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Abstract

In semimodules over semirings theory, essential subsemimodules and
essential monomorphisms of semimodules are studied differently by some
authors.

This paper deals with the extension of essential subsemimodules to
semiessential subsemimodules following the pattern on essential
submodules in module theory.

We have defined and characterized many new notions such as
semiessential ~ subsemimodules,  semiessential monomorphisms,
quasiessential monomorphisms, pseudoessential monomorphisms and
M-complement subsemimodules.

We compare the class of semiessential semimodules and the class of
essential semimodules.
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0. Introduction

In semimodules over semirings theory, we do not meet document dealing with
exhaustive manner on essential subsemimodules. We propose to study in this paper,
a new class of subsemimodules similar to essential subsemimodules with new

variants.
We follow the process proposed in [2] on essential submodules.

New notions as semiessential monomorphisms, quasiessential monomorphisms
and pseudoessential monomorphisms are introduced in order to characterize the
notion of semiessential monomorphisms relatively to the image Im f, to the proper

image /(M) (of a morphism f: M — N) restricted to substractive subsemimodules.

We prove that the class of semiessential semimodules is not contained in the

class of essential semimodules.

Moreover, other results connecting semiessential subsemimodules and pseudo
direct sum are studied.

Throughout this article, for basics notions and notations in modules theory and
semimodules theory, we will follow [1, 2, 5, 13-15].

In the following, we recall some definitions and notations that will be retained

in this note.

All semirings are associative with identity 1 (if R is a semiring, then we assume
that 1# 0), all semimodules are unital and all semiring extensions contain the
common identity.

- Let M be a left R-semimodule. An equivalence relation p on M is an
R-congruence relation if and only if: mpm' and npn' = (m + n)p(m' +n') and
(rm)p(rm'), Ym, m', n, n' € M and r € R. The set of all R-congruence relations on
M, R-cong(M), is partially-ordered by the relation < defined by p < p’ if and only
if mpm' = mp'm',Ym,m' e M. For m, m" € M, p(,, ,) is the unique smallest
element p of R-cong(M) satisfying mpm'.

- Let N be a subsemimodule of a left R-semimodule M. N induces on M an
R-congruence relation =y, known as the Bourne relation: Vm, m' € M; m=y m'

< 3In,n" e N suchthat m +n =m' +n'.
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- M/N denotes the factor R-semimodule M/=y, and m =[m]=m+ N

denotes an element of M/N.
- Let My and M, be subsemimodules of a left R-semimodule M.

#+x [f M, and M, are independent and span M (i.e., MM, =0 and
M = M|+ M,), then M is the weak direct sum of its subsemimodules M| and
M,. Also, we write M = M, ® M,. For each m € M, there exist m; € M, and
my € M, such that m = m; + m, but this decomposition of m is not unique, hence

we cannot define projection with the weak summand.
w0 If My and M span M (i.e, M = M} + M), and the restriction of =)/,
to M, and the restriction of =), to M, are trivial, then M is the direct sum of its

subsemimodules M; and M,. Also, we write M = M| @ M,. For each m € M,
there exists a unique pair (m, my) € M; x M, such that m = m; + m,. With this

direct sum, we can define projection.

- A subsemimodule N of a left R-semimodule M is called substractive in M if:

V(m, m)e M* (m+m' e Nand me N)= m' € N.

- N is strongly substractive if for all (m, m') e M>: m+m' € N = m e N and

m' e N.

