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Abstract 

In semimodules over semirings theory, essential subsemimodules and 
essential monomorphisms of semimodules are studied differently by some 
authors. 

This paper deals with the extension of essential subsemimodules to 
semiessential subsemimodules following the pattern on essential 
submodules in module theory. 

We have defined and characterized many new notions such as 
semiessential subsemimodules, semiessential monomorphisms, 
quasiessential monomorphisms, pseudoessential monomorphisms and  
M-complement subsemimodules. 

We compare the class of semiessential semimodules and the class of 
essential semimodules. 
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0. Introduction 

In semimodules over semirings theory, we do not meet document dealing with 
exhaustive manner on essential subsemimodules. We propose to study in this paper, 
a new class of subsemimodules similar to essential subsemimodules with new 
variants. 

We follow the process proposed in [2] on essential submodules. 

New notions as semiessential monomorphisms, quasiessential monomorphisms 
and pseudoessential monomorphisms are introduced in order to characterize the 
notion of semiessential monomorphisms relatively to the image ,fIm  to the proper 

image ( )Mf  (of a morphism ): NMf →  restricted to substractive subsemimodules. 

We prove that the class of semiessential semimodules is not contained in the 
class of essential semimodules. 

Moreover, other results connecting semiessential subsemimodules and pseudo 
direct sum are studied. 

Throughout this article, for basics notions and notations in modules theory and 
semimodules theory, we will follow [1, 2, 5, 13-15]. 

In the following, we recall some definitions and notations that will be retained 
in this note. 

All semirings are associative with identity 1 (if R is a semiring, then we assume 
that ),01 ≠  all semimodules are unital and all semiring extensions contain the 

common identity. 

- Let M be a left R-semimodule. An equivalence relation ρ on M is an 
R-congruence relation if and only if: mm ′ρ  and ( ) ( )nmnmnn ′+′ρ+⇒′ρ  and 

( ) ( ) Mnnmmmrrm ∈′′∀′ρ ,,,,  and .Rr ∈  The set of all R-congruence relations on 

M, ( ),- McongR  is partially-ordered by the relation ≤ defined by ρ′≤ρ  if and only 

if .,, Mmmmmmm ∈′∀′ρ′⇒′ρ  For ( )mmMmm ′ρ∈′ ,,,  is the unique smallest 

element ρ of ( )McongR-  satisfying .mm ′ρ  

- Let N be a subsemimodule of a left R-semimodule M. N induces on M an 
R-congruence relation ,N≡  known as the Bourne relation: ;, Mmm ∈′∀  mm N ′≡  

Nnn ∈′∃⇔ ,  such that .nmnm ′+′=+  
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- NM  denotes the factor R-semimodule ,NM ≡  and [ ] Nmmm +==  

denotes an element of .NM  

- Let 1M  and 2M  be subsemimodules of a left R-semimodule M. 

∗∗∗ If 1M  and 2M  are independent and span M ( 0i.e., 21 =MM I  and 

),21 MMM +=  then M is the weak direct sum of its subsemimodules 1M  and 

.2M  Also, we write .21 MMM ⊕=  For each ,Mm ∈  there exist 11 Mm ∈  and 

22 Mm ∈  such that 21 mmm +=  but this decomposition of m is not unique, hence 

we cannot define projection with the weak summand. 

∗∗∗ If 1M  and 2M  span M ( ),i.e., 21 MMM +=  and the restriction of 2M≡  

to 1M  and the restriction of 1M≡  to 2M  are trivial, then M is the direct sum of its 

subsemimodules 1M  and .2M  Also, we write .21 MMM ⊕=  For each ,Mm ∈  

there exists a unique pair ( ) 2121, MMmm ×∈  such that .21 mmm +=  With this 

direct sum, we can define projection. 

