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Abstract

In this paper, we consider decision making under uncertainty, when the
probability of the states of nature is not known a priori and the outcomes
of each alternative are characterized only approximately. In the literature,
there are many criteria used for ranking alternatives in such cases as
mentioned in this paper, but these criteria have many drawbacks. The
fuzzy approach is very useful to handle such situations. Here we construct
a new fuzzy optimistic criterion, namely the 2-Fuzzy Optimistic Criterion
(2-FOC) using the fuzzy aspiration degree that has been defined. This
criterion is a modification of the existing possibilistic optimistic criterion
that has been widely used in such situations for ranking of alternatives.
The criterion constructed is more realistic and it has been proved that
when ranking of alternatives is not possible using the existing criterion,
then it is possible to clearly rank the alternatives using the fuzzy criterion
constructed. An example has also been given to illustrate the same.
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1. Introduction

In the field of decision making under uncertainty in the crisp environment, there
are many criteria in the literature for ranking of alternatives. The most commonly
used criterion is the expected utility criterion axiomatized by Savage [10], despite
early criticisms formulated by Allais [1], Ellsberg [8] and later by Kahneman and
Tversky [9]. Here the subjective values attached to each consequence as well as the
degree of confidence of the possible outcomes commensurate and are specifically
quantified. However, in most problems which generally deal with practical life
situations, this may not be always possible. Thus, there are many models designed
for preference modeling in the presence of poor information. The most famous
decision rule of this kind is the max-min rule of Wald [13] axiomatized by Arrow
and Hurwicz [2]. Here the set X of consequences is ranked by means of some utility
function ‘u’ valued on any ordinal scale. If no information is assumed about the
states of nature, if the decision maker is a pessimist, then the acts are ranked on the
merits of the worst consequences and if the DM is an optimist, then the acts are
ranked on the merit of the best consequence. If plausibility ordering on states is
available, then the above criterion can be refined [3, 4]. In such cases, acts are
ranked according to the merits of their worst consequences restricted to the most
plausible states.

Another refinement of the Wald criterion is the possibilistic criterion [5-7] based
on a utility function ‘u” on X and a possibility distribution = on S representing the
relative plausibility of states both mapping on the same totally ordered scale and
which can be compared.

In this paper, we use the fuzzy approach, which is very useful to handle decision
problems in real life situations where the probability of the states of nature is not
known a priori and outcomes of each alternatives are characterized only
approximately. Here instead of the utility function, we use the fuzzy membership
function and also the fuzzy aspiration degree that has been defined, to modify the
existing possibilistic optimistic criterion which is commonly used in such cases, so
that the drawbacks seen in this criterion can be rectified.

2. Decision Making Under Uncertainty

This section presents the basic setting of a decision making under uncertainty.
Decision making under uncertainty here implies a choice among a set of potential
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alternatives, the consequences of which are not known perfectly. Such a decision
problem is characterized by a set S of states representing the possible situations, a set
X of possible consequences, and a set D of alternatives which are taken as elements

of X 5. Thus, the elements of D are mappings d; : S — X, where d;(s) represents
the consequences of an alternative d; for any state s € S. Here S and X are taken to
be finite. Thus, if S = {s1, S, ..., Sy} and X = {X{, X9, ..., Xy}, then d; e XS is

completely characterized by the vector consequences {d:(s;), di(s,), ..., di(sy)}.
p y y q i\°1 i\°2 i\°n

Most of the rules used for decision making under uncertainty involve a real
valued function ‘u’ on X encoding the utility of the consequences and a numerical

set — function [] on 25 representing the confidence of events. The representation of
uncertainty about the state of nature is completely determined by the knowledge of
the degree of plausibility of states (here in this paper, encoded by possibility
distribution = on S). The alternatives are then ranked using a valuation function v on

D, where v : X5 — L, where L is an ordered set and v(dj) measures the subjective
attractiveness of d; for the decision maker. Here v(d;) is a function of the values
u(di(sy)), -, u(di(sy)) and the set function which represents the DM’s knowledge

about the state of nature. The alternatives are then ranked according to the values of
v(d;).

