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Abstract

In this paper, the regular perturbation method and the Adomian
decomposition method are used to construct the solution of the FHN
equations.

1. Introduction

The FitzHugh-Nagumo (FHN) equations [13] form a reaction-diffusion model.
The FHN equations are used to model the electric waves of the heart: the excitation
wave and the recuperation wave. Because of nonlinearity, they do not have an exact
analytic solution. Solutions have been constructed by the uniform fixed “grid
method”. Recently, Longin Some of Ouagadougou University, in his Ph.D. thesis
[12], [14], has constructed a numerical solution using the mobile grid method. The
Adomian decomposition method (ADM) and the regular perturbation method are
very useful to get an approximation of a solution of an equation. Here, we use both
methods to study the FHN equations.
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2. An Application of the Regular Perturbation Method

General properties of the perturbation method and its applications can be found
in [11]. The general form of the FHN equations is given by

2

ou(z, t) —u(z, t)—u3(z; t) - v(z, t)+w, —00 < Z <40, t>0,
ot fo74

(2.1)

2
%;ﬂu(z, t) — y1v(z, t)—yZ)+8w, -~ <7<+, t>0,
z

where ¢, v1, yo, & are given real constants, u(z, t) is the excitation wave, v(z, t) is

the recuperation wave, z is a space variable and t stands for time.

We examine the following initial and boundary value problem:

2
au(z, t) —u(z, t) - u3(z; t) - v(z, t)+M, -50<z<50,t>0,
at oz°
(2.2)

2
MZY _ iz t) = gz, )+ 2D 5g 750,15 0
ot oz?

with the initial conditions

u(z; 0) = —0.8 + 2.0 exp{—(%ﬂ, 50 < 7 < 50, (2.3)
v(z, 0) = 0.1, (2.4)
and the Neumann boundary conditions
au(—aE;o, t) _ au(gg, t) _ 0 t>0, 25)
8\’(‘8520’ O _ av(g(z), Y_g t=0. (2.6)

Suppose that the solutions u(z, t) and v(z, t) of problems (2.2)-(2.6) have the

following form [1]:
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N N
u(z, t) = Zgiui(z, )+ RN (2t €), V(z t) = Zgivi(z, t) + Roy (2, 1, €), (2.7)

i=0 i=0
where Ryy (2, t, €) and Ry (z, t, €) are the remainder terms of these two series.

Taking (2.7) into (2.2), (2.3), (2.4), (2.5), (2.6), and collecting equal powers of
g, we obtain systems of recurrent initial and boundary value problems for u;(z, t)

and vij(z,1),i=0,1 2, ...,

Oug(z, t o2 7t
% = uO(Z, t) - US(Z; t) - vo(z, t)+ %’
vp(z, 1) d%vp(z, t)
ot oz2 '
72
Ug(z; 0) = -0.8 + 2.0exp _(E) ,
(2.8)

VO(Z, 0) = —0.1,
Aug(-50, 1) _ aug(50, 1) _

oz a7
V(-50, 1) _ (50, 1) _

oz B oz =Y

2
% = ul(Z’ t) — 3U§(Z; t)U]_(Z, t) _ V]_(Z, t) + 0 Ualz(zzl t),
ovy(z, t 02 Z, t
1‘(?[ - 812(2 ) Ug(z, t) = 1vo(z, 1),
U (z; 0) =0,
(2.9)

vi(z, 0) = 0,
ouy(-50, 1) _ ouy(50, 1) _

oz - oz =Y
(50, 1) _ avi(50,1) _ .

oz - a7
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oup(z ) _ Up(z, t) = 3uZ(z; t)ug(z, t) - 3ud(z; t)uy(z, t)

ot
2
-Va(z, t)+—a UZ(ZZ’ t),
oz
Vo(z, t o%v Z,t
20 - 2D e ) - ),
Us(z; 0) =0, (2.10)
Vo(z, 0) =0,
0up(-50, 1) _ aup(50, 1) _
01 B 0z -
Vp(-50,1) _ avp(50,1) _
0z a oz o

etc., and further systems for higher order terms of the series (2.7) can easily be
calculated using a symbolic computation package, such as Scientific Workplace,
Maple or Mathematica.

