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Abstract 

In this paper, a generalized ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G -expansion method is proposed to obtain 

exact solutions of nonlinear evolution equations. We choose the ( )12 + - 

dimensional BBM equation to illustrate the validity and advantages of the 
proposed method. Solutions in more general forms are obtained. It is 
shown that the proposed method is direct, effective and can be used for 
many other nonlinear evolution equations in mathematical physics. 

1. Introduction 

It is well known that many nonlinear partial differential equations are widely 
used to describe the complex phenomena. So the study of traveling wave solutions 
of some nonlinear evolution equations played an important role. In the past several 
decades, various methods have been developed, such as the inverse scattering 
transform [1], homotopy perturbation method [2-4], Adomian decomposition method 
[5], homogeneous balance method [6-8], F-expansion method [9, 10], and others. 
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In this paper, we improve the ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G -expansion method [11] to find more types 

of non-traveling wave and coefficient function solutions. We choose the ( )12 + -

dimensional BBM equation [12] to illustrate the ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G -expansion method, and 

successfully construct many new and more general non-traveling wave and 
coefficient function solutions. 

2. Description of the ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G -expansion Method 

We suppose that the given nonlinear partial differential equation for ( )txu ,  to 

be in the form 
 ( ),...,,,,, xxxtxt uuuuuP  (2.1) 

where p is a polynomial in its arguments. The essence of the ⎟
⎠
⎞⎜

⎝
⎛ ′

G
G -expansion 

method can be presented in the following steps: 

Step 1. Seek traveling wave solutions of (2.1) by taking ( ) ( ),, ξ= utxu  

,Vtx −=ξ  and transform (2.1) to the ordinary differential equation 

 ( ) ,0...,,,, =′′′′− uuuVuQ  (2.2) 

where prime denotes the derivative with respect to ξ. 

Step 2. Introduce the solution ( )ξu  of (2.2) in the finite series form 

 ( ) ∑
=

⎟
⎠
⎞⎜

⎝
⎛ ′

α=ξ
n

i

i
i G

Gu
0

,  (2.3) 

where ia ’s are real constants with an 0≠na  to be determined. The positive integer 

will be determined by the homogeneous balance method between the highest order 
derivatives and highest order nonlinear appearing in (2.2). The function ( )ξG  is the 

solution of the auxiliary linear ordinary differential equation 

 ( ) ( ) ( ) ,0=ξμ+ξ′λ+ξ′′ GGG  (2.4) 

where λ and μ are real constants to be determined. 
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Step 3. Substituting (2.3) along with (2.4) into (2.2) yields an algebraic equation 

involving powers of .⎟
⎠
⎞⎜

⎝
⎛ ′

G
G  Equating each coefficient of this polynomial to zero, we 

obtain a system of algebraic equations for ,ia  V by using Maple. 

Step 4. By substituting the results obtained in the above steps, we can obtain a 
series of fundamental solutions of (2.1). 

3. An Application of the Method 

We apply the method to the ( )12 + -dimensional BBM equation 

 .0=−−++++ yytxxtyxyxt uuuuuuuuu  (3.1) 

Let ( ) ( ) ,,,, tyxutyxu ω+ι+κ=ξξ=  so (3.1) is carried to 

 .022 =′′′ωι−′′′ωκ−′ι+′κ+′ι+′κ+′ω uuuuuuuuu  (3.2) 

Integrating it once, it yields 

 .02
1

2
1 2222 =′′ωι−′′κω−ι+κ+ι+κ+ω uuuuuuu  (3.3) 

Considering the homogeneous balance between u ′′  and 2u  in (3.3), we get 
.2=n  We assume that (3.1) has the following formal solution: 

 ( ) ( ),0, 201
2

2 ≠+⎟
⎠
⎞⎜

⎝
⎛ ′

+⎟
⎠
⎞⎜

⎝
⎛ ′

=ξ aaG
GaG

Gau  (3.4) 

where ( )ξ= GG  satisfies (2.4). 

By using (2.4), from (3.4), we have 

( ) ( ) ,222 2
010

2
2
120

3
21

4
2
2

2 a
G
Gaa

G
Gaaa

G
Gaa

G
Gau +⎟

⎠
⎞⎜

⎝
⎛ ′

+⎟
⎠
⎞⎜

⎝
⎛ ′

++⎟
⎠
⎞⎜

⎝
⎛ ′

+⎟
⎠
⎞⎜

⎝
⎛ ′

=ξ  (3.5) 

