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Abstract

In this paper, we use Energy Balance Method (EBM) to nonlinear
vibration and oscillation equations to obtain the periodic solutions of a
conservative nonlinear oscillator for which the elastic force term is
proportional to X¥3. The results show that the EBM is very effective and
simple so that do not require linearization or small perturbation.

1. Introduction

The nonlinear vibration and oscillation equations have been considered in
several papers [1-3]. Main model was introduced by Mickens [16] and has been
studied by many investigators [17, 26, 29, 39]. Various methods have been used to
solve them, for example, Homotopy Perturbation Method (HPM) and Harmonic

Balance Method (HBM). Our purpose is to solve conservative X¥3 force nonlinear
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oscillator and oscillator and the Duffing equations by EBM, and the results of each
of them will be compared with exact, HPM, HBM solutions, respectively.

2. Solution Procedure

We consider the following nonlinear oscillator:

1

2 1
LX x5 =0 (1)
dt
with initial conditions:
) =4 )= 2)

Equation (1) is a conservative nonlinear oscillator with a fractional power
restoring force. We denote the angular frequency of these oscillations by ® and note

that one of our major tasks is to determine (A4), the functional behavior of ® as a

function of the initial amplitude.

In order to assess the advantages and the accuracy of EBM, we will apply this
method to (1) with initial conditions (2).

Its formulation can easily be established by:

4
f1(dx? 3 3
J_JO(E(Wj +2 X3 |a 3)
Its Hamiltonian can be written in the form:
4
ffaxy? 3 5
H‘{E(Wj taX ] )
with initial conditions:
X(0)= 4, “O_ 5)
dt
Therefore,
4
Hy_g=>43 6)
t=0 4 H
4 4
fifax? 3.5 3 5
Ht Ht:()—[z(w) +ZX J ZA . (7)
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We will use the trial function to determine the angular frequency o, that is,
X(t) = Acos(wt). (8)

If we substitute (7) into (6), then we get the following residual equation:

1 3 4 3 3
§A2(u2 sin®(of) + Z(A cos(o1))3 — ZA3 =0. )
If we use ot = %, then we obtain:
4
1 22 3 1 _é 3 _
4Ao) +8(2A)3 4A =0 (10)
hence
1
o= 1Yo 03,y (11)
2 1
A3

If we compare our result with the exact solution given in [40], then we get:

4
[ % Ezact * EBM]|

Figure (1-1)



60

A. NIKKAR et al.

Now, for second example, we consider the following nonlinear oscillator:

with initial conditions:

—d2 X X 3 X 3 =0
e O+ X3 +X(1)3 =
- dx(0) _
x(0)=4, =22 =0,

We will apply EBM to solve (12). First, we establish its formulation by:

4
O (ax Y 35 1 s
J_.[O[E(WJ +ZX +ZX dt.

Thus, its Hamiltonian can be written in the form:

with

and

2 4
H, — H;_g :[l(d—X) +%X3 +lX4j—%A

2 4

We will use the trial function

X(t) = Acos(wt)

in (17) to determine the angular frequency . This leads to

4
%Azmz sinz(mt) + %(A cos(wt))3 + %((A cos(o)t))4) - % A

If we put ot =

ki3
4 b

1
4

then we obtain:

2 4
L2235 s 3 4 3
Ao +l62(A«/5)3 eAt -4

4
3

[N

= 0.

1
4

4% =o.

(12)

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)
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Hence

1 1 4
1 \/—626 A(AN2)3 +34% +1243
o = —E 1 . (21)

So, if we compare our result with the result of HPM given in [2], then we get:

o 1 3 7 3 4 3
A
[—— EBM — - HPM |
Figure (1-2)
Our third example is the Duffing oscillator:
Consider
d? 3
— X(t)+ X(¢) +eX(¢) (22)
dt
with initial conditions:
X(0) = 4, d)zgo) 0. 23)

We will apply EBM to solve (22). We establish again its formulation by:

t 2
J = J' 0 [%(% X(t)) L x? %8X(t)4}lt. (24)



62 A. NIKKAR et al.

Its Hamiltonian, therefore, can be written in the form:
(1(ax@O)Y 1,0 1 4
H—(Z( ! ) S X+ Lex()

with

and

2
H, - H,_y= (%(d);(t)) + %X(t)z + %8X(t)4j

L Lo
547 —gedt,

We will use the trial function to determine the angular frequency o, that is,
X(t) = Acos(wt).

