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Abstract

Let Q(x) = Q(xq, X2, .., Xy) be a quadratic form over Z and p be an
odd prime. Let V =Vq :Vp2 denote the set of zeros of Q(x) in sz

and |V | denote the cardinality of V. Set ¢(Vp2, y) = ZXEV Epg(X -y)

for y # 0 and ¢(Vp2, y)=[Vp |- pz(”_l) for y = 0. In this paper, we
are interested to determine the number of integer solutions of the

congruence Q(x) = 0(mod pz).
1. Introduction
Let Q(X) = Q(X, Xp, ey Xp) = Zlgigjgn ajjxjxj be a quadratic form with
integer coefficients in n-variables and V = sz(Q) be the algebraic subset of Z",
P
defined by the equation Q(x)=0. When n is even, we let A,(Q)=

((—1)n/2 detAQ/p) if ptdetAy and A,(Q)=0 if p|detAy, where (s/p)

2010 Mathematics Subject Classification: 11D79.

Keywords and phrases: quadratic forms, integer solutions.

Received December 19, 2010



134 ALI H. HAKAMI

denotes the Legendre-Jacobi symbol and Ay is the n x n defining matrix for O(x).

Our interest in this paper is in the problem of finding points in ¥ with the variables
restricted to a box of the type

%’z{er';zmile-<a,-+m,-,1SiSn}, (1)

where a;, m; € Z, and 0 < m; < p? for 1 < i < n. Consider the congruence

O(x)=0 (mod p?). @)
The final result of this pepper is stated in the following theorem.

Theorem 1. Let sz 7= sz Z(Q) be the set of integer solutions of the

congruence (2). Then for any box A of type (1),

§ | | n
| BOV 5, [< 1| g+ Npp" |, 3)
Pz 2 7
p
where the brackets | | are used to denote the cardinality of the set inside the
brackets,
v, =2"(1+6"), €))

and we define
n m
Ny = HH—;} + 1}. (5)
i=1 \LP

We shall devote the rest of Section 4 to give the proof of Theorem 1. If V' is the

set of zeros of a “nonsingular” quadratic form Q(x), then we can show that

R .,
lVN#|= % + 0(p"?(1og p)*"), (6)

for any box 3 (see [1] and [7]). It is apparent from (6) that |V (1 Z3| is nonempty
provided

| ] > pP(log p).

For any x,y in Z",, let x-y denote the ordinary dot product, x-y =
p
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2
Z:’_l x;y;. For any x e sz, let ¢ (x) = 2™/ P” We use the abbreviation

ZX = ZXEZ”Z for complete sums. The key ingredient in obtaining the identity in
P
(6) is a uniform upper bound on the function

Ze 2(x-y) fory#0,
(I)(V, Y) = \xelV v (7
|V |- p*"™) fory =0

In order to show that #3 (1 V' is nonempty we can proceed as follows. Let a(x)

be a complex valued function on Z", such that a(x) < 0 for all x not in . If we
p

show that erV a(x) > 0, then it will follow that #3 (1 V is nonempty. Now a(x)

has a finite Fourier expansion

a(x) = D aly)e 2 (v %),

y

where

a(y) = p™" ) alx)e 2 (-y - x).

forall y e Z’;Z. Thus

e =D > alye 2(y-x)

xeV xel y

=D ay)D e (v x)

y xelV

= a(0)|V |+ ) a(y)Y e 2(y ).

y=0 xeV

Since a(0) = p_z"zx a(x), we obtain

Do) = p VY alx)+ D)o, y). (8)
xeV X

y=0
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where ¢(V, y) is defined by (7). A variation of (8) that is sometimes more useful is

D oax)=p Y )+ ) ay)dl, y), 9)

xeV X y

which is obtained from (8) by noticing that |V | = ¢(V, 0) + 27D whence

D" alx) = aO)[6(r, 0)+ p*" ]+ > a(y)o(v, y),

xeV y=0

= p*"a(0)+ D ay)e(, y).

y
Equations (8) and (9) express the “incomplete” sum erV a(x) as a fraction of the

“complete” sum ZX a(x) plus an error term. In general, |V | ~ pz(”_]) so that the

fractions in the two equations are about the same. In fact, if V is defined by

a “nonsingular” quadratic form Q(x), then |V |= pz("fl) +0(p") (that is
[o(7, 0)] < p™).

