that ,KN ≤  then M is called 

an amply δ-supplemented module. For the other definitions and notation in this 
paper, we refer to [1] and [7]. 

We write below some known results which are observed in [4] and [5]. 

Lemma 1.1. Let [ ].MN σ∈  

(1) For modules K and L with, ,NLK ≤≤  we have NL Mδ  if and only if 

NK Mδ  and .KNKL Mδ  

(2) For submodules K and L of N, NLK Mδ+  if and only if NK Mδ  

and .NL Mδ  
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(3) If NK Mδ  and LNf →:  is a homomorphism, then ( ) .LKf Mδ  In 

particular, if ,LK Mδ  ,NL ≤  then .NK Mδ  

(4) If NLK ⊕≤≤  and ,NK Mδ  then .LK Mδ  

Also, Özcan and Alkan in [4] considered the following submodule of a module 
N in [ ]Mσ  (see also Zhou [8]): 

( ) { }.simplesingular-is: MKNNKNM ≤=δ ∩  

Lemma 1.2. ( ) { }∑ δ≤=δ .: NLNLN MM  

Lemma 1.3. Let K be a submodule of a module N in [ ].Mσ  Then NK Mδ  if 

and only if YXN ⊕=  for a projective semisimple submodule Y in [ ]Mσ  with 
,KY ≤  whenever .NKX =+  

2. (Amply) Mδ -supplemented Modules 

Let [ ]MN σ∈  and ., NKL ≤  L is called a Mδ -supplement of K in N if 

LKN +=  and .LLK Mδ∩  L is called a Mδ -supplement submodule of N if L 

is a Mδ -supplement of some submodule of N. N is called a Mδ -supplemented 

module if every submodule of N has a Mδ -supplement in N. N is called an amply 

Mδ -supplemented module if for every submodules L, K of N with ,KLN +=  

there exists a Mδ -supplement X of L such that .KX ≤  It is clear that every amply 

Mδ -supplemented module is Mδ -supplemented. But the converse is not true. 

Proposition 2.1. Let [ ]MN σ∈  and ., NKL ≤  Then the following are 

equivalent: 

(a) L is a Mδ -supplement of K in N. 

(b) LKN +=  and for each LX ≤  with XKN +=  and XL  M-singular, 

.LX =  

Proof. (a) ⇒ (b) By the hypothesis, LKN +=  and .LLK Mδ∩  If LX ≤  

with XKN +=  and XL  is M-singular, then ( ) .XLKL += ∩  Hence, since 

,LLK Mδ∩  .LX =  
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(b) ⇒ (a) Here we have to prove only .LLK Mδ∩  Suppose that LX ≤  

such that ( ) XKLL += ∩  and XL  is M-singular. Then +=+= KLKN  

( ) .XKXKL +=+∩  Hence, by (b), .LX =  This shows .LLK Mδ∩   

Proposition 2.2. Let [ ]MN σ∈  and .,, NHKL ≤  If K is a Mδ -supplement 

of L in N and L is a Mδ -supplement of H in N, then L is a Mδ -supplement of K in 

N. 

Proof. Let K be a Mδ -supplement of L in N and L is a Mδ -supplement of H in 

N. Then ,HLLKN +=+=  KLK Mδ∩  and .LLH Mδ∩  We have to 

prove .LLK Mδ∩  Let LX ≤  such that ( ) XLKL += ∩  and XL  is 

M-singular. Hence ( ) .HXKLN ++= ∩  Since ,KLK Mδ∩  NLK Mδ∩  

and so by Lemma 1.3, ( ) ,YHXN ⊕+=  for projective semisimple module Y in 

[ ]Mσ  with .KLY ∩⊆  Hence, ( ) ( ).HLYXL ∩+⊕=  Since ( )YXL +  is 

M-singular and ,LHL Mδ∩  .YXL ⊕=  This implies 0=Y  because Y is 

semisimple projective in [ ]Mσ  and XLY =~  is M-singular. Thus .LLK Mδ∩  

Lemma 2.3. Let [ ]MN σ∈  be Mδ -supplemented module. Then 

(1) ( )NN Mδ  is semisimple. 

(2) If NL ≤  with ( ) ,0=δ NL M∩  then L is semisimple. 

Proof. (1) We show that every submodule of ( )NN Mδ  is a direct summand. 