In (27), the result will be

%Azmz sin?(ot) + %(A cos(t))?
+ LeacosonH - L a2~ Lest — o
4 2 4 :
If we put of = %, then we get:
1 22 1 2 3 4 _
) A ® ) A 6 ed” =0,
hence

o= %\/4+38A2.

Once more, we compare our result with the result given in [3] and get:

(25)

(26)

27

(28)

(29)

(30)

€2))
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Figure (1-3)
3. Conclusion

Results in this paper show the accuracy and efficiency of EBM in studying of
nonlinear vibrating equations, and is a powerful mathematical tool to investigate

them and can easily be extended to any such nonlinear equations.
Results show that the solutions obtained by this method, are in a good
agreement, with other results.

Acknowledgement

The authors would like to express their thanks to Dr. M. Saravi, for his useful

comments and suggestions for the improvement of this paper.
References
[1] J. H. He, Non-perturbative methods for strongly nonlinear problems, Dissertation, De-

Verlagim Internet GmbH, Berlin, 2006.

[2] Augusto Beléndez, Homotopy perturbation method for a conservative X 3 force
nonlinear oscillator, Computers and Mathematics with Applications 58 (2009),
2267-2273.



64

(3]

A. NIKKAR et al.

A. Beléndez, Rational harmonic balance based method for conservative nonlinear
oscillators: application to the Duffing equation, Mechanics Research Communications
36 (2009), 728-734.

R. E. Mickens, Oscillations in Planar Dynamics Systems, World Scientific, Singapore,

1996.

J. H. He, A new perturbation technique which is also valid for large parameters, J.
Sound Vibration 229 (2000), 1257-1263.

J. H. He, Modified Lindstedt-Poincare methods for some non-linear oscillations, Part
III: Double series expansion, Int. J. Nonlinear Sci. Numer. Simul. 2 (2001), 317-320.

J. H. He, Modified Lindstedt-Poincare methods for some non-linear oscillations, Part
I: Expansion of a constant, Int. J. Nonlinear Mech. 37 (2002), 309-314.

J. H. He, Modified Lindstedt-Poincare methods for some non-linear oscillations, Part
II: A new transformation, Int. J. Nonlinear Mech. 37 (2002), 315-320.

A. Beléndez, T. Beléndez, A. Hernandez, S. Gallego, M. Ortuilo and C. Neipp,
Comments on investigation of the properties of the period for the nonlinear oscillator
RxC.1CPx2/xDO0, J. Sound Vibration 303 (2007), 937-942.

P. Amore and A. Aranda, Improved Lindstedt-Poincaré¢ method for the solution of
nonlinear problems, J. Sound Vibration 283 (2005), 1115-1136.

P. Amore and F. M. Fernandez, Exact and approximate expressions for the period of
anharmonic oscillators, Eur. J. Phys. 26 (2005), 589-601.

J. H. He, Homotopy perturbation method for bifurcation on nonlinear problems, Int. J.
Nonlinear Sci. Numer. Simul. 6 (2005), 207-208.

P. Amore, A. Raya and F. M. Fernandez, Alternative perturbation approaches in
classical mechanics, Eur. J. Phys. 26 (2005), 1057-1063.

P. Amore, A. Raya and F. M. Fernandez, Comparison of alternative improved
perturbative methods for nonlinear oscillations, Phys. Lett. A 340 (2005), 201-208.

D. H. Shou and J. H. He, Application of parameter-expanding method to strongly
nonlinear oscillators, Int. J. Nonlinear Sci. Numer. Simul. 8(1) (2007), 121-124.

R. E. Mickens, Mathematical and numerical study of the Duffing-harmonic oscillator,
J. Sound Vibration 244 (2001), 563-567.

H. P. W. Gottlieb, Harmonic balance approach to limit cycles for nonlinear jerk
equations, J. Sound Vibration 297 (2006), 243-250.

C. W. Lim and B. S. Wu. Sun, Higher accuracy analytical approximations to the
Duffing-harmonic oscillator, J. Sound Vibration 296 (2006), 1039-1045.



(19]

(20]

(22]

(23]

[24]

[25]

[26]

(27]

(30]

[31]

AN APPLICATION OF ENERGY BALANCE METHOD ... 65

A. Beléndez, A. Hernandez, A. Marquez, T. Beléndez and C. Neipp, Analytical
approximations for the period of a simple pendulum, Eur. J. Phys. 27 (2006), 539-551.