- A subsemimodule N of a left R-semimodule M is called substractive in M if: 

( ) ( ) .and, 2 NmNmNmmMmm ∈′⇒∈∈′+∈′∀  

- N is strongly substractive if for all ( ) NmNmmMmm ∈⇒∈′+∈′ :, 2  and 

.Nm ∈′  

- A left R-semimodule M is called cancellative if for all elements m, m′  and x 
of .: mmxmxmM ′=⇒+′=+  

Example 0.1 (See [10], [8] and [9]). Let { }1,0=R  be the Boole semiring and 

the set { }.,,1,0 baM =  Define on M the operations as the following: 

,111;000 ==== MRMR  

,0;0;11111 bbbbaaaababa =+=+=+=+=+=+=+=+  

.1;1;111;000 bbbbaaaababa =×=×=×=×=×=×=×=×  

Then ( )1,0,,, ×+M  is a commutative left R-semimodule. 

• { }a,0  is a substractive subsemimodule of M. 
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• { }0  is a strongly substractive subsemimodule of M. 

• { }a,1,0  is a nonsubstractive subsemimodule of M because 11 =+ b  and b is 

not in { }.,1,0 a  

• { } { }baM ,1,0,0 +=  and { } { } { }.0,1,0,0 =ba I  But ba +=+= 101  

with a≠0  and ,1≠b  so the decomposition of 1 is not unique. Therefore, 

{ } { }.,1,0;0 baM ⊕=  

• { } { }baM ;0,0 +=  and there does not exist { } ,0,0, ybxayx +=+∈  

therefore { } ,,0 mmmm a ′=⇔′≡  { }.,0, bmm ∈′∀  So the restriction of { }a,0≡  to 

{ }b,0  is trivial. Similarly, the restriction of { }b,0≡  to { }a,0  is trivial. Thus 

{ } { }.,0,0 baM ⊕=  

This paper is organized as follows: 

- In Section 1, we study some basics notions relatively to semimodules. 

- In Section 2, we study the notions of semiessential subsemimodules and 
semiessential monomorphisms. 

1. Basics Notions 

In this section, some important results are given on basics notions on 
semimodules. We give the definitions of essential subsemimodules and essential 
monomorphisms according to [5]. 

- Throughout this paper, we consider the left R-semimodules. Let NMf →:  

be a homomorphism of left R-semimodules. Denote by 

(1) ( ){ },0=∈= mfMmfKer  Ker f is the kernel of f. 

(2) ( ) ( ){ },; MmmfMf ∈=  ( )Mf  is the proper image of f. 

(3) ( ) ( ){ },,; MmmmfmfnNnfIm ∈′′=+∈=  fIm  is the image of f. 

Ker f is a subsemimodule of M; ( )Mf  and fIm  are subsemimodules of N. 

Moreover, in general ( ) .fImMf  
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Definition 1.1. Let NMf →:  be a homomorphism of left R-semimodules. 

Then f is 

(1) monomorphism if, ( ) ,,,; hghfgfMLHomhg R =⇒=∈∀ oo  

(2) semimonomorphism if, ,0=fKer  

(3) isomorphism if f is both injective and surjective, 

(4) semi-isomorphism if, 0=fKer  and f is surjective, 

(5) i-regular (image-regular), if ( ) ,fImMf =  

(6) k-regular (kernel-regular), if ( ) ( ) kmkmmfmf ′+′=+⇒′=  for some 

,, fKerkk ∈′  

(7) regular, if f is both i-regular and k-regular. 

Proposition 1.2. Let NMf →:  be a homomorphism of left R-semimodules. 

Then the following conditions are equivalent: 

(1) f is injective, 

(2) f is k-regular and ,0=fKer  

(3) f is k-regular (semi)monomorphism, 

(4) f is a monomorphism. 

Proof. See [1] and [11]. ~ 

In [5], essential subsemimodules and essential monomorphisms are defined as 
follows. 

Definition 1.3. (1) An R-monomorphism NMf →:  of left R-semimodules is 

essential if for any R-homomorphism ,: NNg ′→  fg o  is a monomorphism 

implying that g is a monomorphism. 