Let K be a submodule of N containing ( ).NMδ  Since N is Mδ -supplemented, there 

exists a submodule U of N such that UKN +=  and .UUK Mδ∩  Then 

( ) ( ) ( )( ) ( )NNKNUNN MMMM δδ++δ=δ  and .NUK Mδ∩  It follows that 

( ) ( ) ( )( ) ( )NNKNUNN MMMM δδ+⊕δ=δ  as ( )( ) ( )KUNKU M ∩∩ =δ+  

( ) ( ).NN MM δ=δ+  

(2) Since ( )( ) ( ) ( ),~ NNNNLL MMM δ≤δδ⊕=  L is semisimple by (1).  
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Proposition 2.4. Let [ ]MN σ∈  be Mδ -supplemented. Then there is a 

decomposition 21 NNN ⊕=  with 1N  is semisimple module and 2N  is a module 

with ( ) .22 NN eM ≤δ  

Proof. For ( ),NMδ  there exists NN ≤1  such that ( ) 01 =δ NNM ∩  and 

( ) .1 NNN eM ≤δ⊕  By the hypothesis, there is NN ≤2  such that 21 NNN +=  

and .221 NNN Mδ∩  Hence 21 NNN ⊕=  because ( )NNNN Mδ≤ ∩∩ 121  

0=  and so by Lemma 2.3(2), 1N  is semisimple. The rest part of the proposition 

follows directly from [1, Proposition 5.20], since ( ) ( ) ( )21 NNN MMM δ⊕δ=δ  

and ( ) .211 NNNNN eM ⊕=≤δ⊕   

The following example shows that the converse of Proposition 2.4 is not hold. 

Example 2.5. Let .Z=R  If i
i

NN
∞

=
⊕=

1
 with each ,∞=

piN Z  where p is a 

prime number, then [ ],Zσ∈N  0⊕= NN  and ( ) ( ) NNNN i
i

i
i

=⊕=δ⊕=δ
∞

=

∞

= 11
ZZ  

.Ne≤  But N in not a Mδ -supplemented module (see [3, Example 2.14]). 

Lemma 2.6. Let [ ]MN σ∈  and let NKL ≤,  such that L is a 

Mδ -supplemented module. If KL +  has a Mδ -supplement in N, then so does K. 

Proof. Let U be a Mδ -supplement of KL +  in N. Then ( ) UKLN ++=  

and ( ) .UUKL Mδ+ ∩  Since L is a Mδ -supplemented module, ( )KUL +∩  

has a Mδ -supplement in N, there exists a submodule W of L such that =L  

( )( ) WKUL ++∩  and ( ) .WWKU Mδ+ ∩  Thus ( ) WUKN ++=  and ( )KU +  

.NW Mδ∩  Now we show that WU + is a Mδ -supplement of K in N. It is clear 

that ( ),WUKN ++=  hence it remains to prove ( ) .WUWUK M ++ δ∩  Since 

,LKWK +≤+  ( ) ( ) .UKLUWKU Mδ+≤+ ∩∩  Then, by Lemma 1.1(2), 

( ) ( ) WUKUWWKU M ++++ δ∩∩  and so ( ) WUWUK M ++ δ∩  as 

( ) ( ) ( ).KUWWKUWUK +++≤+ ∩∩∩   
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Proposition 2.7. The homomorphic images of a Mδ -supplemented module are 

Mδ -supplemented modules. 

Proof. Let N be a Mδ -supplemented module and LNf →:  be an 

epimorphism. We have to show that L is Mδ -supplemented. Let .LK ≤  Then 

( ) NKf ≤−1  and so, by the hypothesis, there exists a submodule U of N with 

( ) UKfN += −1  and ( ) .1 UUKf Mδ
− ∩  It is clear that ( ),UfKL +=  hence 

it suffices to show that ( ) ( ).UfUfK Mδ∩  Since ( ) ,1 UUKf Mδ
− ∩  by 

Lemma 1.1(3), ( ( ) ) ( )UfUKff Mδ
− ∩1  and so ( ) ( ( ) )UKffUfK ∩∩ 1−=  

( ).UfMδ  Thus L is a Mδ -supplemented module.  

Corollary 2.8. Direct summands and factor modules of a Mδ -supplemented 

module are Mδ -supplemented modules. 

Lemma 2.9. Let n be any positive integer. If [ ]MNNN n σ∈++= 1  with 

each iN  is a Mδ -supplemented module, then N is a Mδ -supplemented module. 