( ) ( ) ( )
2

2
212

3
21

4
2 4381026 ⎟

⎠
⎞⎜

⎝
⎛ ′

λ+λ+μ+⎟
⎠
⎞⎜

⎝
⎛ ′

λ++⎟
⎠
⎞⎜

⎝
⎛ ′

=ξ′′ G
GaaaG

GaaG
Gau  

( ) .226 1
2

2
2

112 λμ+μ+⎟
⎠
⎞⎜

⎝
⎛ ′

λ+μ+λμ+ aaG
Gaaa  (3.6) 
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Substituting (3.4)-(3.6) into (3.3), setting the coefficients of ( )4...,,1,0=⎟
⎠
⎞⎜

⎝
⎛ ′ i

G
G i

 

to zero, we obtain the following underdetermined system of algebraic equations for 
,,, 210 aaa  κ, ι and ω: 

,066
2
1

2
1: 2

2
2

22
2

2
2

4
=ωι−ωκ−κ+ι⎟

⎠
⎞⎜

⎝
⎛ ′ aaaa

G
G  

( ) ( ) ,0102102: 212121
2

21
2

3
=κ+ι+λ+ωι−λ+ωκ−⎟

⎠
⎞⎜

⎝
⎛ ′ aaaaaaaa

G
G  

( ) ( )2
212

22
212

2
2

2
438438: λ+λ+μωκ−λ+λ+μωι−κ⎟

⎠
⎞⎜

⎝
⎛ ′ aaaaaaaG

G  

( ) ( ) ,022
122

1 2
120

2
12022 =+κ++ι+ι+ω+ aaaaaaaa  

( )2
112

2
10110

1
26: λ+μ+λμωι−κ+κ+ι⎟

⎠
⎞⎜

⎝
⎛ ′ aaaaaaaa

G
G  

( ) ,026 2
112

2
11 =λ+μ+λμωκ−ι+ω+ aaaaa  

( )λμ+μωι−κ+κ+ι+ι+ω⎟
⎠
⎞⎜

⎝
⎛ ′

1
2

2
22

000
2
00

0
2

2
1

2
1: aaaaaaa

G
G  

( ) .02 1
2

2
2 =λμ+μωκ− aa  

Solving the above system with the aid of Maple, we have following two sets of 
solutions. 

Example 1. 

( ) ( ) ( ) ,222,12,12 222222
0

22
1

22
2 η

μι+λκ+λι+μκ−=
η

κ+ιλ−=
η

κ+ι−= aaa  

.
η
κ+ι−=ω  (3.7) 

Therefore, substituting (3.7) into (3.4), we obtain that 

( ) ( ) ( )
⎟
⎠
⎞⎜

⎝
⎛ ′
⋅

η
κ+ιλ−⎟

⎠
⎞⎜

⎝
⎛ ′

η
κ+ι−=ξ G

G
G
Gu

22222 1212  

( ) ,222 222222

η
μι+λκ+λι+μκ−  (3.8) 
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where ,144, 222222 λι+λκ++μκ−μι−=η
η
κ+ι−κ+ι=ξ tyx  λ, κ, ω, ι and μ 

are arbitrary constants. 

Substituting (3.8) into (2.4), we get three types of traveling wave solutions of 
( )12 + -dimensional BBM equation. 

Case 1. When ,0,,04 21
2 ≠>λ−λ CC  then 

( ) ( ) ( )
2

2
2

2
1

2
2

2
1222

1
42

1sinh42
1cosh

42
1cosh42

1sinh43,,
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξμ−λ+ξμ−λ

ξμ−λ+ξμ−λ

η−
μ−λ+ι=

CC

CCktyxu  

,44 222222

η
μι+λι−λκ−μκ−  

where 21, CC  are two arbitrary constants. 

When ,0,0,04 21
2 ≠=>μ−λ CC  then 

( ) ( ) ( ) 2
2

222
2 42

1coth43,, ⎟
⎠
⎞⎜

⎝
⎛ ξμ−λ

η−
μ−λκ+ι=tyxu  

.44 222222

η
μι+λι−λκ−μκ−  

When ,0,0,04 21
2 =≠>μ−λ CC  then 

( ) ( ) ( ) 2
2

222
3 42

1tanh43,, ⎟
⎠
⎞⎜

⎝
⎛ ξμ−λ

η−
μ−λκ+ι=tyxu  

.44 222222

η
μι+λι−λκ−μκ−  

Case 2. When ,0,,04 21
2 ≠<μ−λ CC  then 

( ) ( ) ( )
2

2
2

2
1

2
2

2
1222

4
42

1sin42
1cos

42
1cos42

1sin443,,
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξλ−μ+ξλ−μ

ξλ−μ+ξλ−μ−

η−
λ−μ+ι=

CC

CCktyxu  

.44 222222

η
μι+λι−λκ−μκ−  
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When ,0,0,04 21
2 ≠=<μ−λ CC  then 