- A left R-semimodule M is called cancellative if for all elements m, m' and x

of Mim+x=m+x=>m=m"

Example 0.1 (See [10], [8] and [9]). Let R = {0, 1} be the Boole semiring and
the set M = {0, 1, a, b}. Define on M the operations as the following:

0pr =04 =051 =1y, =1,

l+l=1+a=1+b=a+b=1La+0=a+a=a,0+b=b+b=>,

Oxa=0xb=axb=01x1=L1lxa=axa=a,1xb=bxb=>b.
Then (M, +, x, 0, 1) is a commutative left R-semimodule.

e {0, a} is a substractive subsemimodule of M.
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e {0} is a strongly substractive subsemimodule of M.

e {0, 1, a} is a nonsubstractive subsemimodule of M because 1+ b =1 and b is

not in {0, 1, a}.

e M ={0,a}+{0,1,5} and {0,a}N{0,1,b}={0}. But 1=0+1=a+b
with 0 #a and b #1, so the decomposition of 1 is not unique. Therefore,

M ={0;a} ® {0, 1, b}.

o M ={0,a}+1{0; b} and there does not exist x, y € {0, a}/0+x =b+ y,
therefore m =g 1 m' < m =m', Ym, m" € {0, b}. So the restriction of = ;1 to
{0, b} is trivial. Similarly, the restriction of =, to {0, a} is trivial. Thus
M ={0, a} ® {0, b}.

This paper is organized as follows:

- In Section 1, we study some basics notions relatively to semimodules.

- In Section 2, we study the notions of semiessential subsemimodules and

semiessential monomorphisms.
1. Basics Notions

In this section, some important results are given on basics notions on
semimodules. We give the definitions of essential subsemimodules and essential
monomorphisms according to [5].

- Throughout this paper, we consider the left R-semimodules. Let /' : M — N

be a homomorphism of left R-semimodules. Denote by

(1) Ker f ={m € M/ f(m) = 0}, Ker fis the kernel of /.

) f(M)={f(m); me M}, f(M) is the proper image of .

Q) Imf ={neN/n+ f(m)= f(m'), m,m € M}, Imf isthe image of /.
Ker fis a subsemimodule of M; f(M) and Im f are subsemimodules of N.

Moreover, in general f(M) G Imf.
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Definition 1.1. Let f : M — N be a homomorphism of left R-semimodules.
Then fis

(1) monomorphism if, ¥g; h € Homg(L, M), fog= foh= g=h,

(2) semimonomorphism if, Ker f = 0,

(3) isomorphism if fis both injective and surjective,

(4) semi-isomorphism if, Ker f = 0 and f'is surjective,

(5) i-regular (image-regular), if f(M) = Imf,

(6) k-regular (kernel-regular), if f(m)= f(m') = m+k =m'+k' for some
k, k' € Kerf,

(7) regular, if f'is both i-regular and k-regular.

Proposition 1.2. Let f: M — N be a homomorphism of left R-semimodules.

Then the following conditions are equivalent:
(1) f'is injective,
(2) fis k-regular and Ker f =0,
(3) fis k-regular (semi)monomorphism,
(4) fis a monomorphism.
Proof. See [1] and [11]. O

In [5], essential subsemimodules and essential monomorphisms are defined as
follows.

Definition 1.3. (1) An R-monomorphism f : M — N of left R-semimodules is
essential if for any R-homomorphism g : N — N', go f is a monomorphism
implying that g is a monomorphism.

(2) A subsemimodule M’ of a left R-semimodule M is essential (or large) in M
if the inclusion map iy, : M' — M is an essential R-homomorphism. The class of

subsemimodules essential for an R-semimodule is denoted by € RM

(3) f: M — N is an essential R-homomorphism if and only if f(M) is a

large subsemimodule of N.
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Proposition 1.4. If N is a subsemimodule of a left R-semimodule M, then the
following conditions are equivalent:

(1) Nis large in M.

(2) If p is a nontrivial R-congruence relation on M, then the restriction of p to N

is also nontrivial.

(3) If m and m' are distinct elements of M, then there exist distinct elements n

and n' of N satisfying np(,, ,yn'".
Proof. See [5]. ]

Example 1.5 (See [5]). Let R be the semiring (I, max, min) in which T =
[0, 1] is the unit interval on the real line with addition (respectively, multiplication)
of x and y and is defined by x @ y = max(x, y) (respectively, x ® y = min(x, y)).
R is a left R-semimodule. Consider N = R\{l}, N is a subsemimodule of R.

