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Abstract 

In this article, the author obtained new generalizations of Ostrowski-type 
inequalities for differentiable s-convex, m-convex and ( )ms, -convex 

mappings. 

1. Introduction 

In recent years many authors have established error estimations for the 
Simpson’s inequality and Ostrowski inequality; for refinements, counterparts, 
generalizations and new Ostrowski-type inequalities, see [4, 7, 10, 16, 17]. 

For ( ]1,0∈s  and [ ],1,0∈m  [ ) RI →∞⊂ ,0:f  is said to be a ( )ms, -

convex mapping on I  if 

 ( )( ) ( ) ( ) ( ),11 yftmxftytmtxf ss −+≤−+  (1) 

for all I∈yx,  and [ ] .1,0∈t  [1, 2, 5, 8, 12, 13, 14]. 

In (1), if we let ,1== sm  [ ) RI →∞⊂ ,0:f  is said to be a convex 
mapping on ,I  [1, 2, 6, 7, 14]. 
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In (1), if we let ,1=m  [ ) RI →∞⊂ ,0:f  is said to be a s-convex mapping 

in the second sense on ,I  and if we let ,1=s  [ ) RI →∞⊂ ,0:f  is said to be a 

m-convex mapping on .I  

In (1), if we let ,0=m  [ ) RI →∞⊂ ,0:f is said to be a s-starshaped 

mapping on ,I  [1, 2, 6, 7, 14]. 

For [ ],1,0∈α  [ )∞→ ,0: If  is said to be a ( )m,α -convex mapping on I  if 

( )( ) ( ) ( ) ( ),11 yftmxftytmtxf αα −+≤−+  (2) 

for all I∈yx,  and [ ],1,0∈t  [10, 11]. 

Denote the sets of convex, s-convex in the second sense, m-convex, ( )m,α - 

convex, ( )ms, -convex and s-starshaped mappings on [ ]ba,  by [ ] [ ],,,, 2 baKbaK s  

[ ] [ ] [ ]baKbaKbaK msmm ,,,,, 2
,

α  and [ ],, baSs
∗  respectively, [15]. 

Dragomir in [3] pointed out some recent developments on Simpson’s inequality 
for which the remainder is expressed in terms of lower derivatives than the fourth. 

In [5, 6, 12, 14], Dragomir et al. proved a variant of Hermit-Hadamard’s 
inequality for s-convex functions in second sense. 

Theorem 1.1. For 0, I∈ba  with ,ba <  if [ ) RI →∞⊂ ,0:f  is in 

[ ]baKs ,2  for some fixed ( ]1,0∈s  and [ ]( ),,1 baLf ∈  then the following 

inequality holds: 

( ) ( ) ( )∫ +
+≤

−
≤





 +−

b

a
s

s
bfafdxxfab

baf .1
1

22 1  (3) 

The constant 1
1
+

= sk  is the best possible in the second inequality in (3). 

In [1, 2], Alomari et al. proved the following inequality of Ostrowski type for 
mappings whose derivative in absolute value are s-convex in the second sense. 

In [1, 2, 6] some inequalities of Hermite-Hadamard type for differentiable 
convex mappings are presented as follows: 
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Theorem 1.2. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on ,0I  

where I∈ba,  with ,ba <  and let 1>p  with .111 =+ qp  If [ ],, baKf q ∈′  

then the following inequality holds: 

( )∫ 




 +−

−

b

a

bafdxxfab 2
1  

[( ( ) ( ) ) ( ( ) ( ) ) ].331
4

16
11

1

qqqqqqp bfafbfafp
ab ′+′+′+′







+
−≤  (4) 

In [7, 9, 12, 13, 15], Kirmaci establish a more general result related to this 
theorem. 

In [10, 11], Pečarić et al. proved a variant of Hermit-Hadamard’s inequality for 
s-convex and ( )m,α -convex functions. 