(2) A subsemimodule M ′  of a left R-semimodule M is essential (or large) in M 
if the inclusion map MMiM →′′ :  is an essential R-homomorphism. The class of 

subsemimodules essential for an R-semimodule is denoted by .MR
C  

(3) NMf →:  is an essential R-homomorphism if and only if ( )Mf  is a 

large subsemimodule of N. 
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Proposition 1.4. If N is a subsemimodule of a left R-semimodule M, then the 
following conditions are equivalent: 

(1) N is large in M. 

(2) If ρ is a nontrivial R-congruence relation on M, then the restriction of ρ to N 
is also nontrivial. 

(3) If m and m′  are distinct elements of M, then there exist distinct elements n 
and n′  of N satisfying ( ) ., nn mm ′ρ ′  

Proof. See [5]. ~ 

Example 1.5 (See [5]). Let R be the semiring ( )minmax,,I  in which =I  

[ ]1,0  is the unit interval on the real line with addition (respectively, multiplication) 

of x and y and is defined by ),max( yxyx =⊕  (respectively, .)),min( yxyx =⊗  

R is a left R-semimodule. Consider { },1\RN =  N is a subsemimodule of R. 

Let ρ be a nontrivial R-congruence relation on R. Suppose that the restriction of 
ρ to N is trivial. 1 is not in N and ρ is nontrivial in R, then there exists Nn ∈  such 
that nρ1. Let Nn ∈′  be such that ,1<′< nn  we have nρ1 and .nn ′ρ′  Then 

( ) ( )nnn ′ρ′ ,1min,min  because R is an R-semimodule, thus ,nnnn ′=⇒′ρ  which 

is a contradiction. 

Then by Proposition 1.4, N is essential in R. 

2. On Semiessential Subsemimodules and Monomorphisms 

In this section, we define and characterize semiessential subsemimodules, 
semiessential, quasiessential and pseudoessential monomorphisms of semimodules. 

Definition 2.1. (1) Let M be a left R-semimodule. Then a left R-subsemimodule 
K of M is said to be semiessential in M, written as ,MK s  if for every 

R-subsemimodule L of M: .00 =⇒= LKL I  The class of subsemimodules 

semiessential for an R-semimodule M is denoted by .MR
C  

We say also that M is a semiessential extension of K. 

(2) A monomorphism (respectively, semimonomorphism) NMf →:  of left 

R-semimodules is said to be semiessential if ( ) .NMf s  
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(3) A monomorphism (respectively, semimonomorphism) NMf →:  of left 

R-semimodules is said to be quasiessential if .NfIm s  

Lemma 2.2. Let NMf →:  be an R-monomorphism (respectively, 

R-semimonomorphism) of left semimodules. If f is semiessential, then f is 
quasiessential. 

Proof. Suppose that f is semiessential and let L be a subsemimodule of N such 
that .0=LfIm I  Since ( ) ,NfImMf ⊂⊂  ( ) .00 =⇒= LMfLfIm II  

Since f is semiessential, ( ) ,00 =⇒= LLMf I  thus .NfIm s  Therefore, f is 

quasiessential. ~ 

Remark 2.3. If f is i-regular, then f quasiessential is equivalent to f 
semiessential. 

Indeed, if f is i-regular, then ( ) .fImMf =  Thus, by Definition 2.1,                   

f quasiessential ⇔ f semiessential. 

Definition 2.4. (1) Let M be a left R-semimodule. Then an R-subsemimodule K 
of M is called pseudoessential in M, written as ,MK p  if for all substractive 

R-subsemimodule S of M: .00 =⇒= SSK I  

(2) A monomorphism (respectively, semimonomorphism) NMf →:  of left 

R-semimodules is said to be pseudoessential if ( ) .NMf p  

(3) A monomorphism (respectively, semimonomorphism) NMf →:  of left 

R-semimodules is said to be i-pseudoessential if .NfIm p  

Remark 2.5. (1) If N is semiessential in M, then N is pseudoessential in M. 

(2) If f is a monomorphism (respectively, semimonomorphism) semiessential, 
then f is pseudoessential. 