Proof. To show that N is Mδ -supplemented, it is sufficient by induction on n to 

prove this in the case when .2=n  Thus suppose that 2=n  and let .NK ≤  Then 
( ).21 KNNN ++=  By Lemma 2.6, KN +2  has Mδ -supplement in N as 1N  is 

Mδ -supplemented and N has a Mδ -supplement in N. Again, by Lemma 2.6, K has a 

Mδ -supplement in N. So N is Mδ -supplemented.  

The following proposition follows immediately from Lemma 2.9 and 
Proposition 2.7. 

Proposition 2.10. Let [ ]MN σ∈  be Mδ -supplemented. Then every finitely 

N-generated module is Mδ -supplemented module. 

Proposition 2.11. The homomorphic images of amply Mδ -supplemented 

modules are amply Mδ -supplemented modules. 

Proof. Let [ ]MN σ∈  be an amply Mδ -supplemented module and let 

KNf →:  be an epimorphism. We have to show that K is an amply Mδ -
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supplemented module. Let 1K  and 2K  be submodules of K such that .21 KKK +=  

Then ( ) ( ) ( ).2
1

1
1

21
1 KfKfKKfN −−− +=+=  Since N is amply Mδ -supplemented, 

there exists a submodule X of ( )2
1 Kf −  such that ( ) XKfN += −

1
1  and ( )1

1 Kf −  

.2KXX M ≤δ∩  Hence ( )XfKN += 1  and ( ) ( ( ) )XKffXfK ∩∩ 1
1

1
−=  

( ) .2KXfM ≤δ  This shows that ( )Xf  is a Mδ -supplement of 1K  in N. 

Therefore, K is amply Mδ -supplemented.  

Corollary 2.12. Direct summands and factor modules of an amply Mδ -
supplemented module are amply Mδ -supplemented modules. 

Proposition 2.13. A module [ ]MN σ∈  whose all submodules are Mδ -

supplemented modules is an amply Mδ -supplemented module. 

Proof. Let NKL ≤,  such that .KLN +=  Since L is Mδ -supplemented, 

KL ∩  has Mδ -supplement H in L. Hence ( ) HKLL += ∩  and HKL ∩∩  

HMδ  imply that HKKHKLKLN +=++=+= ∩  and ,HKH Mδ∩  

that is, L contains a Mδ -supplement of K in N. So N is an amply Mδ -supplemented 

module.  

Corollary 2.14. The following are equivalent for any module M: 

(a) Every module in [ ]Mσ  is an amply Mδ -supplemented module. 

(b) Every module in [ ]Mσ  is a Mδ -supplemented module. 

Proof. (a) ⇒ (b) This obvious as every amply Mδ -supplemented module is 

Mδ -supplemented module. 

(b) ⇒ (a) Since [ ]Mσ  is closed under submodules, (a) follows directly from 

Proposition 2.13.  

If we take RM =  in Corollary 2.14, then we get the following corollary which 
proved in [6]: 

Corollary 2.15. The following are equivalent for any ring R: 

(a) Every R-module is an amply δ-supplemented module. 

(b) Every R-module is a δ-supplemented module. 
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Following [7 p. 359], a module M is called π-projective if for every                
two submodules L, K of M with ,MLK =+  there exists ( )MEndf ∈  with 

( ) Kf ⊆Im  and ( ) .1Im Lf ⊆−  This is obviously true if and only if the 

epimorphism MLKLKf =+→⊕:  given by ( )( ) ,, lklkf +=  splits. 

Proposition 2.16. If N is a π-projective Mδ -supplemented module in [ ],Mσ  

then N is an amply Mδ -supplemented module. 

Proof. Let NLK ≤,  such that .LKN +=  Since N is π-projective, there 

exists ( )NEndf ∈  such that ( ) KNf ≤  and ( ) ( ) .1 LNf ≤−  Note that ( ) ( )Kf−1  

K≤  and ( ) ( ) ( ).1 NfNfN −+=  If H is a Mδ -supplement of K in N, then 

( )( ) ( )( ) ( )( ) ( )( ).1111 HfKHfKfNf −+≤−+−=−  So ( ) ( ).1 HfKN −+=  

We claim that ( ) ( ) ( ) ( ).11 HfHfK M −− δ∩  Clearly, ( ) ( ) .1 LHf ≤−  Since 

,KHK Mδ∩  by Lemma 1.1(3), ( ) ( ) ( ) ( ).11 HfHKf M −− δ∩  Now, let 

( ) ( ).1 HfKk −∈ ∩  Then Kk ∈  and ( ) ,hfhk −=  for some .Hh ∈  Hence 

( ) Khfkh ∈+=  as ( ) ., Khfk ∈  So ( ) ( ).1 HKfk ∩−∈  Thus ( ) ( )HfK −1∩  

( )( ) ( )( ).11 HfHKf M −−≤ δ∩  It follows that N is an amply Mδ -supplemented 

module.  