Let p be a nontrivial R-congruence relation on R. Suppose that the restriction of

p to N is trivial. 1 is not in N and p is nontrivial in R, then there exists » € N such

that npl. Let n' € N be such that n <n' <1, we have npl and n'pn’. Then
min(n, n")pmin(l, n') because R is an R-semimodule, thus npn' = n = n’, which

is a contradiction.

Then by Proposition 1.4, N is essential in R.
2. On Semiessential Subsemimodules and Monomorphisms
In this section, we define and characterize semiessential subsemimodules,

semiessential, quasiessential and pseudoessential monomorphisms of semimodules.

Definition 2.1. (1) Let M be a left R-semimodule. Then a left R-subsemimodule
K of M is said to be semiessential in M, written as K <, M, if for every

R-subsemimodule L of M: LK =0= L =0. The class of subsemimodules
semiessential for an R-semimodule M is denoted by ¢ RM -

We say also that M is a semiessential extension of K.

(2) A monomorphism (respectively, semimonomorphism) f : M — N of left

R-semimodules is said to be semiessential if f(M) < N.
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(3) A monomorphism (respectively, semimonomorphism) f : M — N of left

R-semimodules is said to be quasiessential if Im f <; N.

Lemma 22. Let f:M — N be an R-monomorphism (respectively,

R-semimonomorphism) of left semimodules. If f is semiessential, then f is

quasiessential.

Proof. Suppose that f'is semiessential and let L be a subsemimodule of N such
that Imf N L =0. Since f(M)cImfcN, ImfNL=0= f(M)NL=0.
Since f'is semiessential, f(M)N L =0= L =0, thus Imf <, N. Therefore, fis

quasiessential. O

Remark 2.3. If f is i-regular, then f quasiessential is equivalent to f
semiessential.

Indeed, if f is i-regular, then f(M)=Imf. Thus, by Definition 2.1,

fquasiessential <> f'semiessential.

Definition 2.4. (1) Let M be a left R-semimodule. Then an R-subsemimodule K
of M is called pseudoessential in M, written as K < » M, if for all substractive

R-subsemimodule Sof M: KNS =0= S =0.

(2) A monomorphism (respectively, semimonomorphism) f : M — N of left

R-semimodules is said to be pseudoessential if f(M) <, N.

(3) A monomorphism (respectively, semimonomorphism) f : M — N of left

R-semimodules is said to be i-pseudoessential if Imf <, N.
Remark 2.5. (1) If N is semiessential in M, then N is pseudoessential in M.

(2) If fis a monomorphism (respectively, semimonomorphism) semiessential,
then f'is pseudoessential.

(3) If fis a monomorphism (respectively, semimonomorphism) quasiessential,
then f'is i-pseudoessential.

(4) If f1is i-regular, then f'pseudoessential is equivalent to fi-pseudoessential.

Indeed, if N is semiessential in M, then N is semiessential for all
subsemimodules of M, in particular, for its substractive subsemimodules, thus N is
pseudoessential in M. Similarly, f'semiessential = fpseudoessential.
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If £ is a monomorphism quasiessential, then Imf is semiessential for all

subsemimodules of N, in particular, for its substractive subsemimodules, thus f is
i-pseudoessential.

If fis i-regular, then f(M)=Imf, thus fpseudoessential <> fi-pseudoessential.

Proposition 2.6. Let M be a left R-semimodule and K be a subsemimodule of M.

Then the following conditions are equivalent:
(1) K <, M.
(2) The canonical injection ix : K — M is a semiessential monomorphism.

Proof. We have igx(K)=K, then K <, M < ix(K) <, M. Therefore
(1) = (). 0

Proposition 2.7. Let M be a left R-semimodule and K be a substractive

subsemimodule of M. Then the following conditions are equivalent:
(1) K <, M.
(2) The canonical injection ix : K — M is a quasiessential monomorphism.
Proof. If K is substractive, then Imig = ix(K)= K by [11], thus (1) < (2). O

Proposition 2.8. Let M be a left R-semimodule and K be a subsemimodule of M.