(3) If f is a monomorphism (respectively, semimonomorphism) quasiessential, 
then f is i-pseudoessential. 

(4) If f is i-regular, then f pseudoessential is equivalent to f i-pseudoessential. 

Indeed, if N is semiessential in M, then N is semiessential for all 
subsemimodules of M, in particular, for its substractive subsemimodules, thus N is 
pseudoessential in M. Similarly, f semiessential ⇒ f pseudoessential. 
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If f is a monomorphism quasiessential, then fIm  is semiessential for all 

subsemimodules of N, in particular, for its substractive subsemimodules, thus f is 
i-pseudoessential. 

If f is i-regular, then ( ) ,fImMf =  thus f pseudoessential ⇔ f i-pseudoessential. 

Proposition 2.6. Let M be a left R-semimodule and K be a subsemimodule of M. 
Then the following conditions are equivalent: 

(1) .MK s  

(2) The canonical injection MKiK →:  is a semiessential monomorphism. 

Proof. We have ( ) ,KKiK =  then ( ) .MKiMK sKs ⇔  Therefore            

(1) ⇔ (2). ~ 

Proposition 2.7. Let M be a left R-semimodule and K be a substractive 
subsemimodule of M. Then the following conditions are equivalent: 

(1) .MK s  

(2) The canonical injection MKiK →:  is a quasiessential monomorphism. 

Proof. If K is substractive, then ( ) KKiiIm KK ==  by [11], thus (1) ⇔ (2). ~ 

Proposition 2.8. Let M be a left R-semimodule and K be a subsemimodule of M. 

(1) If ,MK s  then for all left semimodules N and for all ( ),; NMHomh R∈  

( ) .00 =⇒= hKerKhKer I  

(2) If for all homomorphisms NMh →:  of left R-semimodules, ( ) KhKer I  

,00 =⇒= hKer  then .MK p  

Proof. (1) ,MLMK s ≤∀⇒  if ,0=KL I  then .0=L  ( ) ,MhKer ≤  

therefore ( ) .00 =⇒= hKerKhKer I  

(2) Consider the canonical epimorphism ,: SMMnS →  where S is a 

substractive subsemimodule of M. Prove that .SnKer S =  

If ,SnKerx ∈  then [ ] [ ].0=x  [ ] [ ] ( ) 2,0 Sssx ∈′∃⇒=  such that .ssx ′=+  

Also, as S is substractive, ( ) ., SxSsSsx ∈⇒∈∈+  
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Conversely, letting ,00, xxxSx +=+=∈  we have ,,0 2Sx ∈  therefore 

[ ] [ ] .0 SnKerxx ∈⇒=  Thus ,SnKer S =  ( ) ⇒=⇒= 00 KnKerKS S II  

,0=SnKer  therefore .0=S  Thus .MK p  ~ 

Proposition 2.9. (1) Let NMf →:  be a semiessential homomorphism of 

R-semimodule and let ( ).; NMHomh R∈  If fh o  is a semimonomorphism, then h 

is a semimonomorphism. 

(2) Let M be a cancellative left R-semimodule, NMf →:  be a quasiessential 

homomorphism of R-semimodules and let ( ).; NMHomh R∈  If fh o  is a 

monomorphism, then h is a semimonomorphism. 

Proof. (1) Prove that ( ) .0=LfhKer I  Let ( ),LfhKerx I∈  therefore 

( ) 0=xh  and ( )lfx =  with ,Ll ∈  ( ) ( ) ,00 =⇒= lfhxh o  therefore ∈l  

( ).fhKer o  We have fh o  is a semimonomorphism, then 0=l  consequently, 

( ) .00 == fx  Therefore, ( ) .0=LfKerh I  We know that f is semiessential so 

.0=hKer  Thus h is a semimonomorphism. 