3. Important Results

Definition 3.1. A fuzzy set Al inXis given by Zadeh [14] as
At = {(x pa(¥)/x € X,

where pa: X —[0,1] is the membership function of the fuzzy set A, pa(x)
e [0, 1].

Definition 3.2. The Possibilistic Optimistic Criterion (POC) [5-7] is given by

di >dj < vi(dj) > v(dj), where v'(d;)= masx{min[n(s), u(d; (s))].

Though this criterion is a refinement of many criteria in the crisp environment, this
criterion has many drawbacks, some major drawbacks being
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(1) An alternative d; can be ranked equal to another alternative d, even if d;
is at least as satisfying as d, in all states and better in some states (including most

plausible ones), which is not true in real life situations.

(2) If for a given alternative there exists only one consequence with high utility
and high plausibility of state, then there is a great chance for this alternative to be
selected irrespective of the very low utility values of the other consequences with
high plausibility of states. This is not realistic, since the decision maker in such a
case is overoptimistic.

Thus, we see whether we can modify this criterion such that these drawbacks
can be rectified. For this, we construct the 1-Fuzzy Optimistic Criterion (1-FOC) as
follows.

4. 1-Fuzzy Optimistic Criterion (1-FOC)

This criterion is based on a membership function pa on X, where pa(x;;)
represents the fuzzy set membership of a consequence X; € X in the fuzzy set

‘satisfaction’, and the possibility distribution = on S representing the relative
plausibility of states, both mapping on the same totally ordered scale and which can
be compared. Here X represents the set of consequences and S the states of nature for
the decision problem.

Definition 4.1. 1-Fuzzy Optimistic Criterion (1-FOC) is given by

di >d; < S1(di) > S3(dj),  Sqa(di) = V;[I1a(s, xij)],
where Jﬁ(SJ, Xij) = /\[TC(SJ' ), MA(Xij )]8[0, 1]

Here S;7(d;) represents the degree of satisfaction of the alternative d; for the

DM, where d;j(s;j) = x;j. Thus, the alternatives can be ranked using this criterion.

Note 4.2. 1-FOC is same as POC except that the utility function being replaced
by the fuzzy membership function in the fuzzy set ‘satisfaction’. Thus, the
drawbacks seen in POC are also seen in 1-FOC. Hence, in order to verify whether
the drawbacks in POC are rectified, it is sufficient to verify whether the drawbacks
are rectified in 1-FOC.
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An optimist always expects the best to occur. In all the above mentioned criteria
for an optimist, the best consequences restricted to most plausible states are given
high score, but the best consequences restricted to non-plausible states are given
very low score. This is not true for an optimist, since the best consequences
restricted to non-plausible states are also considered by the decision maker and high
score is given in such cases also though not as high as the score given to the best
consequences restricted to the most plausible states. We now construct a fuzzy
optimistic criterion, namely 2-FOC using the fuzzy aspiration degree which specifies
the best consequences and give high score values in this criterion for the best
consequences depending on the plausibility of the states.

5. Fuzzy Aspiration Degree

Here we introduce the fuzzy aspiration degree and also the fuzzy aspiration
class, which is used to define the ‘best consequences’ of the Decision Maker (DM)
for the given decision problem.

Definition 5.1. If a DM is ‘totally satisfied” with a consequence X;;, then the

fuzzy set membership of x; in the fuzzy set ‘satisfaction” is 1, i.e., pua(x;j) = 1.

Such consequences are called the efficient consequences of the decision problem.
Now in this section, we define the ‘best consequences’ as follows.