Proposition 2.17. Let N be a π-projective module in [ ].Mσ  If L, K are 

Mδ -supplements to each other in N, then LK ∩  is semisimple and projective in 

[ ].Mσ  If, in addition, N is projective in [ ],Mσ  then L and K are both projective in 

[ ].Mσ  

Proof. Since N is π-projective, the epimorphism KLKLf +→⊕:  given by 

( )( ) klklf +=,  for each l in L and each k in K splits and so ( )fKerKLN =⊕=  

,H⊕  where .~ NH =  As ( ) ( ){ },:,ker LKlllf ∩∈−=  ( ) .~ LKfKer ∩=  Hence 

there exists a submodule Y of ( )fKer  which is semisimple and projective in [ ]Mσ  

and .HYKL ⊕=⊕  This implies ( ) .~ KLfKerY ∩==  So KL ∩  is semisimple 

and projective in [ ].Mσ  Further, if N is projective in [ ],Mσ  then KL ⊕  is 

projective and hence L and K are projective in [ ].Mσ   
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3. Applications 

In this section, we investigate the interconnection between (amply) 

Mδ -supplemented modules and Mδ -semiperfect modules. Following Özcan and 

Alkan [4], a module N in [ ]Mσ  is said to be a Mδ -semiperfect module if for every 

submodule K of N, there is a decomposition BAK ⊕=  such that A is a projective 
summand of N in [ ]Mσ  and ( ).NB Mδ≤  

Let [ ]., MPN σ∈  An epimorphism NPf →:  is called a Mδ -cover if 

( ) .PfKer Mδ  A Mδ -cover NPf →:  is called a projective Mδ -cover in case 

P is projective in [ ].Mσ  We start this section by proving the composite of 

Mδ -covers is also a Mδ -cover. 

Lemma 3.1. If ,: KPf →  NKg →:  are Mδ -covers, then NPgof →:  

is also a Mδ -cover. 

Proof. Clearly that gof is an epimorphism. We have to prove ( ) .PgofKer Mδ  

Suppose that PL ≤  such that ( ) LgofKerP +=  and LP  is M-singular. Then 

( ) ( )( ) ( )LfgofKerfPf +=  and so, ( ) ( ).LfgKerN +=  Since LP  is M-singular, 

( ) ( )LfPf  is M-singular implying ( )LfN =  as .NKerg Mδ  Thus NPgof →:  

is a Mδ -cover.  

Proposition 3.2. Let N be in [ ]Mσ  and .NK ≤  Then the following are 
equivalent: 

(a) KN  has a projective Mδ -cover. 

(b) If NL ≤  and ,LKN +=  then K has a Mδ -supplement LK ≤\  such 

that \K  has a projective Mδ -cover. 

(c) K has a Mδ -supplement \K  which has a projective Mδ -cover. 

Proof. (a) ⇒ (b) Let NL ≤  such that .LKN +=  Suppose that NPf →:  

is a projective Mδ -cover. Then the map KNLg →:  given by ( ) Kvvvg +==  

is an epimorphism. As P is projective in [ ],Mσ  there is a map LPh →:  such that 
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.hgf =  We have ( ) ( )( ) ( )( ) KKPhPhgPfKN +===  and so ( ) .KPhN +=  

Now ( ) ( )PhPhK Mδ∩  because ( )( ) ( )PhfKerh Mδ  and ( )( ) ∩KfKerh =  

( ).Ph  Therefore, ( )Ph  is a Mδ -supplement of K in N. Moreover, ( ) ( )fKerhKer ⊆  

.PMδ  Hence ( )PhPh →:  is a projective Mδ -cover. 

(b) ⇒ (a) Since ,NKN +=  (c) follows directly from (b). 

(c) ⇒ (a) Let \: KPf →  be a projective Mδ -cover. Since \K  is a 

Mδ -supplement of K in N, \KKN +=  and \\ KKK Mδ∩  imply that 

KNKKK =~\\ ∩  and the natural homomorphism \\\: KKKKg ∩→  is a 

Mδ -cover. So, if h is an isomorphism from \\ KKK ∩  to ,KN  hence, by 

Lemma 3.1, KNPfgh →:  is a projective Mδ -cover.  