Theorem 1.3. Suppose that [ ) RI →∞⊂ ,0:f  is in [ ]baKm ,  with ( ],1,0∈m  

where I∈ba,  with .ba <  If [ ]( ),,1 baLf ∈  then the following inequality holds: 

( )
( ) ( )

∫ 













 




+





+

≤
−

b

a

m
amfbfm

bmfaf
dxxfab .2,2min1  (5) 

For recent results and generalizations concerning Hermit-Hadamard’s 
inequality, see [1, 8, 9] and [12]. The aim of this article is to establish Ostrowski 
type inequalities based on ( )ms, -convexity. 

2. Ostrowski Type Inequalities for ( )ms, -convex Mappings 

To begin with, we begin the following lemma: 

Lemma 1. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on 0I  such 

that [ ]( ) ,,1 baLf ∈′  where I∈ba,  with .ba <  Then the following equality holds: 

 ( ) ( ) ( ) ( ) ( )( )∫ ∫ −+′−=
−

−
b

a
dtattbftpabduufabxf

1

0
,11  (6) 
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where ( )














−
−∈−







−
−∈

= .
1,,1

,0,

ab
axtt

ab
axtt

tp  

Theorem 2.1. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on 0I  such 

that [ ]( ) ,,1 baLf ∈′  where I∈ba,  with .ba <  If [ ]baKf ms ,2
,∈′  for some fixed 

( ],1,0, ∈ms  then one has the inequality: 

( )
( ) ( )

.1,1min1 ∫ 















+

+






+






+

≤
−

b

a s

afm
bmf

s
m
amfbf

duufab  (7) 

Proof. By the properties of ( )ms, -convex mappings, for any [ ]1,0∈t  we 

obtain the following inequalities: for ,, I∈yx  

 ( )( ) ( ) ( ) ,11 





−+≤−+

m
yftmxftyttxf ss  (8) 

for all [ ].1,0∈t  By integrating (8) on [ ]1,0  this is proved. 

Theorem 2.2. For I∈ba,  with ba <≤0  if a mapping [ ) RI →∞⊂ ,0:f  

is in [ ]baK ms ,2
,  for some fixed ( ],1,0, ∈ms  then one has the inequality: 

( )∫ 



 





+

−

b

a
dxm

xmfxfab
1  

( ) ( ) .22221
1 222










































+








+














 




+







+




 +

+
≤ m

bf
m
af

mm
bfm

af
mbfaf

s  

Proof. By the properties of ( )ms, -convex mappings, for any [ ]1,0∈t  we 

obtain the following inequalities: 

( )
( )

s

ss m
ymfxf

m
yfmxfyxf

22
1

2
1

2







+

=













+






≤






 +  
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or 

( )
( )

.
22

1
2
1

2 s

ss yfm
xmf

yfm
xfmyxf

+






=




+











≤





 +  

By choosing ( )bttax −+= 1  and ( ) ,1 tbaty +−=  and integrating the result 

over [ ],1,0∈t  we get: 

( )

∫ ∫





+

−
≤





 +1

0
,

2
1

2
b

a s dxm
xmfxf

ab
baf  

which implies that: 

 ( )
( )

∫ +







+





 





+





+

≤




 





+

−

b

a s
m
bfmm

bfm
afmaf

dxm
xmfxfab .1

1 2
2

 (9) 

By Theorem 2.1, analogously we also have: 

( )
( )

∫ +







+





 





+





+

≤




 +







−

b

a s
m
afmm

bfm
afmbf

dxxfm
xmfab .1

1 2
2

 (10) 

By (9) and (10), we have: 

( )∫ 




 





+

−

b

a
dxm

xmfxfab
1  

( ) ( )

( ) .12

2 22
2

+















+






+





 





+





++

≤ s
m
bf

m
afmm

bfm
afmbfaf

 

Corollary 1. In Theorem 2.2, if we choose ,1=m  then 

( ) ( ) ( )∫ +
+≤

−

b

a s
bfafdxxfab ,1

1  

which implies the second inequality of Theorem 1.1. 