(2) f is quasiessential so .MfIm s  Let ( )NMHomh R ;∈  be such that 

fh o  is a monomorphism. Prove that .0=fImhKer I  Let .fImhKerx I∈  

Then ( ),and fImxhKerxfImhKerx ∈∈⇒∈ I  therefore ( ) 0=xh  and +x  

( ) ( )lflf ′=  with ( ) ,, 2Lll ∈′  ( ) ( ) ( ) ( )[ ] ( )[ ].lfhlfhxhlflfx ′=+⇒′=+  

So ( ) ( ),lfhlfh ′= oo  consequently, ll ′=  because fh o  is a monomorphism. 

Therefore, ( ) ( )lflfx +=+ 0  and since M is cancellative, we have .0=x  So 

.0=fImhKer I  We have also MfIm s  and ,MhKer ≤  therefore .0=hKer  

Thus h is a semimonomorphism. ~ 

Corollary 2.10. Let MLf →:  be a monomorphism of left R-semimodules 

and let ( ).; NMHomh R∈  If fh o  semimonomorphism ⇒ h semimonomorphism, 

then .MfIm p  

Proof. Let fImK =  and suppose that .0=KhKer I  Then 0=KhKer I  

( ) .00 =⇒=⇒ hKerihKer Ko  Therefore MK p  from Proposition 2.8. Thus 

.MfIm p  ~ 
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Proposition 2.11. Let M be a left R-semimodule, K, N and H be subsemimodules 
of M such that MNK ≤≤  and .MH ≤  Then we have 

(1) ( ).MNandNKMK sss ⇔  

(2) ( ) ( ).MKandMHMKH sss ⇔I  

Proof. 

(1) • (⇒) Let NL ≤  be such that .0=KL I  Since ML ≤  and ,MK s  

0=L  thus .NK s  Let ML ≤′  be such that ,0=′ NL I  ⇒=′ 0NL I  

00 =′⇒=′ LKL I  because .MK s  

 • (⇐) Let ML ≤  be such that ,0=KL I  NKLKL III ⇒= 0  

( ) .00 =⇒= KNL II  We have ( ) NNL ≤I  and ,NK s  then 0=NL I  

consequently, 0=L  because ( ) MNL ≤I  and .MN s  Thus .MK s  

(2) • (⇒) ( ) ,MHKH ≤≤I  therefore from (1), we have ( ) MKH sI  

.MH s⇒  ( ) ,MKKH ≤≤I  therefore from (1), we have ( ) ⇒MKH sI  

.MK s  

 • (⇐) Let ML ≤  be such that ,0=KHL II  ⇒= 0KHL II  

( ) .0=HKL II  Therefore, 0=KL I  because ( ) MKL ≤I  and .MH s  

Consequently, 0=L  because ( ) MKL ≤I  and .MK s  Thus ( ) .MKH sI  

 ~ 

Lemma 2.12. A subsemimodule K of a left R-semimodule M is semiessential if 
and only if for all ,0≠x  elements of M, there exists Rr ∈  such that .0 Krx ∈≠  

Proof. 

• (⇒) Suppose that MK s  and let .0 Mx ∈≠  We know ( ) MRx ≤  and 

0≠Rx  therefore ( ) 0≠KRx I  because .MK s  Consequently, there exists 

Rr ∈  such that .Krx ∈  

• (⇐) Let .ML ≤  Suppose that ,0≠L  so there exists Lx ∈≠0  and for 

assumption there exists Rr ∈  such that .Krx ∈  We have Lrx ∈  and 0≠rx  
therefore ( )KLrx I∈  and .0≠rx  Consequently, .0≠KL I  Thus .MK s  ~ 
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Example 2.13. Consider the left R-semimodule ).minmax,,(I=R  { }1\RN =  

is an essential subsemimodule of R (see Example 2.14). Prove that N is 
semiessential. 

• Let ] [ ( ) ] [ .101;01;min,1;0 NxNxxx ∈⊗≠⇒⊂∈=∈  

• Let ( ) ] [ .15,001;05,01;5,0min,1 NNx ∈⊗≠⇒⊂∈==  

This proves that N is semiessential in R. ~ 

Example 2.14. In this example, as above, we build a subsemimodule (of a 
semimodule) which is simultaneously semiessential and essential. 

