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Abstract

’

In this paper, a generalized (%) -expansion method is proposed to obtain

exact solutions of nonlinear evolution equations. We choose the (2 +1)-

dimensional BBM equation to illustrate the validity and advantages of the
proposed method. Solutions in more general forms are obtained. It is
shown that the proposed method is direct, effective and can be used for
many other nonlinear evolution equations in mathematical physics.

1. Introduction

It is well known that many nonlinear partial differential equations are widely
used to describe the complex phenomena. So the study of traveling wave solutions
of some nonlinear evolution equations played an important role. In the past several
decades, various methods have been developed, such as the inverse scattering
transform [1], homotopy perturbation method [2-4], Adomian decomposition method
[5], homogeneous balance method [6-8], F-expansion method [9, 10], and others.
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!

In this paper, we improve the (%) -expansion method [11] to find more types

of non-traveling wave and coefficient function solutions. We choose the (2 +1)-

!

dimensional BBM equation [12] to illustrate the (%) -expansion method, and

successfully construct many new and more general non-traveling wave and
coefficient function solutions.

’

2. Description of the (%) -expansion Method

We suppose that the given nonlinear partial differential equation for u(x, t) to

be in the form
P(U, Up, Uy, Uyg, Uy, -, (2.2)

’

where p is a polynomial in its arguments. The essence of the (%) -expansion

method can be presented in the following steps:

Step 1. Seek traveling wave solutions of (2.1) by taking u(x,t)=u(§),

& = x —Vt, and transform (2.1) to the ordinary differential equation
Q(u, -Vu', u’, u", ..) =0, (2.2)
where prime denotes the derivative with respect to &.

Step 2. Introduce the solution u(g) of (2.2) in the finite series form

u(e) = Z(;a(%j (2.3)

where a;’s are real constants with an a,, # 0 to be determined. The positive integer

will be determined by the homogeneous balance method between the highest order
derivatives and highest order nonlinear appearing in (2.2). The function G(&) is the

solution of the auxiliary linear ordinary differential equation
G"(€) + AG'(§) + nG(&) = O, (24)

where A and p are real constants to be determined.
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Step 3. Substituting (2.3) along with (2.4) into (2.2) yields an algebraic equation

involving powers of (%j Equating each coefficient of this polynomial to zero, we
obtain a system of algebraic equations for a;, V by using Maple.

Step 4. By substituting the results obtained in the above steps, we can obtain a
series of fundamental solutions of (2.1).

3. An Application of the Method
We apply the method to the (2 + 1) -dimensional BBM equation
Up + Uy + Uy + UUy + UUy — Uy — Uy = 0. (3.1)

Let u(x, y,t) =u(f), & = kX + 1y + ot, so (3.1) is carried to

ol + kU’ + W’ + kUl + wu' — k2eu” — Pou” = 0. (3.2
Integrating it once, it yields
1 1
oU + KU + W+ = kU2 + Zw? - ke?U" - Pou’ = 0. (3.3)

2 2

Considering the homogeneous balance between u” and u? in (3.3), we get
n = 2. We assume that (3.1) has the following formal solution:

G/ 2 GI
u) = az(g) + al(g) +ap, (ap #0), (3.4)
where G = G(§) satisfies (2.4).
By using (2.4), from (3.4), we have
GI 4 G/ 3 GI 2 Gf
u?(e) = ag(g) + 2a1a2(6j + (2agay + af)(E) + 2a0a1(6) +ad, (35)

3

U”(E_,) = 6a2(6j + (Zal + 1032}\.) (EJ + (832}1 + Sal}\. + 4327\. )(E]

+ (Bayhp + 2agu + alkz)(%j + 28,12 + Ay (3.6)
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N
Substituting (3.4)-(3.6) into (3.3), setting the coefficients of (%) i=01..4)

to zero, we obtain the following underdetermined system of algebraic equations for
ag, &, 8y, K, 1and o:
2 1

a; + Exag - 6K2coa2 - 6l2(08.2 =0,

VR

N—
N

N~

7N\
o o o&
%

7N\
Ne——
N

s —c2w(2a; +10a,1) — 120(23 +10a,)) + 1ayay + kaga, =0,
-k — 120(8ay + 3agh + 43,22 — k2w(8apy + 3agh + 4a %)
1 2y, 1 2

+ way +1ay + 51(2a0a2 +af)+ EK(2a0a2 +af)=0,

G/ 1
(—j ‘1dpdy + Kay + Kagay — 12(0(6a27m + 2a1|.,l + al}\.z)
+ 03y +13 — K o(6ahy + 2ag + a22) = 0,
0 1 .2 1 2 2 2
(—) L0y + 5180 +18g + kg + 5 KAy — U o(2an” + agip)

2 2 _

- k“o(2an” + ajip) = 0.

Solving the above system with the aid of Maple, we have following two sets of
solutions.