Definition 5.2. In a decision problem, there may be consequences which are
highly (very) satisfying to the decision maker, i.e., consequences whose membership
values in the fuzzy set ‘satisfaction” are very close or equal to 1. Thus, if ap €[0,1]

is the minimum of the membership values of the consequence from which onwards
the DM is *highly satisfied’, then op is called the fuzzy aspiration degree of the

decision problem for the DM. All consequences x;; € X Wwhich satisfy the property

P-A(Xij) > op, are called the ‘best consequences’ of the decision problem.

Example 5.3. If ap =.9, then the best consequences of the decision problem

are all consequences whose membership values are greater than or equal to .9.

Note 5.4. (1) The fuzzy aspiration degree is the minimum degree of satisfaction
aspired by the DM for the best consequences of the decision problem.
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(2) The fuzzy aspiration degree varies according to the choice of the decision
maker and the decision problem.

(3) The fuzzy aspiration degree specifies the best consequences of the decision
problem for DM.

(4) When ap =1, the best consequence becomes the efficient consequence.

(5) By Definition 5.2, clearly, ap > .5 (even though in most cases its value is
even higher then .5 and close to 1).

Definition 5.5. The fuzzy aspiration class of ap denoted by FAC[ap], for
the decision problems, is defined as FAC[ap]= {Xj € X : pa(Xj) > ap}, ie,
FAC[ap] is the set of all best consequences of the decision problem.

Definition 5.6. The fuzzy non-aspiration class of ap denoted by FNAC[op ],

for the decision problem is defined as FNAC[ap] = {Xjj € X 1 pa(Xjj) < ap}.

Result 5.7. (1) FAC[op]UFNAC[ap]= X.

6. The Construction of 2-Fuzzy Optimistic Criterion (2-FOC)

We now construct the 2-FOC using the fuzzy aspiration degree.
Definition 6.1. We define the 2-FOC as follows.

Define

1 .
+ B §[1+ op(ma(Xij) An(si)+A-ap)(palxij) v a(si)] if pa(xij)zop,
I21(sj, %) = _

ap(n(sj)Apalxi)+@-op)(n(sj)vualx)) if palxj)<op.
Then Jz*l(sj, Xij )e[0, 1] is the score of the alternative d; corresponding to the pair
(sj» xij), where di(sj) = x;; and ap is the fuzzy aspiration degree of the decision
maker for the given decision problem.

Here a high weightage ‘ o.p * is given to the optimistic factor p(x;;) A n(s;) and

a low weightage of (1-ap) is given to the factor pa(x;j) v n(s;j). For the best
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consequences pa(xjj) = ap, the scores are constructed such that they are given
high values. Also, introduction of the term pa(x;j) v m(sj) does not affect the

optimistic attitude of the decision maker but at the same time it helps in clear ranking
of the alternatives.

Also, if we define S3;(dj) = max; Jz;(sj, ), then this would be non-
realistic, since the decision maker in such a case would be over optimistic. So taking

. . . 1n
into consideration all these S{l(di):ﬁzjzngl(sj,xij), where the score

J{l(sj, xij) is high for the best consequences, which is the attitude of an optimist.

The 2-Fuzzy Optimistic Criterion (2-FOC) is then given by

di > dj < S3(di) = Sz1(dj).

Note 6.2. If ap =1 in 2-FOC, then J3(sj, Xj) = J71(Sj, Xj), Vsj €S,
xij € X, except when pa(x;) = 1 in which case Jz*l(sj, Xij) = .5+ .5n(sj) which
is slightly higher than Jﬂ(sj, Xij) = n(sj). Thus, 2-FOC can be considered as a
modification of 1-FOC.

We now give an example to show that the drawback seen in 1-FOC is rectified
using 2-FOC.

Example 6.3. Let D ={dy, d,, d3, ds} and S ={sj, Sy, S3, S4} Wwith the
possibility distribution of the states given by =n(s;)=.3, =n(sp)=.5 mn(s3)=1,
n(s4) = .6. Let the decision table be given by

Table 6.3.1

$1 Sy S3 Sq

d | 1| 3| 6] 8




8 TUTU M. JOHN and SUNNY KURIAKOSE

Then by 1-FOC,
Si1(dy) =6, Sfi(dy) =.6, Sq1(d3) =8, S{i(ds)=.7.