(1) If K <3 M, then for all left semimodules N and for all h € Homp(M; N),
(Kerh)N K =0 = Kerh = 0.

(2) If for all homomorphisms h: M — N of left R-semimodules, (Kerh) K
=0= Kerh =0, then K Slp M.

Proof. (1) K I, M = VL <M, if LNK =0, then L =0. (Kerh)< M,
therefore (Kerh)(N K = 0 = Kerh = 0.

(2) Consider the canonical epimorphism ng:M — M/S, where S is a

substractive subsemimodule of M. Prove that Kerng = S.

If x € Kerng, then [x]=[0]. [x]=[0]= 3(s, s') € S* such that x +s = s".

Also, as S is substractive, (x +s € S, s € S) = x € S.
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Conversely, letting x € S, x =x+0 =0+ x, we have (0, x) e § 2 therefore
[x] =[0] = x € Kerng. Thus Kerng =S, SNK=0= (Kerng)NK=0=
Kerng = 0, therefore S = 0. Thus K < M. U

Proposition 2.9. (1) Let f: M — N be a semiessential homomorphism of
R-semimodule and let h € Homg(M; N). If ho f is a semimonomorphism, then h

is a semimonomorphism.

(2) Let M be a cancellative left R-semimodule, f:M — N be a quasiessential
homomorphism of R-semimodules and let h € Homp(M; N). If ho f is a

monomorphism, then h is a semimonomorphism.

Proof. (1) Prove that Kerh() f(L)=0. Let x € Kerh () f(L), therefore
h(x)=0 and x=f(I) with leL, h(x)=0= ho f(I)=0, therefore /e
Ker(ho f). We have ho f is a semimonomorphism, then / = 0 consequently,
x = f(0)=0. Therefore, Kerh() f(L)=0. We know that f is semiessential so

Kerh = 0. Thus & is a semimonomorphism.

(2) f is quasiessential so Imf <, M. Let h € Homzr(M; N) be such that
ho f is a monomorphism. Prove that Kerh (\Imf = 0. Let x € Kerh(\Imf.
Then x € Kerh N\ Imf = (x € Kerh and x € Imf), therefore h(x)=0 and x +
S = f@) with (1, 1) e 12, x+ f(1) = f(I') = h(x)+ hLF (D] = ALF ()],

So ho f(I)=ho f(I"), consequently, [ = [ because 4 o f is a monomorphism.
Therefore, x + f(I) = 0+ f(I) and since M is cancellative, we have x = 0. So
Kerh N Imf =0. We have also Imf <, M and Kerh < M, therefore Kerh = 0.

Thus % is a semimonomorphism. O

Corollary 2.10. Let f:L —> M be a monomorphism of left R-semimodules
and let h € Homp(M; N). If ho f semimonomorphism = h semimonomorphism,
then Imf <4, M.

Proof. Let K = Imf and suppose that Kerh (1K = 0. Then Kerh (N K =0
= Ker(hoix) =0 = Kerh = 0. Therefore K <, M from Proposition 2.8. Thus

Imf <4, M. O
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Proposition 2.11. Let M be a left R-semimodule, K, N and H be subsemimodules
of M such that K < N <M and H < M. Then we have

() K<, M < (K < Nand N <, M).
Q) (HNK)<y M & (H g M and K <; M).

Proof.

(1) e (=)Let L< N besuchthat LN K =0. Since L <M and K I, M,
L=0 thus K<, N. Let L'<M be such that L'NN=0, L'NN=0=
L'NK =0= L' =0 because K I, M.

o (<) Let L<M besuchthat LNK=0, LNK=0=LNKNN
=0=(LNN)NK =0. Wehave (LN N)<N and K <; N, then LN N =0
consequently, L = 0 because (LN N)< M and N <, M. Thus K <, M.