To show that erV a(x) is positive, it suffices to show that the error term is
smaller in absolute value than the (positive) main term on the right-hand side of (8)
or (9). We try to make an optimal choice of a(x) in order to minimize the error

term. Special cases of (8) and (9) have appeared a number of times in the literature
for different types of algebraic sets V; Chalk [4], Tietdvéinen [6] and Myerson [5].

The first case treated was to let a(x) be the characteristic function y(x) of a subset

Sof Z",, whence (9) gives rise to formulas of the type
P

|VﬂS|=p72|S|+Error.

Equation (2) is obtained in this manner. Particular attention has been given to the
case where S = 3, a box of points in Z" ,. Another popular choice for a is let it
p
be a convolution of two characteristic functions, o =y, * %7 for S, T an. We
p

recall that if a(x), B(x) are complex valued functions defined on Z",, then the

29
p
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convolution of a(x), B(x), written o * B(x), is defined by

a*B(x) = D apx-u)= D" a@B(v),

u+v=x
for x € Z’; ,. If we take a(x) = xg * xr(x), then it is clear from the definition that
a(x) is the number of ways of expressing x asasum s +t with s € S and t e T.

Moreover, (S +7)[V is nonempty if and only if zer a(x) > 0.

We make use of a number of basic properties of finite Fourier series, which are
listed below. They are based on the orthogonality relationship,

P ify =0,
Z e (x-y)=
P 0

er”2 if y =0,
p

and can be routinely checked. By viewing Z" , asa Z -module, the Gauss sum
P

Sp(0.¥)= D e 2(0)+y-x),

xeZ"
p2

is well defined whether we take y € Z" or y € Z",. Let a(x), B(x) be complex
P

valued functions on Z" , with the Fourier expansions
P

alx)= Y a(y)e 2(x-¥) Bl)= D b(y)e 2(x- ).
y

y

Then

axBx) = D" p*aly)by)e o (x-y). (10)
y

oB(x) = a(x)B(x) = D (a *b)(y)e 2(x- ), (an
y

D (a*p)(x) = (Z a(x)](z B(X)} (12)
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e p)x)| < (Z| o(x) |j(2| B(x) |} (13)

ey = p"Y | (14)
y X

The last identity is Parseval’s equality.
2. Fundamental Identity

Let O(x) = O(x, ..., x,) be a quadratic form with integer coefficients and p be

an odd prime. Consider the congruence (2):
O(x)=0 (mod p?).
P2 2
Using identities for the Gauss sum S = szl epz (ax* + bx), we obtain

Lemma 1 [2, Lemma 2.3]. Suppose n is even, Q is nonsingular modulo p and

A=A,Q). ForyeZ", puty' = %y in case p|y. Then for any'y,

p" = p"! if pty; for someiand p*|Q*(y),
-p"! if pty; for someiand p|| Q*(y),
7. y) =10 if pty; for someiand ptQ*(y),
~apBA2 4 pnl(p ) if ply; foralliand ptQ*(y"),
Ap ~1)pB"22 4 p" N p 1) if ply; foralliand p|Q*(y),

where Q% is the quadratic form associated with the inverse of the matrix for

QOmod p.

Back to (14) we saw the identity

D a®) =p? D a(x)+ Y aly)er, y).

xelV X y=0

Inserting the value ¢(V, y) in Lemma 1 yields (see [3]),
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Lemma 2 [The fundamental identity]. For any complex valued a(x) on Z'; 5

Do =p? Y a+p" D ay)-p" D aly)

xeV X PO (y) pl1O*(y)
P
_ Ap(3n/2)72 Z a(py') + Ap(3n/2)71 Z a(py’). (15)
y'(mod p) p|O*(y)
y'(mod p)