Set { }baM ,,1,0=  and define on M the two commutative operations ( )×+,  

as follows: 

(1) .11;00 == MM  

(2) .0;0;0;11111 =+=+=+=+=+=+=+=+ babbbbaaaaba  

(3) .1;1;111;000 bbaaaabbbaba =×=×=×=×=×=×=×=×  

Then ( )0,, +M  and ( )1,, ×M  are commutative semigroups. 

Multiplying (2) successively by a and b and using (3), we can easily see that 
multiplications are distributive relatively to addition. 

Hence ( )1,0,,, ×+M  is a commutative semiring. 

Now, put { },;;0 baN =  then N is an ideal of M. Thus NM  is a subsemimodule 

of .MM  

• Let us prove that { }baN ;;0=  is semiessential. Let .0 Mx ∈≠  Then we 

can easily find { }baMr ;;1;0=∈  such that .0 Nrx ∈≠  This proves that N is 

semiessential in M. 

• Let us prove that { }baN ;,0=  is essential in .MM  Let ρ be a nontrivial              

R-congruence relation on M. Suppose that the restriction of ρ to N is trivial. Since ρ 
is not trivial on M, there exist 0000 ,, yxMyx ≠∈  such that .00 yx ρ  ρ trivial on N 

implies that Nx ∉0  or Ny ∉0  hence 10 =x  or .10 =y  Therefore, there exists 

1≠c  such that 1ρc thus 1ρ0 or 1ρb or 1ρa. 
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Now, we are going to prove that these three last cases are impossible by using 
the fact that the restriction of ρ to N is trivial. 

Case 1: 1ρ0 and aρa imply that aa ×ρ× 01  hence aρ0 which contradicts the 

fact that the restriction of ρ to N is trivial. 

Case 2: 1ρb and aρa imply that aba ×ρ×1  hence aρ0 which contradicts the 

fact that the restriction of ρ to N is trivial. 

Case 3: 1ρa and bρb imply that bab ×ρ×1  hence bρ0 which contradicts the 

fact that the restriction of ρ to N is trivial. 

This proves that the restriction of ρ to N is nontrivial and so N is essential in M. 

Remark 2.15. Let MR
C  be the class of subsemimodules semiessential in an   

R-semimodule M introduced in this paper and let MR
C  be the class of essential 

subsemimodules in an R-semimodule M given in [5]. Then in the two following 
examples, we are going to prove that neither of these classes is contained in other. 

Example 2.16. Here we prove that MM RR
CC ⊆/  (see [5]). 

Let 1≥n  be a positive integer. Consider the set { } { }∞−≤∈= + UnrrR Q  

in which +Q  is the set of all nonnegative rational numbers, −∞  is assumed to 
satisfy the conditions that i≤−∞  and ,∞−=+∞− i  .Ri ∈∀  Define on R the 

operations ⊕ and ⊗ as follows: ;; Rji ∈∀  ( )jiji ;max=⊕  and =⊗ ji  

( ).;min nji +  

We can easily verify that ( )⊗⊕;;R  is a commutative semiring having −∞  as 

additive identity. R is also a left R-semimodule. Put { },0\RR =∗  then ∗R  is an 

ideal of R. ∗R  is a subsemimodule of R. 

• Let us prove that ∗R  is semiessential. Let ∗
+∈∃∈≠∞− QrRx ;  with nr ≤  

such that nxr ≤+  and so ( ) ,;min xrnxrxr +=+=⊗  now ∞−≠+ xr  and 

,0≠+ xr  this implies that ,∗∈⊗ Rxr  therefore .RR s
∗  

• Let us prove that ∗R  is not essential. It will suffice to find an R-congruence 

relation which is not trivial on R but trivial on .∗R  
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Let ρ be an R-congruence relation on R such that 0ρ−∞  (ρ is the smallest               

R-congruence relation for which the elements −∞  and 0 are in relation). Suppose 

there exists ∗∈′≠ Rrr  such that ( ) .0, rr ′ρ ∞−  Then ( ) { } .0;0, rrrr ′≡⇒′ρ ∞−∞−  

{ } 00; =⇒′≡ ∞− rrr  or 0=′r  or rr ′=  which is a contradiction. Thus ρ is 

trivial on .∗R  This is proved by Proposition 1.4 that ∗R  is nonessential in R. 