(2) e (=) (HNK)< H <M, therefore from (1), we have (HNK) <, M
= H d, M. (HNK)< K <M, therefore from (1), we have (H N K) I, M =
K <, M.

o (<) Let LM besuch that LNHNK=0, LNHNK=0=
(LNK)NH =0. Therefore, LN K =0 because (LNK)<M and H I, M.
Consequently, L =0 because (LN K)< M and K <, M. Thus (HNK) <, M.

[

Lemma 2.12. 4 subsemimodule K of a left R-semimodule M is semiessential if
and only if for all x # 0, elements of M, there exists r € R such that 0 # rx € K.

Proof.

e (=) Suppose that K <, M and let 0 = x € M. We know (Rx) < M and
Rx # 0 therefore (Rx)(N1K =0 because K <; M. Consequently, there exists
r € R such that rx € K.

e (<) Let L < M. Suppose that L # 0, so there exists 0 # x € L and for
assumption there exists » € R such that »x € K. We have rx € L and rx # 0
therefore rx € (LN K) and rx # 0. Consequently, L (1 K # 0. Thus K <, M. [J
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Example 2.13. Consider the left R-semimodule R = (I, max, min). N = R\{l}

is an essential subsemimodule of R (see Example 2.14). Prove that N is

semiessential.
elet xe|0;1[ min(x;1)=xe]0;1[cN=>02x®leN.
elet x =1, min(0,51)=0,5€]0;1[cN=0=20,5®1€ N.
This proves that N is semiessential in R. ([

Example 2.14. In this example, as above, we build a subsemimodule (of a
semimodule) which is simultaneously semiessential and essential.

Set M ={0, 1, a, b} and define on M the two commutative operations (+, x)

as follows:
(1) 0y =0; 1, =1.
) 1+1=1+a=1+b=la+0=a+a=a;0+b=b+b=b,a+b=0.
B)O0xa=0xb=axb=bxb=axa=0;1xl=11xa=a;1xb=>.
Then (M, +, 0) and (M, x, 1) are commutative semigroups.

Multiplying (2) successively by a and b and using (3), we can easily see that
multiplications are distributive relatively to addition.

Hence (M, +, x, 0, 1) is a commutative semiring.

Now, put N = {0; a; b}, then N is an ideal of M. Thus ,; N is a subsemimodule
of MM

e Let us prove that N = {0; a; b} is semiessential. Let 0 # x € M. Then we
can easily find » €e M = {0; 1; a; b} such that 0 = rx € N. This proves that N is

semiessential in M.

e Let us prove that N = {0, a; b} is essential in ,, M. Let p be a nontrivial

R-congruence relation on M. Suppose that the restriction of p to N is trivial. Since p

is not trivial on M, there exist xg, ¥y € M, xy # ¥y such that xypy,. p trivial on N
implies that xy ¢ N or yy ¢ N hence xy =1 or yy =1. Therefore, there exists

¢ # 1 such that 1pc thus 1p0 or 1pbd or 1pa.
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Now, we are going to prove that these three last cases are impossible by using

the fact that the restriction of p to NV is trivial.

Case 1: 1p0 and apa imply that 1x ap0x a hence ap0 which contradicts the

fact that the restriction of p to N is trivial.

Case 2: 1pb and apa imply that 1x apb x a hence ap0 which contradicts the

fact that the restriction of p to N is trivial.

Case 3: 1pa and bpb imply that 1x bpa x b hence bp0 which contradicts the

fact that the restriction of p to N is trivial.

This proves that the restriction of p to N is nontrivial and so N is essential in M.

Remark 2.15. Let ERM be the class of subsemimodules semiessential in an
R-semimodule M introduced in this paper and let ¢ RM be the class of essential

subsemimodules in an R-semimodule M given in [5]. Then in the two following
examples, we are going to prove that neither of these classes is contained in other.

