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Abstract

In this paper, we investigate a new subclass of normalized multivalent
analytic meromorphic p-valent functions with negative coefficients in the
unit disc U ={z:|z|<1}. We aim to study this new subclass for
operator on Hilbert space and the results obtained for different properties
generalize many earlier results in the literature. All the results obtained in
this paper are found to be sharp for this new subclass.

1. Introduction and Motivation

Let S,,(p) denote the class of functions f(z) normalized by
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f(z)= ;p+2ap+n(z -w)P™" peN, ap, 20 z=w (L1)
(z-w) o}
which is analytic and meromorphic p-valent in the open disc U = {z : | z| <1} and

w is a fixed point in U.

A function f(z) e S, (p) is said to be p-valent starlike of order & and p-valent

convex of order 8 in U if it satisfies the conditions, respectively:

—R%&—W)ng}>6 (zeU;0<8<p; peN), (1.2)
—%%+E;$€¥Q}>8(26w0£6<mpeN) (1.3)

Let Sy (1) = S, which studied by Acu and Owa [6] and also studied by Kanas
and Ronning [9].

Also, S,c(p) and S,s(p) are the classes of all p-valent convex and starlike

functions of order J, respectively.

This concept is motivated by Ghanim and Darus [1], Goodman [2], Fan [5],
Duren [8], Owa and Srivastava [13], Khairnar et al. [15, 16] and Schild and
Silverman [17].

Now, for the function f(z) inthe class S,(p), we define

D%f(z) = f(2),

, 1+p
D'f(z) =(z-w)f (z)+m,
. ! 1+p
D2f(z) = (z - w)(D'f (2)) +m
andfor k =1, 2, 3, ..,
DX f(2) = (z - w)(D¥1f(2)) + —FP_
(z-w)P

-1
(z-w)°

* i(n, P)@pin(z —w)P*.

n=1
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If we put p=1and w =0, then differential operator DX is reduced to Frasia and
Darus [3].

Definition. A function f(z) e S,,(p) is said to be in the class Sy (p) if and
only if
k !
(D*f(2) |

(2= DX f(2)

p
< W, (1.4)

(o —B)y —B| (- w) i+

for -1<B<a<l O<p<land 0<y<l
Let Ty, (p) denote the subclass of S,,(p) consisting function of the form

1 o0
f(z) =m—2ap+n(z ~w)P*" peN, ap,, >0 (1.5)
- n=1

Now, we define
Sw'(p) = Sw(p) (1 Tw(p). (1.6)

Such type of classes has been studied by Lee et al. [11], Owa and Srivastava [13]
and Ghanim and Darus [1].

Let H be a Hilbert space on the complex field. Let A be an operator on H. Then
a complex analytic function f(z) on the disc U is denoted by f(A) and operator on

H is defined by Riesz-Dunford integral [7]:
-1 NG
f(A)= 5 jc f(2)(2l - AYhdz,

where | is the identity operator on H. C is a positively oriented simple closed
rectifiable contour lying in U and containing spectrum of A in its interior domain [5].

The conjugate of A is denoted by A*.

A function f(z) given by (1.5) is in the class Sy(p) if it satisfies the
condition

| ADKF(A)) + pDXF(A) | < pl (o — B)yD* £ (A) - BIA(DX F(A)) + pD¥ f (A)]]

for -1<B<a<l O<p<l 0<y<1 and all operator A with |A|<1 and

A = 0, 0is zero operator on H.
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In this paper, we define and study new class S,,"(p) and obtain sharp results for

the properties like coefficient inequality, growth and distortion, radius of starlikeness
and convexity, extreme points, closure theorem, Hadamard product and inclusion
property. Such type of work was carried out by Joshi [10], Xiaopei [14], Khairnar et
al. [15, 16] and Schild and Silverman [17].

2. Main Result

In this section, we obtain necessary and sufficient condition for the function
f(z) to be in the class Sy, (p).