Example 2.17. In this example, we prove that .MM RR
CC ⊆/  

Set { }aR ,1,0=  and define on R the two commutative operations ( )×+,  as 

follows: 

(1) .11;00 == RR  

(2) .0;1111 aaaaa =+=+=+=+  

(3) .1;111;001000 aaaaa =×=×=×=×=×=×  

Then ( )1,0,,, ×+R  is a commutative semiring. 

Let { }baM ,,1,0=  with the same operations defined in R and ,111 == RM  

,000 == RM  ,0 bbbb =+=+  ,1 aabb =+=+  ,00 =×=× abb  =× 1b  

.bbb =×  Then it is easy to see that ( )1,0,,, ×+M  is a commutative R-semimodule. 

Now, put { },;1;0 aRN ==  then N is a subsemimodule of M. 

• Let us prove that { }aN ;1;0=  is essential in M. Let ρ be a nontrivial                      

R-congruence relation on M. Suppose that the restriction of ρ to N is trivial. If ρ is 
not trivial on M, then there exist 0000 ,, yxMyx ≠∈  such that .00 yx ρ  ρ trivial on 

N implies that Nx ∉0  or Ny ∉0  hence bx =0  or .0 by =  Therefore there exists 

bc ≠  such that bρc thus bρ0 or bρ1 or bρa. 

Now, we are going to prove that these three last cases are impossible by using 
the fact that the restriction of ρ to N is trivial. 

Case 1: bρ0 and aρa imply that aab +ρ+ 0  hence 1ρa which contradicts the 

fact that the restriction of ρ to N is trivial. 

Case 2: bρ1 implies that 1×ρ× aba  hence 0ρa which contradicts the fact that 

the restriction of ρ to N is trivial. 
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Case 3: bρa and aρa imply that aaab +ρ+  hence 1ρa which contradicts the 

fact that the restriction of ρ to N is trivial. 

This proves that the restriction of ρ to N is nontrivial and so N is essential in M. 

• Let us prove that { }aN ;1;0=  is not semiessential. If ,0 Mb ∈≠  for all 

{ },;1;0 aRr =∈  we have 0=× br  or .bbr =×  This proves that N is not 

semiessential in M. 

Proposition 2.18. Let M be a left R-semimodule. Suppose that ;11 MMK ≤≤  

MMK ≤≤ 22  with iM  substractive { }2;1∈∀i  and .21 MMM ⊕=  Then 

( ) ( ) ( ).22112121 MKandMKMMKK sss ⇔⊕⊕  

Proof. 

• (⇒) Suppose, for example .11 MK  Then there exists a subsemimodule 

01 ≠L  of 1M  such that .011 =KL I  So prove that ( ) .0211 =+ KKL I  

Let ( ).2111 KKLl +∈ I  Then there exist ( ) 2121; KKkk ×∈  such that =1l  

.21 kk +  We have ;111 MLl ≤∈  111 MKk ≤∈  and as 1M  is substractive, 

therefore ,12 Mk ∈  we know also 22 Mk ∈  so ,02 =k  .00 112 ==⇒= klk  

Consequently, ( ) .0211 =⊕ KKL I  Thus ( ) ( ).2121 MMKK s ⊕⊕  

• (⇐) Suppose that 1MK si  for all { }.2,1∈i  Let .0 21 MMx ⊕∈≠  Then 

there exists ( ) ( ) 2121,0,0 MMxx ×∈≠  such that .0 21 xxx +=≠  Without loss 

of generality, we suppose that .0 11 Mx ∈≠  Since ,11 MK s  from Lemma 2.2, 

there exists an Rr ∈1  such that 111 Kxr ∈  and .011 ≠xr  

- If ,221 Kxr ∈  then ,212111 KKxrxr +∈+  therefore ( ) 21211 KKxxr ⊕∈+  

with ( ) ,0211 ≠+ xxr  because if 02111 =+ xrxr  with 2M  substractive and 

,012 =MM I  then ,011 =xr  this is absurd. 