( ) ( ) ( ) 2
2

222
5 42

1cot43,, ⎟
⎠
⎞⎜

⎝
⎛ ξλ−μ

η−
λ−μ+ι= ktyxu  

.44 222222

η
μι+λι−λκ−μκ−  

When ,0,0,04 21
2 =≠<μ−λ CC  then 

( ) ( ) ( ) 2
2

222
6 42

1tan43,, ⎟
⎠
⎞⎜

⎝
⎛ ξλ−μ−

η−
λ−μ+ι= ktyxu  

.44 222222

η
μι+λι−λκ−μκ−  

Case 3. When ,042 =μ−λ  then 

( ) ( ) 2

21
2

22
7

12,, ⎟
⎠
⎞

⎜
⎝
⎛

ξ+η−
+ι= CC

Cktyxu  

.44 222222

η
μι+λι−λκ−μκ−  

Example 2. 

( ) ( ) ( ) .,12,12,12 22

0

22

1

22

2
κ+ι=ω

ρ
κ+ιμ

=
ρ

κ+ιλ
=

ρ
κ+ι

= aaa  (3.9) 

Therefore, substituting (3.9) to (3.4), we obtain that 

( ) ( ) ( ) ( ) ,121212 222222

ρ
κ+ιμ+⎟

⎠
⎞⎜

⎝
⎛ ′
⋅

ρ
κ+ιλ+⎟

⎠
⎞⎜

⎝
⎛ ′

ρ
κ+ι=ξ

2

G
G

G
Gu  (3.10) 

where ,144, 222222 λι+λκ+−μκ−μι−=ρ
ρ
κ+ι+κ+ι=ξ tyx  λ, κ, ω, ι and μ 

are arbitrary constants. 

Substituting (3.10) into (2.4), we get three types of traveling wave solutions of 
( )12 + -dimensional BBM equation. 
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Case 1. When ,0,,04 21
2 ≠>λ−λ CC  then 

( ) ( ) ( )
2

2
2

2
1

2
2

2
1222

1
42

1sinh42
1cosh

42
1cosh42

1sinh43,,
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξμ−λ+ξμ−λ

ξμ−λ+ξμ−λ

ρ
μ−λ+ι=

CC

CCktyxu  

( ) ( ) ,312 222

ρ
ι+κλ−μ+  

where 21, CC  are two arbitrary constants. 

When ,0,0,04 21
2 ≠=>μ−λ CC  then 

( ) ( ) ( ) 2
2

222
2 42

1coth43,, ⎟
⎠
⎞⎜

⎝
⎛ ξμ−λ

ρ
μ−λκ+ι=tyxu  

( ) ( ) .312 222

ρ
ι+κλ−μ+  

When ,0,0,04 21
2 =≠>μ−λ CC  then 

( ) ( ) ( ) 2
2

222
3 42

1tanh43,, ⎟
⎠
⎞⎜

⎝
⎛ ξμ−λ

ρ
λ−μ+ι= ktyxu  

( ) ( ) .312 222

ρ
ι+κλ−μ+  

Case 2. When ,0,,04 21
2 ≠<μ−λ CC  then 

( ) ( ) ( )
2

2
2

2
1

2
2

2
1222

4
42

1sin42
1cos

42
1cos42

1sin43,,
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξλ−μ+ξλ−μ

ξλ−μ+ξλ−μ−

ρ
λ−μ+ι=

CC

CCktyxu  

( ) ( ) .312 222

ρ
ι+κλ−μ

+  

When ,0,0,04 21
2 ≠=<μ−λ CC  then 

( ) ( ) ( ) 2
2

222
5 42

1cot43,, ⎟
⎠
⎞⎜

⎝
⎛ ξλ−μ

ρ
λ−μ+ι= ktyxu  

( ) ( ) .312 222

ρ
ι+κλ−μ+  
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When ,0,0,04 21
2 =≠<μ−λ CC  then 

( ) ( ) ( ) 2
2

222
6 42

1tan43,, ⎟
⎠
⎞⎜

⎝
⎛ ξλ−μ−

ρ
λ−μ+ι= ktyxu  

( ) ( ) .312 222

ρ
ι+κλ−μ+  

Case 3. When ,042 =μ−λ  then 

( ) ( ) 2

21
2

22
7

12,, ⎟
⎠
⎞

⎜
⎝
⎛

ξ+ρ
κ+ι= CC

Ctyxu  

( ) ( ) .312 222

ρ
ι+κλ−μ+  

4. Conclusions 

In summary, a generalized-expansion method is proposed to obtain more 
general exact solutions of nonlinear evolution equations. By using the proposed 
method, we have successfully obtained exact solutions with parameters of the 
( )12 + -dimensional BBM equation with variable coefficients. These solutions 

extend or improve the corresponding ones in [13]. So the-expansion method is 
direct, concise and effective. 
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