3. Application of ADM to Find the Terms of Series (2.7)

General properties of ADM and its applications can be found in [1-10]. To find
Ug(z, t) and vp(z, t), we consider system (2.8). We first get vy(z, t) using the

following initial and boundary value problem:

No(z, 1) 0%p(z, t)
at o2
vo(z, 0) = -0.1, (3.2)
Vp(-50,t)  avy(50, 1)
= =0.
oz oz

According to the ADM, we suppose that the solution of (3.1) has the following
form:

Vo(z, t) = ZVO,i(Z’ t). (3.2)

i=0
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From (3.1), we have

2
Vo(2, 1) = vo(z, 0) + L: % (3:3)
V(50,1)  dvp(-50,1) 50 aVo(z MY g (3.4)

oz oz

From (3.3)-(3.4), we have

vo(z,t)=vp(z, 0) +

N(50,1)  vp(-50.1) t62%vy(z, s)ds _JSO Mo(z.1)
0z oz 0 022 -50

We thus obtain the following Adomian algorithm:

oV (50, t oVp(-50, t
Vo, 0(z, t) = vp(z, 0) + O(az ) - 0(62 ) =-0.1,
t 92 ( )d 50 ovg n(z,t) (3.)
Vg n(z, s)ds Z,
Vo,n+1(z, 1) = _[ o.n I 0.n dz, vn>0,
_50 ot
which gives us
Vo,0(z, 1) = 0.1, vg 1(z, t) = 0; Vg 2(z, ) = 0; -++; Vo n(z, 1) = 0
so that
vo(z, t) = -0.1. (3.6)

To find uy(z, t), we consider the following initial and boundary value problem:

% = Up(z, ) = ud(z; ) = vg(z, t) +

02ug(z, 1)
oz

Ug(z; 0) = @y(z) = ~0.8 + 20exp{ (120)1 3.7)

6U0(—50, t) _ 6U0(50, t)
01 B 01

=0.
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We modify problem (3.7) and examine the following equivalent problem:

2
M - uO(Z1 t) _ US(Z; t) _ VO(Z1 t) + 8u0—(z,t),
at 072
7 )2 22
Ug(z; 0) = @5(z) = -0.8 + 2.0exp _(E) + %exp(—ZS), (3.8)
0ug(-50, 1) _ dup(50. 1) _
oz B 0z e
Thus, we have
doo(=50) — dg,(50)
dz T odz (3.9)

and note that, in the interval [-50, 50], ¢1(z) and @,(z) have the same graph.

We suppose that the solution of (3.8) has the following form:

Up(z, t) = ZUO,i(Z’ t). (3.10)
i=0
From (3.8), we have
t t 3 t0%up(z, s)
Ug(z, t) = up(z, 0) +I Ug(z, s)ds —I ug(z, s)ds + 0.1t +I ——ds, (3.11)
0 0 0 oz
dup(50, t)  dug(-50, 1) [0
P P + J‘fso Ug(z, t)dz
50 50
—j ud(z, t)dz + 10 —I WMp(2.8) ¢y _ g, (3.12)
-50 50 Ot
From (3.11)-(3.12), we have
Uo(z, t) = up(z, 0) + 6u0(8520, H_ 6u0(5250, ) +0.1t +10

t t t 52
+I Uo(z, s)ds—I ud(z, s)ds+J. 6u0—(22,s)d5
0 0 0 oz

50 50 50
+J Ug(z, t)dz —I ug(z, t)dz —I Mdz, (3.13)
50 -50 50 ot
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and obtain the following Adomian algorithm:

2 2
Ug(z, t) =-0.8+2.0 exp{—(%) } + é—oexp(—25) + 0.1t + 10,

un+l(z,t):j‘ Up(z, s)ds—I Ay (z, s)ds+I auao—(zzs) (3.14)

50
+J Ug(z, t)dz —I A,(z, t)dz, vn =2 0,
-50 -50

where

ol dx“[ {Zx'u,j] A n=012 ..,

we have

Ug1 = —3509.4t — 41.31t% - 0.192t — 0.00025t* — 87391.