Theorem 2.3. Suppose that [ ) RI →∞⊂ ,0:f  is in [ ]( )bamL ,1∈  for 

( ]1,0∈m  and ba,  with .0 ba <≤  If [ ]baKf ms ,2
,∈  for some fixed ( ],1,0∈s  



JAEKEUN PARK 

 

162 

then we have the inequality: 

( ) ( ) ( ) ( ) ( )[ ]∫ ∫ +
++≤

−
+

−

mb

a

b

ma s
bfafmdxxfmabdxxfamb .1

111  (11) 

Proof. By the ( )ms, -convexity of f we can write: for all [ ]1,0∈t  and ba,  as 

above, 

( )( ) ( ) ( ) ( ),11 bftmaftbtmtaf ss −+≤−+  

( )( ) ( ) ( ) ( ).11 bfmtaftmtbatf ss +−≤+−  (12) 

By adding the above inequalities (12) side by side and integrating over 
[ ],1,0∈t  (11) is proved. 

Remark 1. In Theorem 2.3, if we choose ,1=m  then we obtain the result of 

the right side of Theorem 1.1. 

Theorem 2.4. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on 0I  such 

that [ ]( ) ,,1 baLf ∈′  where I∈ba,  with .ba <  If [ ]baKf ms ,2
,∈′  for some 

fixed ( ),1,0, ∈ms  then the following inequalities hold: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( ) ( ) ,,min 1111 



 ′ν+





′µ





′ν+′µ−≤ afm

bfmm
afmbfab  

where 

,212
111

1 21
1
















−
−−

+
−
















−
−−

+
=µ

++ ss

ab
ax

sab
ax

s  

.212
111

1 21
1
















−
−−

+
−
















−
−−

+
=ν

++ ss

ab
xb

sab
xb

s  

Proof. By Lemma 1 and the properties of ( )ms, -convex mappings, for any 

[ ]1,0∈t  we obtain the following inequalities: 
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( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( ) ( )






−





′+′−≤ ∫ ∫−

−
−
−

+ab
ax

ab
ax

ss dtttm
afmdttbfab

0 0
1 1  

( ) ( ) ( ) 



−





′+−′+ ∫ ∫

−
−

−
−

+1 1 111
ab
ax

ab
ax

ss dtt
m
afmdtttbf  

( ) ( )



′
























−
−−

+
−















−
−−

+
−≤

++
bf

ab
ax

sab
ax

s
ab

ss 21
21

2
11

1
1  

.21
2

11
1

1 21









′
























−
−−

+
−















−
−−

+
+

++

m
afm

ab
xb

sab
xb

s

ss
 

Analogously, we have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) 








′
























−
−−

+
−















−
−−

+
−≤

++

m
bfmab

ax
sab

ax
sab

ss 21
212

111
1  

( ) .212
111

1 21




′
























−
−−

+
−















−
−−

+
+

++
afab

xb
sab

xb
s

ss
 

 By Theorem 1.4, this is proved. 

Corollary 2. In Theorem 2.4, if we choose 2
bax +=  and ,1=m  then we 

have: 

( ) ( ) .2
1121

1
1

1
1 ν=













−

++
=µ

+s

ss  

Hence 

( )∫−
−





 + b

a
dxxfab

baf 1
2  
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( ) ( ) ( ) ( ) ( )( ).21
2
11

1

bfafssab

s

′+′
++














−

−≤

+

 

Especially, additionally if ,1=s  then we obtain: 

( ) ( ) ( ) .44
1

2 



 ′+′−≤

−
−





 + ∫ bfafabdxxfab

baf
b

a
 

Theorem 2.5. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on 0I  such 

that [ ]( ) ,,1 baLf ∈′  where I∈ba,  with .ba <  If [ ]baKf ms
q ,2

,∈′  for some 

fixed ( ]1,0, ∈ms  and 1>p  with ,111 =+ qp  then the following inequalities hold: 

( ) ( )
( ) ( )

{ },,min
11

1
2211 νµ

++

−≤
−

− ∫
qp

b

a sp

abduufabxf  

where 

( )
qqs

q
sp

p

m
afab

xbmbfab
ax

ab
ax

1
111

2 1













′















−
−−+′







−
−








−
−=µ

+++

 

( ) ,1

1
111

qqs
q

sp
p

m
afab

xbmbfab
ax

ab
xb














′















−
−+′















−
−−







−
−+

+++

 