A. Beléndez, A. Hernandez, T. Beléndez, M. L. Alvarez, S. Gallego, M. Ortuiio and C.
Neipp, Application of the harmonic balance method to a nonlinear oscillator typified
by a mass attached to a stretched wire, J. Sound Vibration 302 (2007), 1018-1029.

H. Hu and J. H. Tang, Solution of a Duffing-harmonic oscillator by the method of
harmonic balance, J. Sound Vibration 294 (2006), 637-639.

H. Hu, Solution of a quadratic nonlinear oscillator by the method of harmonic balance,
J. Sound Vibration 293 (2006), 462-468.

G. R. Itovich and J. L. Moiola, On period doubling bifurcations of cycles and the
harmonic balance method, Chaos Solitons Fractals 27 (2005), 647-665.

J. H. He, Some asymptotic methods for strongly nonlinear equations, Internat. J.
Modern Phys. B 20 (2006), 1141-1199.

J. H. He, New interpretation of homotopy perturbation method, Internat. J. Modern
Phys. B 20 (2006), 2561-2568.

J. H. He, The homotopy perturbation method for nonlinear oscillators with
discontinuities, Appl. Math. Comput. 151 (2004), 287-292.

M. S. H. Chowdhury and I. Hashim, Application of homotopy-perturbation method to
nonlinear population dynamics models, Phys. Lett. A 368 (2007), 251-258.

F. Shakeri and M. Dehghan, Inverse problem of diffusion by He’s homotopy
perturbation method, Phys. Scr. 75 (2007), 551-556.

A. Beléndez, C. Pascual, E. Fernandez, C. Neipp and T. Beléndez, Higher-order
approximate solutions to the relativistic and Duffing-harmonic oscillators by modified
He’s homotopy methods, Phys. Scr. 77 (2008), 25-40.

A. Beléndez, A. Hernadndez, T. Beléndez and A. Marquez, Application of the
homotopy perturbation method to the nonlinear pendulum, Eur. J. Phys. 28 (2007),
93-104.

A. Beléndez, A. Hernandez, T. Beléndez, E. Fernandez, M. L. Alvarez and C. Neipp,
Application of He’s homotopy perturbation method to the Duffing harmonic oscillator,
Int. J. Nonlinear Sci. Numer. Simul. 8(1) (2007), 79-88.

A. Beléndez, C. Pascual, A. Marquez and D. I. Méndez, Application of He’s
homotopy perturbation method to the relativistic (an)harmonic oscillator, I:
Comparison between approximate and exact frequencies, Int. J. Nonlinear Sci. Numer.
Simul. 8(4) (2007), 483-491.



66

[33]

[37]

[38]

A. NIKKAR et al.

A. Beléndez, C. Pascual, D. I. Méndez, M. L. Alvarez and C. Neipp, Application of
He’s homotopy perturbation method to the relativistic (an)harmonic oscillator, II: A
more accurate approximate solution, Int. J. Nonlinear Sci. Numer. Simul. 8(4) (2007),
493-504.

L.-N. Zhang and J. H. He, Homotopy perturbation method for the solution of the
electrostatic potential differential equation, Math. Prob. Engng. (2006), 1-6.

D. D. Ganji and A. Sadighi, Application of He’s homotopy-perturbation method to
nonlinear coupled systems of reaction-diffusion equations, Int. J. Nonlinear Sci.
Numer. Simul. 7(4) (2006), 411-418.

A. Siddiqui, R. Mahmood and Q. Ghori, Thin film flow of a third grade fluid on
moving a belt by He’s homotopy perturbation method, Int. J. Nonlinear Sci. Numer.
Simul. 7(1) (2006), 15-26.

J. H. He, Homotopy perturbation method for solving boundary value problems, Phys.
Lett. A 350 (2006), 87-88.

M. Rafei and D. D. Ganji, Explicit solutions of Helmhotlz equation and fifth-order
KdV equation using homotopy perturbation method, Int. J. Nonlinear Sci. Numer.
Simul. 7(3) (2006), 321-328.

D. D. Ganji, The application of He’s homotopy perturbation method to nonlinear
equations arising in heat transfer, Phys. Lett. 355 (2006), 337-341.

P. D. Ariel and T. Hayat, Homotopy perturbation method and axisymmetric flow over
a stretching sheet, Int. J. Nonlinear Sci. Numer. Simul. 7(4) (2006), 399-406.