Consequently, ( ) ( ).2121 MMKK s ⊕⊕  

- If 21xr  is not in ,2K  then there exists Rr ∈2  such that .0 2212 Kxrr ∈≠  We 

know ,1112 Kxrr ∈  then ( ) .212112 KKxxrr ⊕∈+  If we put ,12rrr =  then there 

exists Rr ∈  such that ( ) 2121 KKxxr ⊕∈+  with ( ) 021 ≠+ xxr  because if 
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021 =+ rxrx  with 1M  substractive and ,012 =MM I  then 02 =rx  which 

implies that ,01 =rx  this is absurd. Therefore ( ) ( ).2121 MMKK s ⊕⊕  

Thus isi MK  for all { } ( ) ( ).2;1 2121 MMKKi s ⊕⊕⇒∈  ~ 

Definition 2.19. Let N be a subsemimodule of a left R-semimodule M. A 
subsemimodule N ′  of M is called M-complement of N if N ′  is maximal and 

.0=′NN I  

In the following, we give a nontrivial example of a strongly substractive 
subsemimodule. 

Example 2.20. Let R be the semiring ([ ] )1,0min,max,,1,0R  in which [ ]1,0  

is the unit interval on the real line with addition (respectively, multiplication) of x 
and y and is defined by ( )yxyx ,max=⊕  (respectively, )).,min( yxyx =⊕  R is 

a left R-semimodule. Consider the ideal { },1\RN =  N is a subsemimodule of R. If 

( ) ,,max Nyxyx ∈=⊕  then 1<x  and 1<y  hence Nx ∈  and .Ny ∈  Therefore, 

N is strongly substractive. 

Proposition 2.21. (1) Every subsemimodule N of a left R-semimodule M has an 
M-complement. 

(2) If N ′  is an M-complement of a strongly substractive subsemimodule N of M, 

then .MNN s′⊕  

Proof. (1) Let { },0; =≤= NAMA£ I  £∈0  therefore .∅≠£  ( )⊆;£  is 

an ordered poset. Let ( ) N∈nnA  be an ordered subchain of £  such that ;1+⊂ ii AA  

.N∈∀i  

Let U N∈ ≤=
n n MAAA ,  and ( ) .00, =⇒=∈∀

∈U II NN
n nn NANAn  

Therefore .0=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∈

NA
n n IU N  Consequently, 0=NA I  and thus .£A ∈  For 

,N∈n  AAn ⊂  therefore A is the upper bound of { }.; N∈nAn  Let £K ∈  be 

such that ,KAn ⊂  .N∈∀n  Then we have U N∈ ⊂=
n n KAA .  So £  is a 

nonempty inductive poset. Therefore £  has at least one maximal element .N ′  Also, 
N ′  is an M-complement of N. 
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(2) Let ML ≤  be such that ( ) ,0=′⊕ LNN I  

( ) .00 =′⇒=′⊕ LNLNN II  

We have also ( ) .00 =⇒=′⊕ LNLNN II  

Let ( ).LNNn +′∈ I  Then there exist LlNn ∈′∈′ ,  such that .lnn +′=  

Nln ∈+′  with N strongly substractive, therefore Nn ∈′  and .Nl ∈  We have 
0=′NN I  and 0=LN I  therefore 0==′ ln  and so .0=n  

Thus ( ) .0=+′ LNN I  On the other hand, we have ( )LNN +′⊂′  and N ′  is 

an M-complement of N, therefore ,NLNLN ′⊂⇒′=+′  but ,0=′ LN I  then 

.0=L  Thus ( ) .MNN s′⊕  ~ 
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