Example 2.16. Here we prove that ERM on (’:RM (see [5]).

Let n > 1 be a positive integer. Consider the set R = {r € Q" /r < n} U {~o}

in which Q" is the set of all nonnegative rational numbers, —oo is assumed to

satisfy the conditions that —o </ and —ow +i = -, Vie R Define on R the
operations ® and ® as follows: Vi; je R, i® j=max(i; j) and i® j =
min(i + Jj; n).

We can easily verify that (R; @; ®) is a commutative semiring having —oo as
additive identity. R is also a left R-semimodule. Put R* = R\{0}, then R" is an

ideal of R. R™ is a subsemimodule of R.

e Let us prove that R™ is semiessential. Let —0 # x € R; 3r e Qi with » < n
such that » +x <»n and so » ® x = min(r + x; n) = r + x, now r + x # —o and
r + x # 0, this implies that » ® x € R, therefore R” < R

e Let us prove that R* is not essential. It will suffice to find an R-congruence

relation which is not trivial on R but trivial on R™.
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Let p be an R-congruence relation on R such that —oop0 (p is the smallest
R-congruence relation for which the elements —o and 0 are in relation). Suppose
there exists » # 7' € R* such that "P(=w, 0y~ Then rp_q oy = 7 =(_, ) 7"
F =0y 7' =>7r=0 or r"=0 or r=r" which is a contradiction. Thus p is
trivial on R*. This is proved by Proposition 1.4 that R* is nonessential in R.

Example 2.17. In this example, we prove that & M & ¢ RM

Set R ={0, 1, a} and define on R the two commutative operations (+, x) as
follows:

(1) OR :0, lR =1.

) 1+l=1+a=la+0=a+a=a

B)0x0=0x1=0xa=0;1xl=11lxa=axa=a.

Then (R, +, x, 0, 1) is a commutative semiring.

Let M ={0, 1, a, b} with the same operations defined in R and 1), =13 =1,

Opy =0p =0, b+0=b+b=b, b+l=b+a=a, Oxb=bxa=0, bxl=

b x b = b. Then it is easy to see that (M, +, x, 0, 1) is a commutative R-semimodule.
Now, put N = R ={0; 1; a}, then N is a subsemimodule of M.

e Let us prove that N ={0; I; a} is essential in M. Let p be a nontrivial

R-congruence relation on M. Suppose that the restriction of p to N is trivial. If p is

not trivial on M, then there exist xy, yy € M, xy # yo such that xypy,. p trivial on
N implies that x, ¢ N or yy ¢ N hence xy = b or yy = b. Therefore there exists
¢ # b such that bpc thus bp0 or bp1 or bpa.

Now, we are going to prove that these three last cases are impossible by using
the fact that the restriction of p to NV is trivial.

Case 1: bp0 and apa imply that b + ap0 + a hence 1pa which contradicts the

fact that the restriction of p to N is trivial.

Case 2: bp1 implies that a x bpa x 1 hence Opa which contradicts the fact that

the restriction of p to NV is trivial.
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Case 3: bpa and apa imply that b + apa + a hence 1pa which contradicts the

fact that the restriction of p to N is trivial.
This proves that the restriction of p to NV is nontrivial and so NV is essential in M.

e Let us prove that N = {0; 1; a} is not semiessential. If 0 = b € M, for all
reR=1{0;1;,a}, we have rxb=0 or rxb=>~b. This proves that N is not
semiessential in M.

Proposition 2.18. Let M be a left R-semimodule. Suppose that K| < M| < M;
Ky <M, <M with M; substractive Vie {l;2} and M =M, ® M,. Then
(K @ K;) <y (My @ My) & (Ky < My and Ky < M),

Proof.

* (=) Suppose, for example K; ¢ M;. Then there exists a subsemimodule

Ly # 0 of M| suchthat L; N K; = 0. So prove that ; N (K| + K,) = 0.