Theorem 2.1. A function f(z) given by

1 S 0
f(z):—_ ap+n(Z_W)p+ y ap+n 20, pE N
(z-w)° ;
is in the class Sy (p) if and only if

D [2p+n)(@ - pp) + wrle = BN, p)ap.n < (e —P). (21)

n=1

The result is sharp for the function

f(Z): 1 - PW(OL_B) - (Z—W)p+n.
(z=w)” [2p+n)@—up)+ py(a-B)I(n, p)

Proof. Assuming that (2.1) holds, we have

| ADKF(A)) + pD*f(A) |- 1| (o — B)yD* F(A)— BIA(D¥ f (A)) + pD* f(A)]|

D" (@p+map AP (n, p)f

n=1

(@ = B)AP = " [( ~B)y — B(2p + M]apn AP (n, p)f

n=1

<> [2p+n)@-pp) + wy(o ~ (0, p)ap.n — (e - B)

n=1
<0.
Hence f(z) e Sy (p).
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Conversely, suppose that f(z) € Sy, (p),
| A(D*f(A)) + pD*f(A)|

< 1| (o — B)yDX F (A) - B[A(DX F (A)) + pDXf(A)]|

D @p+n)(n, p)ap, AP

n=1

(>}

(= B)YA? = D [(@ = B)y = B2p + M](n, p)ap,nAP*"

n=1

<p

Selecting A = el (0 < e <1) in above equality, we have

Z (2p +n)(n, p)k ap+nep+n
n=1

n=1

< u[(a ~B)reP™" = > (@ - B)y - B2p + (1, p)kapmep*”}-

Letting e - 1 (0 < e <1), we get

D @p+ ), pap. < wr(a—B)—n Y (@ —B)y =B2p+ (N, p)ap.n,

n=1 n=1

that is,

D [2p+ )@ - up) + wr(e = I, P)apin < pr(e—B).

n=1

Corollary. If f(z) given by

1
(z—w)P

f(z) =

o0
+n
—Z:aern(z—w)p ., apn 20 peN
n=1

is in the class Sy, (p), then

py(a. —B) ,
[(2p +n) (L - pup) + wy(a — B)I(n, p)

apin < p, ne N.
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In the following theorem, we study growth and distortion property:

Theorem 2.2. If the function f(z) € Sy’ (p), then

1 _ HV(Q_B) |A|p+n
|A[P [(2p +n)(@— pB) + wy(a — B)I(n, p)¥

k|A|p+n.

<| f(A)] < 1, wy(o —B)
|A[P [(2p +n)(L - puB) + py(a — B)](n, p)

The result is sharp for the function
f(z) _ 1 _ py(a —B) - (Z _ W)D+n’
(z-w)® [2p+n)@~up)+py(e—B)I(n, p)

where n, pe N,|A|<land A= 0.

Proof.

| f(2)] =

e8] o0
- P _zap+n(z_w)p+n S;p'kzapml z—w|P*h,
) ) lz-w|" H

(z-w

1 o0
| f(A)| < AP #[APY apin, [Al<L AzO.
n=1

By Theorem 2.1,

iapm < ) - 2.2)
oy [(2p +n) (L~ puB) + pwy(a = B)I(n, p)
Thus
1 HY(OL - B) p+n
f(A)| < AP (23)
e | AP ' [(2p + )@~ pB) + wy(o — B)I(n, P 4]
Also,
1 N +n
| f(2)| > P - nZ;apm(z —w)P

1 o0
>——Zap+n|z—w|p+”,

- p
|z —w| —~
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0
1
| f(A)l2 |A|p _|A|p+nzap+n
n=1

> 1 _ wy(o = B) - |A|p+n_ (2.4)
| AP [(2p +n)(A- pB) + wy(a - B)(n, p)

Using (2.2), p,ne N, |A| <1 A=0.