( )
qq

sqsp
p

afab
xb

m
bfmab

ax
ab
ax

1
111

2 1








′














−
−−+





′







−
−








−
−=ν

+++

 

( ) .1

1
111

qq
sqs

p
p

af
ab
xb

m
bfm

ab
ax

ab
xb









′














−
−+





′















−
−−







−
−+

+++

 

Proof. By Lemma 1 and the properties of ( )ms, -convex mappings, for any 

[ ]1,0∈t  we obtain the following inequalities: 

( ) ( )∫−
−

b

a
duufabxf 1  
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( ) ( )( )























−+′














−≤ ∫∫ −

−
−
− q

ab
ax

q
p

ab
ax

p dtattbfdttab

1

0

1

0
1  

( ) ( )( ) ,11

1
1

1
1

















−+′








−+ ∫∫

−
−

−
−

q

ab
ax

qp

ab
ax

p dtattbfdtt  

( ) ( )
( )












′






−
−








−
−

++

−≤
++

q
sp

p

qp

bfab
ax

ab
ax

sp

ab 11

11
11

 

qqs

m
afab

xbm

1
1

1









′















−
−−+

+
 

( ) .1

1
111






















′







−
−+′















−
−−







−
−+

+++
qqs

q
sp

p

m
afab

xbmbfab
ax

ab
xb  

Analogously, also we have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( )
















′







−
−








−
−

++

−≤
++ qsp

p

qp
m
bfmab

ax
ab
ax

sp

ab 11

11
11

 

( )
qq

s
afab

xb
1

1
1





′














−
−−+

+
 

( ) ,1

1
111

















′














−
−+





′















−
−−







−
−+

+++
qq

sqs
p

p

af
ab
xb

m
bfm

ab
ax

ab
xb  

which completes the proof by Theorem 2.1. 

Remark 2. In Theorem 2.5, if we choose 2
bax +=  and ,1== ms  then we 

get Theorem 1.3: 
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( ) ( )∫−
−

b

a
duufabxf 1  

[{ ( ) ( ) } { ( ) ( ) } ].331
4

16
11

1

qqqqqqp bfafbfafp
ab ′+′+′+′







+




 −≤  

Theorem 2.6. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on an 

interior 0I  of I  such that [ ]( ) ,,1 baLf ∈′  where I∈ba,  with .ba <  If qf ′  

[ ]baK ms ,2
,∈  for some fixed ( ]1,0, ∈ms  and 1>q  with ,111 =+ qp  then for 

each [ ]bax ,∈  the following inequality holds: 

( ) ( )∫−
−

b

a
duufabxf 1  

( )

ppp
p

p
ab
xb

ab
ax

p

ab

1
11

1
1 


















−
−+







−
−

+

−≤
++

 

( ) ( )
.1,1min

11













































+

′+




′



















+






′+′

×

qq
qqq

q

s

afm
bfm

s
m
afmbf

 

Proof. By Lemma 1 and the properties of m-convexity, we have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( ) ( )( ) .1

1
1

0

1
1

0

qqpp dtattbfdttpab 







−+′








−≤ ∫∫  (13) 

Since qf ′  is ( )ms, -convex, we have: 

( )( ) ( ) .1
11

1

0∫ 












′+′

+
≤−+′

q
qq

m
afbfsdtattbf  (14) 
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By using (13) and (14), we have 

( ) ( )∫−
−

b

a
duufabxf 1  

( )

( )
.1

1

1
1

11

1

qq
q

ppp

p
s

m
afbf

ab
xb

ab
ax

p

ab



















+






′+′
















−
−+







−
−

+

−≤
++

 (15) 

Analogously, we also have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( )

( )
,1

1

1
1

11

1

qq
q

ppp

p
s

afm
bfm

ab
xb

ab
ax

p

ab



















+

′+




′
















−
−+







−
−

+

−≤
++

 (16) 

which completes the proof by (13)-(16) and Theorem 2.1. 