— (505.8t + 5.52t2 + 0.02t3)e~%0" _ (110.4¢ + 0.6t2)e"0022"
—8.0te"%%37" _ (7.0251 x 10711t + 7.666 x 1013t
+2.7776 x 1079t%) 22 — (2.1293 x 10724t + 1.1573 x 1072%t2) 7*
—2.1429 x 10~81z% — (-8.0000 x 107t
11,6666 x 1071312) 22670012 _ 33331 x 10712726 0.02"
— 4,629 x 10~ Bz4e—001

Up o = 1.7191x 10t + 4.1934 x 10°t? + 51391.t% + 341.74t*

+1.2024t° + 0.00194t® + 1.0714 x 107%t” + 2.3949 x 10°

+(1.3399 x 1075t + 4.3071 x 1078? + 5.9997 x 107103

+4.2176 x 10712t* +1.4832 x 10714t + 2.0832 x 1071718) 22
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+(2.0227 x 1072t + 1.214 x 107212 + 1.5901 x 107233
+8.5635 x 1072%t* +1.7359 x 10728¢%) 74
+(9.0473 x 1072042 + 9.2003 x 1073843 + 2.6788 x 10740t*) 26
+(4.107 x 107492 + 2.0833 x 107°1t3) 28
+2.4800 x 107912710 + (9.648 x 10%t + 3.1012 x 10°t?

+ 4320263 + 30.373t% + 0.1068t + 0.00015t°)e~00%°

+ (1.0487 x 10%t + 62942.t% + 824.44t° + 4.44t
+0.009t%)e0922% | (1014142 +103.04t3 + 0.3t)e 003"
+(1104.0t2 + 5.6%)e 007" | 4802709572 | (2.9127 x 10"t
~0.20237t? - 2.208 x 103t - 8.0 x 10~°t*

1 2.4998 x 10715t5) 22670017° | (_0.13248t? — 0.00064t°
+1.2500 x 10~%3¢4) 22670927° | (_0.019212

131100 x 107123)72¢-0032% | 3333, 107112, 2¢ 0047
+(1.6000 x 107"t — 6.6664 x 1072713

11,7359 x 10~ 2614) 2% 0012 | (_3.9998 x 10152

1 6.4807 x 107 553) %0022 | 9 258 10~ 2427 %007’
T (~1.8516 x 10~ 2812 + 6.0003 x 10~ 83) 250017

2 2
+1.2858 x 1073612760-0.022" |, g g9g 10750128 —0.012 ,

etc. Using (3.14), we can calculate each term of the series in (3.10), and obtain the
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solution of (3.8):

i.e.,

Ug(z, 1) = U, 0(z, ) +Ug 1(z, t) + Ug (2, ) + -+,

Up(z, t) = 23948 x10° +1.7191 x 108t + 4.1934 x 10°t? + 51391t

+ 341.74t% +1.2024t° + 0.00194t® +1.0714 x 1075¢7

+(2.7776 x 10723 +1.3398 x 1070t + 4.307 x 10782

+5.9997 x 107103 1+ 42176 x 10712t% 1+ 1.4832 x 107 14¢°

+2.0832 x10717t%) 22 + (2.0225 x 10720t + 1.2140 x 107212
+1.5901 x 107233 + 8.5635 x 10720t* +1.7359 x 10728t°) z*
+(~2.1429 x 1078t + 9.0473 x 107012 + 9.2003 x 10738¢3
+2.6788 x 107%0t*) 26 + (4.107 x 107%%? + 2.0833 x 10~°1%) 2
+2.4800 x 107%3t2710 4 (2.0 + 9.6475 x 10°%t + 3.1011 x 10°t2