3. Auxiliary Lemma on Estimating the Sum Zj:l a(py)

For later reference, we construct the following lemma on estimating the sum
25 . a(py). Let 2 be a box of points in Z" as in (1) centered about the origin
with all m; < pz, and view this box as a subset of Z" ,. Let x4 be its characteristic

p
function with the Fourier expansion y.(x) = zy a,/;(y)epz (x-y). Let a(x)=
B * B = . . Th f Zn N
Lo * s = Ty aly)e p(x-y). Then forany y € 27,
n .2 2
) sin” wm; y; [ p
a(y) = p " [ =5 ’/2 : (16)
icl sin”my;/p
where the term in the product is taken to be m; if y; = 0. In particular, if we take

|y ] < p2/2 for all i, then

n 2\2
-2n : 2 | P
aly)< p minym;, | — .
v) H : {Zyi]
Lemma 3. Let 7 be any box of type (1) and olx) =y * x.52(x). Suppose

mySmy < <myp < p<my << my,. a7

Then

n
Z a(py) < 2”_lpl_2”| B |H m;.

yEZ; i=l+1
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Proof. We first observe that

Za(py) = ZZ—a(x)e 2 (=X py)

yi=lx; =1 P

2
p

S LY epxey)

xi=1P yi=l

2

Z

)Emod p)

= L Z a(x)

p" x=0(mod p)

DY

n

B

ues ves
u+v=0(mod p)

ST
p" 4 p

To obtain the last inequality in (18) we must count the number of solutions of the
congruence

u+v=0 (modp),
with u, v € 4. For each choice of v, there are at most H:’Zl (Im;/p] +1) choices

for u. So the total number of solutions is less than or equal to
z m
[T ] 1),
- P
i=1
Using the hypothesis (17) then continuing from (18), we have

Za(py)<—1‘[ ()

yz*I i=l+1

| Bl Tr(2m)_ 2" 18T
< nHTl— ST [

P =141

The lemma is established. ]
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Another way to derive a good estimate for the sum Zi “a(py) is as the
1

following: Let y" run through the set {)" € Z, : 0*(y') = 0(mod p)}. Rewrite (16)
to be forany y € Z",, with | y; | < p/2,
p

n

a(y) = [ Jai ),

i=1
where
sin’ nmi)’i/Pz

a;(yi))=— ;
e 2 sin? Tty,-/p2

1
p
and the term in the product is taken to be m; if y; = 0 (as before). Then plainly

4 2 2
|a;(y;)] < %min{miz, p—z} = min{(ﬁj , p—z} (19)
p 4yi P/ 4y

Replace each y by py'. Then, with | yj | < p/2, we have

2
la(pyi)| < min{(ﬂ) , %}
P 4y

n

fla@yns > ]l[|a,-<py,->|=1_[ D lailpy)]
Vi y =l

i=1 | yi |<p/2

Thus

I<yi<p

m? 1

< mnd—L. _—
I X L
i=1 |y |<p/2 !

i=1 || y; [<p/2m; P | yi |>p/2m;

2
(using the fact: Zj—l % =2 and continuing),
n

6

n 2 2 n 2
DAL S B i
SH{(MHJ 2+426}_H[p+ 2+1].

p i1 p



142 ALI H. HAKAMI

Assuming (17), we have

D lalpy)| <
y

Comparing the above two estimates for Z;’ “a(py), we conclude that the estimate
1

/ n m2 n m2
| I i __An | I i
1 i=l+1 \P i=l+1\ P

i=

the first one is still better.
4. Lattice Points in the Box &3

As we mentioned before our interest in this paper is in determining the number
of solutions of the congruence (2):

O(x)=0 (mod p?),
with x € 43, the box of points in Z" given by (1):

B={xel"a <x; <a;+mj,1<i<n},

where a;, m; € Z, 1 < m; < p?,1<i<n Then | B| = H:l:1 m;, the cardinality
of . View the box Z as a subset of Z", and let y 4 be its characteristic
)4

function with the Fourier expansion
r1s(x) = Zy az(y)e 2 (x-y).