Let /; € L N(K; + K,). Then there exist (k;; ky) € K| x K, such that /| =
ky +ky., We have [y € Ly < M; k € Ky <M, and as M; is substractive,
therefore k, € M, we know also ky, €e M, so kp =0, kp =0=>1 =k =0.
Consequently, Z; N (K; ® K,) = 0. Thus (K, ® K,) 9, (M; @ M,).

e (<) Suppose that K; <I; M, forall i € {I, 2}. Let 0 # x € M; ® M,. Then
there exists (0, 0) # (x;, x5) € M| x M, such that 0 # x = x; + x,. Without loss
of generality, we suppose that 0 # x; € M;. Since K; <, M;, from Lemma 2.2,

there exists an 14 € R such that nx; € K; and rx; # 0.

-If nx, € Ky, then rix; + rix, € K| + K5, therefore r(x; + x,) € K; ® K,
with r(x; + x5) = 0, because if rx; +rxy, =0 with M, substractive and
M, N M; =0, then rx; = 0, this is absurd.

Consequently, (K; @ K,) <, (M} © M,).

-If nx, isnotin K,, then there exists 7, € R such that 0 # r,rnx, € K,. We
know rnx; € Ky, then rn(x; +x,) € K; ® K,. If we put » = r,7, then there

exists 7 € R such that r(x; +x,) e K; @ K, with r(x; + x,) # 0 because if
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rx; +1xy =0 with M, substractive and M, (1 M =0, then rx, =0 which

implies that rx; = 0, this is absurd. Therefore (K| @ K,) <, (M, ® M,).
Thus K; <, M; forall i e {I; 2} = (K; ® K,) <, (M; © M,). O

Definition 2.19. Let N be a subsemimodule of a left R-semimodule M. A
subsemimodule N’ of M is called M-complement of N if N' is maximal and
NAOAN' =0.

In the following, we give a nontrivial example of a strongly substractive
subsemimodule.

Example 2.20. Let R be the semiring R([0, 1], max, min, 0, 1) in which [0, 1]
is the unit interval on the real line with addition (respectively, multiplication) of x

and y and is defined by x ® y = max(x, y) (respectively, x ® y = min(x, y)). R is
a left R-semimodule. Consider the ideal N = R\{l}, N is a subsemimodule of R. If
x® y =max(x, y) e N, then x <1 and y <1 hence x € N and y € N. Therefore,

N is strongly substractive.

Proposition 2.21. (1) Every subsemimodule N of a left R-semimodule M has an

M-complement.

Q) If N' is an M-complement of a strongly substractive subsemimodule N of M,
then N ® N' < M.

Proof. (1) Let £ ={A<M; AN =0}, 0e £ therefore £ # . (£; <) is
an ordered poset. Let (4, ),y be an ordered subchain of £ such that 4; < 4;,y;
VieN.

Let A= A, A<MandVneN 4,NN=0=[]  (4,NN)=0.

Therefore (UneN A, Jﬂ N =0. Consequently, 41N =0 and thus 4 € £. For

neN, 4, c A therefore 4 is the upper bound of {4,; n € N}. Let K € £ be
such that 4, c K, Vn e N. Then we have A4 :UneNAn cK. So £ is a

nonempty inductive poset. Therefore £ has at least one maximal element N'. Also,

N' is an M-complement of N.
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(2) Let L < M be such that (N ® N')N L =0,

(N®N)NL=0=N'NL=0.

We have also (N @ N)NL=0= NNL=0.
Let n € N (N'+ L). Then there exist n' € N', [ € L such that n = n'+ 1.

n'+1 e N with N strongly substractive, therefore n' € N and / € N. We have

NAN =0and N L =0 therefore n' =/ =0 andso n = 0.

Thus N N (N'+ L) = 0. On the other hand, we have N' < (N’ + L) and N' is

an M-complement of N, therefore N'+ L =N'"= L c N', but N'(NL =0, then
L=0.Thus (N ® N') <, M. O

(1]

[10]
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