Using (2.3) and (2.4), we have

1 _ wy(o —B) | A|p+n
|APP [2p+n)(@- ) + (o~ BN, p)
<|f( )l “Y(a_B) I(|A|p+n.
| A|p [(2p +n)(@~ pp) + wr(e —BI(n, p)
Theorem 2.3. If the function f(z) € Sy (p), then
p _ HY(a_B)(p"' n) | A|p+nfl
| AP [(2p + )@ - puB) + py(a - B)I(n, p)*
<|f( )l n FW(O‘_B)(p"'n) |A|p+n—1.
| Al"*1 [(2p + 1)@ - uB) + y(ox — B)I(n, p)
The result is sharp for the function
f(z) = 1 _ ny(o - B) - (Z_W)p+n’

(z-w)® [2p+n)@~up)+py(e—B)I(n, p)

where n, pe N, |A|<1and A #0.

Proof.
| f'(z2)] < W Z(p+n)ap+n|z—w|p+nl
n=1
| (A< A |(p+1) Z(p+n)ap+n|A|p*”’1, since | A| <1, A= 0.
n=1
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Using (2.2), we have

| ()l W{(OL—B)(D+H) |
| Al"*1 [(2p + )@ - up) + py(a - B)(n, p)

On the other side,

APl (25)

| f'(2)|> W Z:(DJr“)<’=1p+n|Z—W||0+nl

| f'(A)| = Z:(p+n)a|o+n|A|p+”‘1 since |A| <1, A% 0.

| |p+1

Using (2.2), we have

¢ wy(a = B)(p +n) AP (26)
Tl |A|p+1 [(2p +n) (L~ pp) + uy(a - B (n, p)k' |

Using (2.5) and (2.6),

p HY(Q_B)(p+n) |A|p+n—l
| AP [(2p + n)(@ - puB) + py(e — PI(n, p)¥
<| f(A)] < + wy(a = B)(p +n) A|p+n—1_

|
| Al"+1 [(2p +n)(@ - 1B) + wr(e ~ B (n, )
3. Radius of Starlikeness and Convexity

Theorem 3.1. If f(z)e S™(p), then f(z) is p-valently starlike in 0 <| A|<R

of orderin 3, 0 < 8 < p, where

1
{(p—6)[(2P+n)(1—uB)+w(0c—B)](n, p)k}ml

R = inf
n (e —p)(Bp+n-13)
|Al <1, A=0.
Proof. f(z) is p-valently starlike of order 5 (0 <& < p), if —Re{(z —W)%}

(z-w) (I

> 9, thatis, if )

< p — & which simplifies to
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— (3p+n-35
Z(p—_)amd AP <1, (3.1)

|Al<L A=l

By using Theorem 2.1, we have

py(o —B) k
o0 = [2p+ - pp)+ prta - " P (42

Using (3.1) and (3.2), we get

i (Bp+n-38)uy(a —P) |A|p+n <1
“~ (p-8)[(2p +n) (L - up) + uy(c - B)I(n, p)
that is,
AP < (P=8)2p+ M- p) + wr(a - Pl(n, P
uy(o —p)(Bp+n-29)
Thus
1
_ . J(p=8)[(2p + n) (@ - up) + py(e — B)J(n, p)* | P+0
|A|SR_'T{ (e —p)(Bp+n-19) } '
[A| <1 A=0.

Theorem 3.2. If f(z)e Sy'(p), then f(z) is p-valently convex in 0 <| A| <R
of order s, 0 <8 < p,

1
R — inf) P(P=8)[(2p + ) (L~ up) + pr(c ~ P)I(n, p)< | p+nL
(p+n)(p+n+38)uy(c—p) ,

n
|Al<1 Az0.

Proof. f(z) is p-valently starlike of order & (0 < & < p), if

—Re{l L 2w fW() f)"(z)}
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that is if

f"(2)
f'(z)

(z-w)

+1+p|<p-39,

that is if

D (p+n)(2p+nap.,(z-w)PH
n=1 — < p_s

p(z = w) P> (p+ mapn(z - w)P
n=1

which simplifies to

Z (p+ :%(ppjsr)] +8) ap+n| A|p+n—1 <1 (3.3)

[Al <1 A=l
By using Theorem 2.1, we have

wy(a —B) (3.4)
[(2p + n) @~ up) + py(a - BI(n, p)f

Using (3.3) and (3.4), we get

Ap4n <

i (p+M)(p+n+3)py(e—p) APl
“~ p(p-8)[(2p +n) (L - up) + uy(c - B)I(n, p)¥
that is,
| APt < P =8)[2p + M)A —uf) + wy(o = B)I(n, P
(p+n)(p+n+38)uy(a—p)
Thus

1

(Al <R = inf{p(p—ﬁ)[(29+n)(l—uB)+w(a—B)](n, p)k}m,

(p+n)(p+n+38)—uy(a—B)

[A| <1 A=0.