Example 1.
12(:2 + «2) 12012 + «?) 2(2x%p + 152 + <42 + 2%)
=" —"", =" —,8 =~ ,
n n n
1+ K
w=— . 3.7
- 3.7)
Therefore, substituting (3.7) into (3.4), we obtain that
u(E) = _M(Ef ErIGETS) &)
- n G n G
2 2,2 | 2,2 2
C2(2k A KN +21p.), (3.9)

n
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where & = X + ky — L;Kt, n= —412u —4K2u+1+ 22 4 lzkz, Ak, o, rand p
are arbitrary constants.

Substituting (3.8) into (2.4), we get three types of traveling wave solutions of
(2 +1) -dimensional BBM equation.

Case 1. When 22 — 4% > 0, C;, C, = 0, then

2
o1 1
3(12 + kz)(}@ — ap) C Slnh§\/k2 —4ug +C, cosh—\/k2 —4ug

2
(X, y, t) =
il C, cosh %\/xz — 4pE + Cysinh %\/xz —4pg

B 4K2|.,L k0 -2 4 412u
n y

where C,, C, are two arbitrary constants.

When A2 =41 >0, C; =0, C, # 0, then

2, 2\(2 2
uy(x, y, t) = 30~ + K_)n(}‘ — 4w (coth%\/k2 - 4p§)

B 4K2u — k2 -2 + 412p .
n
When 3% —4p >0, C; =0, C, =0, then

2, 22 2
us(x, y, t) = 307 + K_)n(k — 4 (tanh%\/xz - 4%)

_ 4K2p. G T 412p.
- .

Case 2. When 22 — 4u < 0, C;, C, # 0, then
2
2 2 192 —Clsinl\/4p—x2§+cz cosix/4u—x2§
W% Y, 1) = 3(1" + k%) (4n — 417) 2 2
il Clcos%w/4u—x2§+cz sin%wMu—ng

B 4K2u — k22 -2 412;,1
; .
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When A2 =411 <0, C; =0, C, # 0, then
2,2 a2 2
o .0 - 3L 1y 5

B 4K2}J. N T 412u
. .

When A% =411 <0, C; # 0, C, = 0, then

2 2 2 2
Ug(% v, 1) = 3( +k_)1§4u—7» )(—tan% ,4H—7v2§)

B 4K2u — k22 -2 412;,1
N .

Case 3. When 2% — 4u =0, then

12(:2 + kz)( C, )2
uz(x, y, t) =
706y, ) -n Cp+C8
B 4K2|,1 kA2 92 + 412p
- .
Example 2.

2, .2 2,2 2 4 ?
:12(1 +K),a12127\,(l +K)’aO:12H(1 +K),® LK (3.9)
p p P ¢

ap

Therefore, substituting (3.9) to (3.4), we obtain that

1202 + K2>(gj2 M(G) L) g

ue) == G p G p

where & = X + ky + l;Kt, p= —412},[—4K2},L—l+ 222 +1%2, A,k o, tand n

are arbitrary constants.

Substituting (3.10) into (2.4), we get three types of traveling wave solutions of
(2 +1) -dimensional BBM equation.
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Case 1. When 22 — 4% > 0, C;, C, = 0, then

1 1 /2
3(1 Tk )(;LZ 4y) Cysinh = > VA2 —ape + C, cosh §\M 4p§

u(x, y, t) = 15 TS
C, cosh §\M —4ug + C, sinh §\M —4ug

L (@2 - 32) (k% +1%)
p

where C;, C, are two arbitrary constants.

When 3% —4p > 0,C; =0, C, # 0, then
2, 2y(2 2
Up(x, y, 1) = LFK 1)3(% 4) (coth%\/xz - 4@)

L (20— 32) (k2 +1%)
; .

When A2 =41 >0, C; # 0, C, = 0, then

2,2 2 2
us(x, y, t) = 30° +k 2)(4“ — 2 )(tanh%\/xz - 4p§)

. (12u — 33%) (12 +12)_
p

Case 2. When 22 — 4u < 0, C;, C, # 0, then

1 2 1 2 2
3(12+k2)(4“_x2) —Clsln§\/4p—k E+Cy cosE 4u - A&
p Clcos%wMu—x2§+Czsin%w/4u—x2§

. (12u - 30%) (k2 +12).
p

Ug(x, y, t) =

When 3% —4p <0, C, =0, C, = 0, then

2 2 2
Us(%, . 1) = 3% +k 2)(4}4—7» )(cot% ,4M—7u2§)2

, (2 - 32 (k2 + 12)_
p
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When A2 =411 <0, C; # 0, C, = 0, then

2 2 2
Us(%, v, 1) = 35 +k [)3(411—% )(—tan% ’4u—k2§)2

. (12u — 332) (12 +l2)_
p

Case 3. When 2% — 4u = 0, then

Uy (K, Y, 1) = 12(:% + Kz)( C, jz

P CL+C¢

L @2 - 32 (k% + 12)'
p

4. Conclusions

In summary, a generalized-expansion method is proposed to obtain more
general exact solutions of nonlinear evolution equations. By using the proposed
method, we have successfully obtained exact solutions with parameters of the
(2 +1)-dimensional BBM equation with variable coefficients. These solutions

extend or improve the corresponding ones in [13]. So the-expansion method is
direct, concise and effective.
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