Corollary 3. Under assumptions in Theorem 2.6 with 2== qp  and ,1=m  

we have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( ) .1
234

1

3

2
1

22
2
1

2

2
1 











+

′+′



































−

+−
+−≤ s

bfaf
ab

baxab  

In addition, if we choose 2
bax +=  and ,1=s  then we obtain the following 

midpoint inequality: 

( ) ( ) ( ) .62
1

2
2
1

22










 ′+′−≤
−

−




 + ∫ bfafabdxxfab

baf
b

a
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Theorem 2.7. Let [ ) RI →∞⊂ ,0:f  be a differentiable mapping on an 

interior 0I  of I  such that [ ]( ) ,,1 baLf ∈′  where I∈ba,  with .ba <  If qf ′  

[ ]baK ms ,2
,∈  for some fixed ( ]1,0, ∈ms  and 1≥q  with ,111 =+ qp  then for 

each [ ]bax ,∈  the following inequality holds: 

( ) ( )∫−
−

b

a
dxxfabxf 1  

( ) ( )





















′ν+′µ







−
−






−≤

qq
qpp

m
afmbfab

axab

1

33

21

min2
1  

( ) 








′µ







−
−














′µ+′ν







−
−+

qpqq
qp

m
bfmab

ax
m
afmbfab

xb
3

21

33

2

,  

( ) ( ) ,

1

33

21

3
















′µ+





′ν







−
−+

′ν+
qq

qpqq afmm
bfmab

xbafm  

where 

,12
1 2

3 







−







−
−

+
=µ

+s

ab
ax

s  

.11
112

1 12
3 















−
−−

+
+








−







−
−

+
=ν

++ ss

ab
ax

sab
ax

s  

Proof. By Lemma 1 and using the power mean inequality, we have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( )( )























−+′














−≤ ∫∫ −

−
−
− q

ab
ax

q
p

ab
ax

dtattbfttdtab

1

0

1

0
1  

( ) ( ) ( )( ) .111

1
1

1
1 q

ab
ax

q
p

ab
ax dtattbftdtt














−+′−














−+ ∫∫

−
−

−
−  (17) 
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By (17) and the ( )ms, -convexity ,qf ′  we also have 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) ( )



′
















−
−

+






−
−






−≤

+
q

sp bfab
xb

spab
axab

21

2
12

2
1  

qqss

m
afab

ax
sab

xb
s

1
21

12
111

1









′

















−







−
−

+
+















−
−−

+
+

++
 

( ) 








+
+















−
−−

+






−
−






−+

+

2
11

1
12

2
1 11

sab
ax

spab
xbab

s
p  

( ) ( ) .2
11

1
22 qq

s
q

s
bfab

xb
sbfab

ax




′
















−
−

+
+′












−







−
−×

++
 (18) 

Analogously, also we have: 

( ) ( )∫−
−

b

a
duufabxf 1  

( ) 








′
















−
−

+






−
−






−≤

+ qsp
m
bfmab

xb
spab

axab
21

2
12

2
1  

( )
qq

ss
afab

ax
sab

xb
s

1
21

12
111

1




′

















−







−
−

+
+















−
−−

+
+

++
 

( ) 








+
+















−
−−

+






−
−






−+

+

2
111

12
2
1 11

sab
ax

spab
xbab

sp  

( ) ,2
11

1
22 qq

sqs
bfab

xb
sm

bfmab
ax





′
















−
−

+
+





′












−







−
−×

++
 (19) 

which completes the proof by (18), (19) and Theorem 2.3. 
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Corollary 4. In Theorem 2.7, if we let ,2
bax +=  then 

( ) ( )∫−
−

b

a
duufabxf 1  

( )( ) ( ) ( ) ( )





















′×−−+′+







++
−≤ +

−
qq

sqq
s

m
afmsbfsss

ab
1

3
1

321min21
128  

( ) ( ) ( ) ,132

1

3 qq
qs

m
afsbfms 













′++′−−+ +  

( ) ( ) ( )
qqs

q
afsm

bfms

1

3 321 



′−−+





′+ +  

( ) ( ) ( ) .132

1

3

















′++





′−−+ + qq

q
s afsm

bfms  
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