ON A NEW SUBCLASS OF MULTIVALENT MEROMORPHIC ... 105

4, Extreme Points

Theorem 4.1. Let fy(z) = _wy and
_ 1 wy(o - B) p+n
f +n - - - .
S P Y 7Y T WP T i

Then f(z) e Sy, (p) if and only if it can be expressed in the form

f(z) =%y fp(z) + pr+nfp+n(z)1

n=1

o0
where A p,n >0 and Ay + Y Ap, =1
n=1

Proof. Let us assume that

f(z) =hpfp(2)+ prmfpm(z)
n=1

= 1 — H.Y((X — B) (Z _ W)p+n_
(z-w)P  [(2p +n)(L-up) + wy(a - B)I(n, p)
Then we have
i [(2p + n) (@ - up) + wy(o — B)I(n, p)*
~ uy(a —B)
Ap+n bl =) = OO?»H,Sl.
P 2P + )@ - uB) + wr(e - BI(n, p)F Zl P

Hence f(z) e Sy (p).

Conversely, we assume that f(z) given by (1.5) is in the class Sy, (p).

wy(o = B) _
[(2p +n)@ - up) + py(e - B)I(n, p)¥

From Corollary, ap,p <
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[(2p + n)(@— up) + py(e — B)I(n, p)¥

Setting  Apin = @pin , p,neN, and

py(a = B)
hp =1=D Apin, Wehave f(z)=rpfp(2)+ D hpinfpin(2).
n=1 n=1

5. Closure Theorem

In continuation of our study, we shall prove that the class Sy, (p) is closed

under convex linear combination.

Theorem 5.1. Let f;(z) € Sy/(p), j =1 2, .., m. Then

9(2) = D _cjfj(2) € 83 (p).
j=1

For
f(z)=—t 3 P where ¢ — 1
j(z)_—p—Zapm(z—w) ,Werech_.
(z-w)" o =1
Proof. Now
m
Q(Z)chjfj(z)
j=1
o m
Cidp,n i(z —w)P*"
i%p+n,j
a2

+n
Z&pm(z - w)P*M, where Spin = chapm i
n=1

e —W)Io

Thus g(z) € Sy (p) if

i(2p+n><1 0 Rty ) () Y
uy(o - ) e

n:
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that is if

Cj@p+n, j

N [(2p + ) (- pB) + (o= B)I(n, p)¥
ZZ py(a —B)

Sici[mm)a uB) + py(o = B)](n, p)*

— o wy(o —B) o, |
<) <1, since (20X WA 18): o P D o<1

j=
That is g(z) € Sy’ (p) if fj(2) € Sy (p).

Theorem 5.2. Let

fi(z) = Zap+n<z—w) P Ay 20, =12,

be in the class Sy, (p). Then the function h(z) = Z f;(z) also belongs to the
j—l

class Sy (p).

Proof. We have

h(z)= =" 1(2)
j=1
T a- W)P Z[%Zamn JJ(Z —w)P*r

n=1 ]

0 1 m
z : p+n - 2 :

- > e(z=w)"", where g, = o 28 i
n=1 j=1

since f;(z) € Sy,'(p) from Theorem 2.1, we have

S [(2p + ) (L= up) + (e B0, p)
Z B nj <L (5.1)
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Now, h(z) € Sy (p).