As an immediate consequence of Proposition 3.2, we get the following: 

Theorem 3.3. Let N be a module in [ ].Mσ  Then the following are equivalent: 

(a) Every factor module of N has a projective Mδ -cover. 

(b) N is amply Mδ -supplemented by Mδ -supplements which have a projective 

Mδ -cover. 

(c) N is Mδ -supplemented by Mδ -supplements which have a projective 

Mδ -cover. 

Wang [6] called a module N is δ-semiperfect module if every factor module of  
N has a projective δ-cover. Putting RM =  in Theorem 3.3, we get the following 
corollary which was proved in [6]. 

Corollary 3.4. Let N be any R-module. Then the following are equivalent: 

(a) N is δ-semiperfect module. 

(b) N is amply δ-supplemented by δ-supplements which have a projective 
δ-cover. 

(c) N is δ-supplemented by δ-supplements which have a projective δ-cover. 



A NOTE ON (AMPLY) Mδ -SUPPLEMENTED MODULES 133 

Next, we show that the concepts amply Mδ -supplemented and 

Mδ -supplemented modules are equivalent for projective modules in [ ].Mσ  

Theorem 3.5. Let [ ]MN σ∈  be projective in [ ].Mσ  Then the following are 

equivalent: 

(a) Every factor module of N has a projective Mδ -cover. 

(b) N is an amply Mδ -supplemented module. 

(c) N is a Mδ -supplemented module. 

Proof. (a) ⇒ (b) is by Theorem 3.3 and (b) ⇒ (c) is obvious. 

(c) ⇒ (a) Let K be a submodule of N. Then there exists a submodule L of N such 
that LKN +=  and .LLK Mδ∩  Consider the natural epimorphism →π N:  

.KN  Let KNLL →π :\  be the restriction of π to L. Since N is projective           

in [ ],Mσ  there exists a homomorphism LNg →:  such that .\ gLπ=π  Then 

( ) ( )( ) ( )( ) .\ KKNgNgNKN L +=π=π=  This gives ( ) .KNgN +=  Hence =L  

( ) ( )KLNg ∩+  and so, by Lemma 1.3, ( ) YNgL ⊕=  for a projective semisimple 

module Y in [ ]Mσ  with .LKY ∩⊆  We claim that ( ) ( ).NgKNg Mδ∩  Let 

( ) ( )( ) XKNgNg += ∩  with ( ) XNg  is M-singular. Since ( )( )( )XKNgL += ∩  

,Y⊕  ( ) ( )( )( ) ( ) XNgXXKNgYXL =+=⊕ ∩~  is M-singular. Then, since =L  

( )( ) ( )YXKNg ⊕+∩  and ( ) ,LKLKNg Mδ≤ ∩∩  we have .YXL ⊕=  

Then ( )NgX =  as ( ) .YNgL ⊕=  Hence ( ) ( ).NgKNg Mδ  This shows that 

( )Ng  is a Mδ -supplement of K in N. Next, we show ( )Ng  is projective in [ ].Mσ  

As N is Mδ -supplemented, ( )Ng  has a Mδ -supplement Q in N. Hence, by 

Proposition 2.2, ( )Ng  is also a Mδ -supplement of Q in N and so ( )Ng  is projective 

in [ ]Mσ  (see Proposition 2.17). Thus ( ) ( ) KNNgNg →π :\  is a protective 

Mδ -cover.  

We conclude this paper by giving a characterization of a Mδ -semiperfect 

modules in [ ]Mσ  for a certain class of modules. 
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Theorem 3.6. Let [ ]MN σ∈  be projective in [ ]Mσ  and ( ) .NN MM δδ  

Then the following are equivalent: 

(a) N is a Mδ -semiperfect module. 

(b) Every factor module of N has a projective Mδ -cover. 

(c) N is amply Mδ -supplemented by Mδ -supplements which have a projective 

Mδ -cover. 

(d) N is Mδ -supplemented by Mδ -supplements which have a projective       

Mδ -cover. 

(e) N is a Mδ -supplemented module. 

(f) N is amply Mδ -supplemented module. 

Proof. It follows by [6, Theorem 2.19], Theorem 3.3 and Theorem 3.5.  
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