+ 4320263 + 30.373t% + 0.1068t° + 0.00015t8) e 001"

© (10486 x 10t + 629411 + 824.441% + 4.44t* + 0.000t5)e~0022"
T (~8.0t + 1014112 +103.04t3 + 0.3t%)e %" 4 (1104.0¢%

1 5.6t3)e 0% | 48.01270957° | (8.0029 x 10~%t — 0.2023712

2
—2.208 x1073t3 = 8.0 x 1070t* + 2.4998 x 10715t°) 7270012

+(~3.3331x 10712t — 0.13248t? — 0.00064t°
2
+1.2500 x 10713t4) 22e70922" | (_4.629 x 10725t — 0.0192t?

2 2
+3.1109 x 10723) 22700327 4 3333 x 1071112727004
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2
+(1.6000 x 107 t% — 6.6664 x 10717t +1.7359 x 10~ 20t4) 740012

1 (~3.9998 x 10512 + 6.4807 x 10~25t3) 7% ~0027°
2
+9.258 x 10724274 70032" | (_1.8516 x 10728¢2

16,0008 x 10~38¢3) 286 70012% | (L1 8516 x 102812

+6.0003 % 10-383) 78e700L" | 1 g5 x 10~36120¢~0.022"

4+ 8.928 x 1075012780012

To find u(z, t) and vi(z, t), we consider the system (2.9). We first get

vy(z, t) using the following initial and boundary value problem:

ovy(z,t) _ 52V1(§a t) +Ug(z, t) = y1vp(z, 1),

ot
vi(z,0)=0
ovy(-50,t)  avy(50, t)
= =0,
oz oz

and we suppose that the solution of (3.15) has the following form:

vi(z, 1) = Zvl,i(z, t).

i=0

As in the previous system, we have for vi(z,t) the following Adomian

algorithm:

_ t
w0z, = v(z, 0)+ ML PO [y yas
' o4 o4 0

to? vy, n(z,9) 50 aVl,n(z’ t)
—dS —J‘ sz,
-50

Vi nsa(z, 1) = J‘

t 50 50
- ylj Vo(z, s)ds +I ug(z, t)dz — ylf Vo(z, s)ds,  (3.17)
50 -50



AN APPLICATION OF THE PERTURBATION METHOD ... 169

which gives us

v,0(z, t) =

1.9770 x 10'%t + 10.0y; + 0.1ty; + 5.1170 x 10%t?

+6.6249 x 10%t3 + 47619.t* + 190.60t° + 0.39706t°
+2.7714 x 107t +1.3393 x 10 "t® + 2.3948 x 1011

+(2.7776 x 1073t + 6.699 x 107712 +1.4357 x 10733

+1.4999 x 107 19t4 1 8.4352 x 1013t + 2.472 x 10715¢®

+2.976 x10738t7) 22 + (1.0113 x 1072°t? + 4.0467 x 1072213
+3.9753 x 10724t% +1.7127 x 10725t° + 2.8932 x 1072°t8) z*
+(3.0158 x 107613 - 1.0715 x 10738t? + 2.3001 x 10~38¢*
+5.3576 x 10741t%) 28 + (1.369 x 10743 + 5.2083 x 107°%t%) 28
+8.2667 x 10743710 + (2.0t + 4.8238 x 10°t?