Thus d3 > d4 > d; = d,. Here dy is as satisfying as d, in states s;, Sp, s3 and d;
is better than d, in s;. Yet using 1-FOC d; = d,. Similarly, this is the same

drawback seen in POC also.

But using 2-FOC for a.p = .8 (say), we get
S31(dy) = .47, S3(d,) =.42, S3(d3)=.56, S3(d,)=.61.
Thus d4 > d3 > dl > d2.

We now prove that this defect is, in general, rectified using 2-FOC.

Theorem 6.4. Let d; be as satisfying as d, in all states and better in some
states and suppose in 1-FOC, d; = d,. Then by 2-FOC, d; will be strictly better
than d2, i.e., dl > dz.

Proof. Let us suppose that d; is as satisfying as d, in all states and there is
only one state, say s,, where d; is better than d, and let the corresponding
consequences be x;, and Xy, respectively. Let ap be the aspiration degree of the
DM, for the given decision problem. Let FAC[ap], FNAC[ap], denote,
respectively, the fuzzy aspiration and fuzzy non-aspiration classes w.r.t. a.p. Then
clearly, pa(xy) > pa(xor). Also, itis given that in 1-FOC, d; = d».

Then by the above given conditions,

(1) If Xir € FAC [Q,D] and Xor € FNAC [OLD].
(2) If Xlr, er e FAC [(X,D].
(3) If Xiry Xor € FNAC [GD].

In all cases except when op =1, it follows that J3;(s,, Xir) > J21(S,, X, ) and

when ap =1 and x, € FAC[ap], Xy € FNAC[ap], then also

I21(sr, Xar ) > I21(Sr Xor)
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Thus by 2-FOC, we get

n

1 ~n
Sz1(dp) = —ijlJfl(Sj, Xij )

Ziir 3215 %) + I51(sr, Xlr)}

_1
n

1
H_Zj 321(8, X2j) + I2(sr, Xar }

S|

Zj;t 321(8j, X25) + I21(sr, er)}

S|

Rall
D 35y x0p)| = Siue),

Sg—l(dl) > Sz—l(dZ) and hence dl > d2.

Similarly, if d; is as satisfying as d, in all states and better in more than one

state, then proceeding as above, we get d; > d,. Hence the theorem.

Note 6.5. If ap =1 in 2-FOC, and if Xy, Xo, € FAC[ap] or X, Xor €

FNAC[ap], then d; = dy. In such cases, we can take ap =.999 (say) which
approximates to 1. Then proceeding as in the proof of Theorem 6.4, J3;(s;, X;) >

J21(Sr, X9,) and thus d; > d2.

Hence in all the cases, clear ranking of alternatives is possible using the 2-FOC
constructed.

7. Conclusion

In this paper, we have constructed a fuzzy criterion 2-FOC for an optimistic
decision maker for ranking of alternatives in a fuzzy environment. This criterion is a
modification of 1-FOC which is the fuzzy version of the possibilistic optimistic
criterion in the literature. The fuzzy criterion 2-FOC constructed makes use of the
“fuzzy aspiration degree’ which we have defined to specify the best consequences of
the decision maker. This criterion is more realistic, and is an optimistic criterion
which according to the attitude of the decision maker gives high values for the best
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consequences. Also, one of the major drawbacks seen in the existing criterion,
namely that an alternative d; can be ranked equal to another alternative d, even if

dy is atleast as satisfying as d, in all states and better in some states (including the

most plausible ones) has been rectified using this criterion. This has been illustrated
by an example and also proved in Theorem 6.4. If non-membership values of the
consequences are available, then we have shown in our papers that in an
intuitionistic fuzzy environment, these drawbacks can be rectified, depending on the
attitude of the decision maker whether a pessimist [11] or an optimist [12].
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