Lemma 4. Let p be an odd prime, sz = sz (Q) be the set of zeros of (2) in

Z;z, and B be a box as given in (1) centered at the origin with all m; < pz. If
A, ==l then
Eaa |g9n[u+pn}
)4 2
p
where

[ 2(n/2)+1j
271+ , A =—1,
p

21+ 20 A = 4,

9, =
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Proof. We begin by writing (15), the fundamental identity (mod p2 ):

2 2
P

xeV 5 yi=l yi=l
’ p*10*(y) plO*(y)
3n/2)-2 C 3n/2)-1 C
=82S )+ ap S ),
yi=l yi=1
p1O*(Y)

D ax)=p7 Y ax)+p" pZ a(y)=p"" D aly)

143

Set o0 =y *\p = Zy a(y)epz (x - y). Then the Fourier coefficients of a(x) are

given by a(y) = p*"a%(y) and since 3 is centered at the origin, these are positive

real numbers. By Parseval’s identity, we have

D la) =Y las® =Y lxs@ =15]
y y Yy

Thus, it follows from (20),

2
Pty aly) <" lay)| < p"| Al
yi=l y
P*10"(y)
Notice that the main term in (15) is

- . s
p 2Z:OC(X)=P ZZX% *X./A(x)=| 2| :
X X

Y
p

By Lemma 3, we have

p n
p(3n/2)—2 Z a(py') < 2n—lpl—(n/2)—2| B |Hm[’
yi=l

i=l+1

and
P
/21 Z a(py') < p(3n/2)—lza(py,) < 27 pl=(f2))
vi=l y
PIQ*(Y)

where [, as defined before,

m <my <--<m<p<my << m,.

(20)

e2))

(22)

(23)

ﬁ m;, (24)
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The case A,(Q) = -1.

Now going back to (15), if A = —1, then we have

2

D ax)<p D ax)+p” i a(y) + p 2)_zzp:a(py’)- (25)

xeV yi=1 yi=l1
g p*10*(y)
Then by the equalities in (21), (22) and (23), we obtain

o |12 n
PIRIOE @ + p"| B+ 2 P2 B ] T (26)
p — -
xel , ® i=l+1
p 16) 3

We next determine which of the terms @, @ and ® in (26) is the dominant term.

We consider two cases:

Case (i). Suppose / < % — 1. Then compare

n—l _1—(n/2)-2| n _
® — > |%)|Hi=l+1 i

@ |51/ 0
n 1-(n/2) An-1
L 1-(n/2)yn—i H p 2
=+—=p 2 m, =———
7 1
7] i=1+1 m;

i=1

(n/2)-1

i
< 2n71plf(n/2) _ Zn(%) pfn/2 < 2n(%) pfn/Z < 2(n/2)+1 )

SIS

which implies that

(n/2)+1 n
@<? ® or 2"p[7(n/2)72|% |Hml <

P i=[+1 P p

2(n/2)+1 | B |2
—

Case (ii). Suppose / > % Then compare

n—1 _1-(n/2)-2) n _
o _ > P |7 |Hi:l+1 i
@ p"| A

n
-1 [1-(3n/2)-2
_ el 2T o,

i=[+1

nf2
< 7 pl=Gn/2)=2 2n=1) _ yn=t nf2-2-1 2_2
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which leads to

nf2
® < 2

nf2
® or 2"p I-(nf2)- 2|%|Hm < 2" pnld/)l
p i=l+1

So for any /, we have

(n/2)+1 n/2
®s[2 @42 @j
p p?

or

(n/2)+1 B P n/2 7
on= / l (n/2)- 2| //J,ll_[ ( |p2| p2 Pnlé%' |J

i=[+1

Returning to (26), we now write

Za(x)£®+®+®

xelV
p2

2(n/2)+1 2n/2
> O+—
p

(n/2)+1 nf2
=1+ 2 O+|1+ 2 @)
p p?
7 2
< S'n(@+p”|%|}
p

where 9, =1+ (202" /). On the other hand,

<O+ 0@+

1, ,
> a(x)zz—n|;ﬁ||Vp2 NA|

xelV
p2

Hence, it follows by combining (27) and (28) that

| A0V 2| < 2"9;{@+ p"].
p

145

27)

(28)
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The case A,(Q) = +1.