+1.0337 x 10°t° + 1080.1t* + 6.0746t° + 0.01781°

2
+2.1429 x 107t )e 00" + (5,243 x 10°t7 + 20980.0t°
2
+206.11t* + 0.888t> + 0.0015t%) e 0022
2
+(3380.3t3 - 4.0t% + 25.76t* + 0.06t°)e 0%

2 2
+(368.0t% + 1.4t%)e 002" 4 16.0t% 00

+(4.0015 x 1074t? — 6.7457 x 10723

2
—552x107** — 1.6 x1075t° + 4.1663 x 1071616 72¢ 70012
+ (2.5 x 10714t — 0.04416t° — 0.00016t*

2
—1.6666 x 10712t%)72%e70022" | (7.7773 x 107134
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~ 0.0064t3 — 2.3145 x 107 25¢2) 72¢~00%7°
1111 x10 11372700477 (5.3333 x 10783
—1.6666 x 1071714 + 3.4718 x 10-2715) 7% ~0012°
+(1.6202 x 10 2°t* — 1.3333 x 10715¢3) %0027
13.086 x 10243747003 | (1 5001 107384
6172 x 107 213) 286700177 | 4 286 « 1073713,8-0022°
+ 2076 x 10~ 013780012

v11(z, t) = ~1.0252 x 10t — 10.0y; —1.9939 x 10°t2

~1.9136 x 10"t> — 95897.t* — 240.25t°

—0.19666t% —1.0714 x107*t7 —1.977 x 102

+7.44 107198 + (4.0453 x 10729¢3

+1.214 x107%4* + 9.5408 x 1072*t°

+3.4253 x 10726t® + 4.9597 x 1072%t7) 72
+(2.2619 x 107t —1.0715x 10773
+1.3801 x1073t° + 2.6788 x 10740t%) z*
+(1.9166 x 107%8t* + 5.8332 x 107°1t%) z®
+1.86 x107%%t478 4 (—0.02t? — 3215913
- 516.88t* — 4.3206t° — 2.0248 x 102"

2
~5.0857 x10°t’ — 53573 x 10 58)e 0012
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T (~7.36t% — 0.0224t%)e 004"
+(~6990.7t% — 209.82t* — 1.6489t°
—0.00592t5 — 85714 x 10817 )e 0922  (0.08t°
— 50.708t* — 0.30912t5 — 0.0006t5)e 0932
— 0.4t%79957° | (0.0004t2 + 643.17t°
+10.339t* + 0.08642t° + 4.05 x 105
10171 % 1075t7 + 1.0715 x 10~°t8) 22e~0012°
+(279.63t% + 8.3943t* + 6.5962 x 10°t°
1 2.368 x 10~46 + 3.4286 x 10717 ) 2260027

+(3.0428t% — 0.0144t +1.8547 x 1072t°
2
+3.6t8)22e709%2" 4 (0.5888t*

11,792 x10-3t5) 22670047 | 0. 04t472e~0057°
+(6.6667 x 1078t — 1.7664 x 10~°t*

512 x 107515 — 8.8887 x 10 16t3) % 0.02°
+(5.3353 x 10813 — 6.7483 x 10~5t*

—4.416 x1078t° —1.0667 x 10710t®

2
+2.3807 x10729t7) 24 70012" (55996 x 10716¢°

2
—5.76 x107 0% — 2.7774 x 107283 7 4¢ 0032
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17776 x 10~ 4240042 | (53333 x 10712
~1.3333x 10245 1 2.3145 x 10~ 31t8) 1660017
+1.7144 x 107404486 0022" | 9 976 » 10-5414710¢~0.0%2°
+ (5.1846 x 10215 — 5.3333 x 10~ 19t4) 786 "0.02°

2
42,7775 x 1027 t48¢~0.032

2
+(1.2001x 10742t% — 6,172 x 10733t4) 28 70012" | ...

Thus using (3.17), we can calculate each term of (3.16), and, by the same

process, we can calculate uj(z, t); and deduce solution of system (2.2) from this.

4. Conclusion

1. We remark that using the regular perturbation method and the ADM, with a

symbolic computation package, we can construct a solution of the FHN equations
which is valid in a bounded domain.

2. Our future preoccupation is to study the convergence of these solutions and

draw a comparison between these results and those of Some [12].
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