Since

jiK2p+ma—um+uwa—mMmpﬁe
py(o - B) :

n=1

0 _ o — ' k m
:Z[(2p+n)(l tﬁ%{:fyﬁ() B)I(n, p) %Z;apm
]=

=1

>

3

_ 1NN [@2p + )@ - pp) + py(o - B)I(n, p)
w2 (o= p)

j=1 n=1

m
1 .
< e~ E 1, using (5.1)

6. Hadamard Product and Inclusion Property

1

f(Z) = (z ~ W)p - ;apH\(z - W)p+n

and

1 N +n
9(2) = o ;bpm(z —w)P

n

in Sy'(p), then convolution (f = g)(z) is defined by

1 N o
(f*9)(z) = (- w)P - ;apmbpm(z - w)P*h, (6.1)

Theorem 6.1. Let f(z) and g(z) belongto Sy (p). Then (f *g)(z)e Sy (p)
for
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w?y(a —B)(2p + n)
* [@p+ M)+ m(a - P, ) + 1Py(a—P)2p+n -1 —B)

Proof. f(z), g(z) € Sy (p) and so

S [(2p + 1) (L= ) + py(a =B, p)

nZ:;' ny(o —B) =1 ©2)
and

S [(2p + ) (L pp) + py(o = PI(n, p)¥

Zl ) o ©.3)

We need to find the smallest number & such that

Slenene-t e lo e, o 1 6o
n=1

Using Cauchy Schwarz inequality, we have
PRI u[;); wﬁ(;c IO D b1 )
n=1

Thus it is enough to show that

[(2p + n)(lg(fﬁ);; Ey(a—B)] Japraborn

@p+n)@-pp)+ py(a - B)]
uo—B)

[E(2p +n)(d— pp) + py(a - B)]
VapnPon <D )@= up) + (o~ p)]° (©6)

From (6.5), we have
Jagboo < L C el D) . 6.7)
PP T 2p + m) @ - up) + (- B, p)°
In view of (6.6) and (6.7), it is enough to show that

wy(o - B) < 8Rp+n)(A—pp) +py(a —B)]
[(2p + n) (L - pp) + uy(c — B)](n, p)¢ ~ Bl(2p+n)A—-ER) + &y(a - B)]"
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Simplifying, we get

S (e ~B)(2p +n) .
[(2p + )@~ pB) + wy(o — B)A(n, P)* + pPy(c — B)[2p +n —y(a — )]

Next, we study inclusion theorem for the class S, (p).

Theorem 6.2. Let f(z), g(z) € Sy (p). Then

h(z) =

(- )p Z(ap+n+bp+n)(z_w)p+n
n=1

isin Sy (p), where

2uy(a — B)(Zp +n)
[(2p+ﬂ)(1 up) + wy(o = B)F(n, p) + 2uy(or - B)[B — v(a - B)]

Proof. Let f(z), g(z) € Sy, (p). Then

| [2p + n) (- pp) + wy(a - B)I(n, p)¥
Z{ wy(o —B) }

n=1

& [[2p + W)@ p) + wyla - B0, p)f }2
< apine <1 (6.8)
;{ wy(o —B) P

Similarly,

o/ [(2p + )@ - pB) + py(e — B)(n, p)
HZ::{ (o = B) }

0 2
[(2p + n)(@ - pB) + wy(o = B)I(n, p)
< nzzl{ B b, } <1 (6.9)

We have to show that h(z) e Sy,"(p) by replacing p by 3,

2 on b3 )<, (6.10)

i [(2p + )= 3B) + 8yl ~ B)l(n, p)" 2
~ oy(a = B)
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Adding (6.8) and (6.9), we get

0 2 Kk 12
_1%|:[(2p + n)(l_ ny)(; ﬁ"/lg()x - B)] (n, p) } (aan 4 b[2)+n) <1 (6.11)

n
In view of (6.10) and (6.11), it is enough to show that

[(2p +n) (@ - 8B) + Sy(c ~ B)I(n, p)
dy(a - B)

_1[l@p+ )@ up) + wle —B)m, p) |
T2 wy(o - B) '

This simplifies to

5> 2uy(a - B)(2p +n) _
[(2p + )@ - up) + py(o — B)P(n, p)* + 2uy(c — B)[B — v(ex — B)]
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