If A, = +1, again by (15), we have

D a)<p Y a)+ p" Y lay)|+ pCT Y alpy)
b y

erpz y(mod p)

) 1

< |/32| + p"| B+ 2n—lpl—(”/2)—1| ‘%’|H’"i' (29)
D 3 i=l+1
o ©

We perform a similar investigation (as before) to determine which of the terms

O, @ and @ of the inequality (29) is the dominant term. In Case (i), we find
@O < 20D+ which means that ® <2Y2*1® And in Case (i), we find

@/@< 22 / p, which gives us that @ < 2"/2/p®. Hence for any /, we have
2
@< (2(”/ g, 22 ®]
p

or

n a2 |12 nf2
nel 1-(nf2)-1 e | B 2"
2" p |/6|I|ml£(2 2 + > A

i=l+1

Now looking at (29), we deduce

p 12 n/2
Z a(x)S(1+2(”/2)+1)|‘/))2| +[1+2p jp"|//)’|
p

xelV
p2

Py
< 9;;(—| LI P |j, (30)
p

where 9) =1+ 2021 Ty by (28),

2" " nl%’l n

xelV
p2
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Lastly letting 9, = 2"9), if A=-1 and 9, = 9, if A = +1 we get from (27)
and (30) that for A = +1, we have

|;//))ﬂVp2 |S8n[|—2|+an
p

This achieves the proof of the lemma. O

Lemma 4 is stated for boxes centered at the origin. In the next lemma we will
drop this hypothesis and prove the lemma for arbitrary boxes.

Lemma 5. Let p be an odd prime, sz = sz (Q) be the set of zeros of (2) in

an’ and & be any box as given in (1) with all m; < pz. If A, = =1, then
p
0, |gyn[u+pn],
)4 2
p
where

v, =2"(1+6").

Proof. The fundamental identity (mod p?) is

2 2
P

P
D @) =p D a®p" D aly)-p" D aly)
xel o X yi=1 yi=1
? P10%(y) PI10*(y)
E E

p p
- ap2 N a(py) + apPIT Y a(py)
yi=1 yi=1
Ey p1O*(y)
E3

Let o(x) = 3.5 * 1, where B’ = 7B —¢. The value ¢ is chosen such that A’ is

“nearly” centered at the origin:
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Then

> o) =| 5] 8] =| 5P,
X

a0)= > Y 1<|x],

ueh vess
u+v=0

a(y) = p*"a(y)ay(y).

By using the Cauchy-Schwartz inequality (see [8]) and Parseval’s identity (14), we

get
Dlaw) = "D lasy)ans(y)]
y y
1/2 1/2
<p' ] m(yﬂzJ {Z| a(y) |2J
y y
1/2 1/2
< p" %Zx?ﬁ(x)} {%Zx%ﬁ(x)l
p y p y
=515 |? = 5.
Then
p2 p2 p2
[Eo-Ei|=|p" D ay)-p"" D ay)|=] D vmay)|, (D
yi=l1 yi=l yi=1
P?10*(y) p1O*(y)
where

p" = p" pPOY(y),
w(y) = ] .
-p", IO (y).

Continuing from (31),

|Eo = Er|< (0" = p" D lay)| < (p" - p" )| 5]
y
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Also,
30/2)-2 )l e
| By — x| = [-p®P2 Y a(py) + P Y a(py)
yi=1 yi=l
p1O*(Y)
p
< 0(y")a(py')|,
yi=l
where

PRI pG22 0% (y),
0(y) = (3n/2)-2 *
p n , p Jf 0 (y)

Continuing from (32),

p
| By = B3| < (P27 = p¥272)Y Jalpy')].
yi=l

To complete the proof of Lemma 5, we need the following:
Lemma 6.
if m; <p,

la;(py;)| <

| vil<p/2 3 if ' m; > p.

EN|“§N B |“S

Proof. We begin by establishing the inequality

1 < 4% if m; < p/2,

2
i Fplam 20 (1 if m; > p/2.

We split the proof into two cases.

Case (I). If % > 1, then

1

149

(32)

(33)

(34)
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Now
0
1 1 1 1 1 (®dx
— =) —<— 4
2 42 2 2 4 2
y=L4y LY 4L L x
1 1 Ll 1
4L2 4L 4L L
gi Lgﬂzzml_
4L 2L p p
So
Lzs4m"
| i |>p/2m; 4yi P

1 2w 1 _ ot
| i |>p/2m; i y=17

By Case (I) and Case (II), (34) follows.

We return to the proof of the lemma. Say a(y) = H:lzl a;(y;). Then by the
Fourier coefficients a(y) = p*"a,(y)a(y),

.2 2
2 1 sin“(mm;y;/p
|ai(yi)| =p | a%,i(yl-)a%r,i(yi) | = —2(2—’)}1/2)’
p° sin“(ny;/p”)
and so
m~2 1
|ai(pyi)| < min{—lz, —2} for |y;|< p/2.
p- 4y
We consider four cases:

Case (i). If m; < g, then

D la)ls m—’j+ P
| yil<p/2

2
4y)?
| vi l<p/2m; P | vi [>p/2m; Vi
2 2
cMmi(po ), A dm mi o my
B p2 m; p p 2" .

p p
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Case (ii). If m; > E, then

2
m? 1
S s ¥ e 3L
| vil<p/2 | vilp/2m P il pfam; *i
2 2
(2 fer= i M,
po A\ P p
Case (iii). If % < m; < p, then
m; m12 m; m;
D el <2 B 1< 21 <40
| i l<p/2 Pow P P
Case (iv). If m; > p, then
> Iai(pyi)lﬁ2(7’) +1<3—,
| yi l<p/2 P
completing the proof of Lemma 6.
Proof of Lemma 5 (Continued). Suppose
m <my <mp < p<my << my,.
By Lemma 6,
- m m?
2 laen =TT 2 tati=TT6" [T
lyl<p/2 i=1 | yi|<p/2 m;<p m>p P

S3n21 |3/J)| Hﬁzsnzl |L//)’| Hmi>fmi.
n n n—
P p P p

m;>p

Using (35), then continuing from (33),

n
| By - B3| < pPD 2 (p—1)-372 p! 2 8 [ [

i=l+1

151

(35)
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Thus for A = %1, the fundamental identity gives

AP
ZG(X)S 5= | Eo — Ey | +] Ey - E5 |
erpz p

) n
< |J22| i (pn _ pnfl)l B | n p(3n/2)72(p _ 1) . 3n21p172n| B |Hml
p

i=[+1

a2 -

| ‘%2| + M 372! =2 |H ;- (36)
p > i=l+1
@ (3]

The task now is to determine which of the terms ©, @ and © in (36) is the

dominant term. We consider two cases:

Case (i). Suppose / < % — 1. Then compare
nyl 1-(nf2)-1| 4 n )
9 _ 32'p |‘ﬁ|Hi=l+1ml
® | B8P/ p?

n
_ 1 (nf2)+15n41
IR 2 [

i=[+1

— pl_(n/j)+l3n21 < 3’12]pl-(ﬂ/2)+1 — 3}12]'

m.
i=1

This leads to

e <32 o

Case (ii). Suppose / > % Then compare
nal 1=(n/2)-1) p n _
o 32p | % |Hi=l+l " 3yl 1-(3n/2)-1 ﬁ
= - = p m
@ p"| A

i=l+1
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!
< 39! pl=Gn/2)-1 2001 _ gngl (m/2)-1-1 ¢ 3’;2 .

This gives that

So for any /, we have

nnl
o< (3"2’®+ 372 ®J.
p
Returning to (36), we now write

Za(x)£®+®+9

xelV
p2

nal
s®+®+3"21®+%®

nal
:(1+3”21)®+[1+3pz J@

22
B ,
< yn[% " |j,
p
where ¥/, =1+ 3"2'. On the other hand, it is easy to see that
Yn

> (x(x)22—n|;//;’|| VaNA|

xelV
p2

Hence it follows by combining (37) and (38) that
_ 1% B
sy <2 L ] <, (1210 ],
p p2 p2
where v, = 2"(1+6"). Lemma 5 is proved.

Now, we prove Theorem 1.

153

(37

(3%)
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Proof of Theorem 1. Partition & into N = N_; smaller boxes B;,

#B =B UB,U--UBy,

where each B; has all of its edge lengths < p2. Then we can apply Lemma 5 to

each B;, to get

The proof of Theorem 1 is complete. O
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