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Abstract

In this article, the author obtained new generalizations of Ostrowski-type
inequalities for differentiable s-convex, m-convex and (s, m)-convex

mappings.
1. Introduction

In recent years many authors have established error estimations for the
Simpson’s inequality and Ostrowski inequality; for refinements, counterparts,
generalizations and new Ostrowski-type inequalities, see [4, 7, 10, 16, 17].

For se (0,1 and me[0,1], f:1< [0, ) —> R is said to be a (s, m)-
convex mapping on T if
fitx+mL—-t)y) <t>fF(x)+m@-1)° f(y), (1)
forall x, ye T and t €[0,1]. [1, 2,5, 8, 12, 13, 14].
In (1), if we let m=s=1 f:Ic[0, o)—> R is said to be a convex

mapping on 1, [1, 2, 6, 7, 14].
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In (1), ifwelet m=1, f:1c[0,0)— R is said to be a s-convex mapping
in the second sense on I, and if we let s =1, f:1 < [0, ©) - R is said to be a

m-convex mapping on 1.
In (1), if we let m=0, f:1c]0,0)— Ris said to be a s-starshaped

mapping on L, [1,2,6,7, 14].

For a €[0,1], f: 1 — [0, o) is said to be a (o, m)-convex mapping on 1 if

flox+m(l=1)y) <t%f(x)+m(1-1%) (), 2)
forall x, y e I and ¢ € [0, 1], [10, 11].

Denote the sets of convex, s-convex in the second sense, m-convex, (o, m)-
convex, (s, m)-convex and s-starshaped mappings on [a, b] by K[a, b], K2[a, b],
K,la, b], Kxla, b], Ksz,m[a, b] and S;[a, b], respectively, [15].

Dragomir in [3] pointed out some recent developments on Simpson’s inequality
for which the remainder is expressed in terms of lower derivatives than the fourth.

In [5, 6, 12, 14], Dragomir et al. proved a variant of Hermit-Hadamard’s

inequality for s-convex functions in second sense.

Theorem 1.1. For a,bel’ with a<b, if f:1c[0,0) >R is in

K2[a, b] for some fixed se (0,1 and f e L'(a, b)), then the following
inequality holds:

b
R

The constant k& = p }_ I is the best possible in the second inequality in (3).

In [1, 2], Alomari et al. proved the following inequality of Ostrowski type for
mappings whose derivative in absolute value are s-convex in the second sense.

In [1, 2, 6] some inequalities of Hermite-Hadamard type for differentiable

convex mappings are presented as follows:
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Theorem 1.2. Let f :1 c [0, ©) - R be a differentiable mapping on HO,
where a, b el with a <b, and let p > 1 with %4—5: L If | f'7 € Kla, b],

then the following inequality holds:

e 232

1

cbh=—al 4 Yoy ey AN "o\ AN
<2 (S @I 3 @0+ @ SO @

In [7, 9, 12, 13, 15], Kirmaci establish a more general result related to this

theorem.

In [10, 11], Pecari¢ et al. proved a variant of Hermit-Hadamard’s inequality for

s-convex and (o, m)-convex functions.

Theorem 1.3. Suppose that f:1<[0,0)— R isin K, [a, b] with m € (0, 1],
where a, b e T with a < b. If f e L'([a, b)), then the following inequality holds:

ﬁj.bf(x)dx < min 1@ +2mf(%) , o +2mf(%j . )

a

For recent results and generalizations concerning Hermit-Hadamard’s
inequality, see [1, 8, 9] and [12]. The aim of this article is to establish Ostrowski

type inequalities based on (s, m)-convexity.
2. Ostrowski Type Inequalities for (s, m)-convex Mappings

To begin with, we begin the following lemma:

Lemma 1. Let f :1 c [0, ©) - R be a differentiable mapping on 1% such

that ' e I'([a, b]), where a, b € T with a < b. Then the following equality holds:

b :
)= | fudu =@ -a) p0)7 @+ -Da)ar©
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‘ te[O,x_a]

b-a
where p(t) = - .
(-1, te(;;__a,q

Theorem 2.1. Let f : 1 < [0, ©) = R be a differentiable mapping on 1° such
that ' e L'([a, b)), where a, b e 1 with a <b. If f' e Kim[a, b] for some fixed

s, m € (0, 1], then one has the inequality:

o)+ (L) (2] fla)

B

1 J.bf(u)du < min (7

b-al, s+1 s+1

Proof. By the properties of (s, m)-convex mappings, for any ¢ € [0, 1] we

obtain the following inequalities: for x, y € I,

Fle (= 0)) = )+ m1 =0 1 2, ®

for all ¢ € [0, 1]. By integrating (8) on [0, 1] this is proved.

Theorem 2.2. For a, b € 1 with 0 < a < b ifamapping f :1c [0, ©) > R

is in Ksz,m[a, b] for some fixed s, m € (0, 1], then one has the inequality:

o2l

< Ll (L@ 10, 5, ) 15)

T s+

Proof. By the properties of (s, m)-convex mappings, for any ¢ € [0, 1] we

obtain the following inequalities:

Rk (2]

AE52)(3 rofd (2)- 22
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or

A3 ) (3 - ZEL L

By choosing x =ta+(1—1)b and y =(1—¢)a+th, and integrating the result

over ¢ € [0, 1], we get:

100+ mf( )

1
a+b 1
Iof(Z)Sb—aL T

which implies that:

N O LA Ul

b-a s+1

©)

By Theorem 2.1, analogously we also have:

a b a
| b (’"f (%j + f(x)) dx < o m(f(z) ’ f(WD o (F) (10)

b—a s+1

By (9) and (10), we have:

stz

1 s () () () )

a 2(s +1)

Corollary 1. In Theorem 2.2, if we choose m =1, then
1 b f(a) + f(b)
R, < ST - J N7

b Ja f(x)dx < T S

which implies the second inequality of Theorem 1.1.
Theorem 2.3. Suppose that f :1c[0,0)—> R is in € L/([am, b]) for

me (0,1 and a, b with 0<a<b. If f e Ksz’m[a, b] for some fixed s € (0, 1],
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then we have the inequality:

I J;"bf(x)dx+ ! J.:af(x)dxs(m+1)[f(a)+f(b)]. (11)

mb — a b —ma s+1

Proof. By the (s, m)-convexity of fwe can write: for all ¢ € [0, 1] and a, b as

above,
f(ta +m(1 = £)b) < ¢* f(a)+m(l —£)° f(b),

f((1=¢t)a + mth) < (1-1t)° f(a)+ mt® f(b). (12)

By adding the above inequalities (12) side by side and integrating over
t €0, 1], (11) is proved.

Remark 1. In Theorem 2.3, if we choose m =1, then we obtain the result of

the right side of Theorem 1.1.

Theorem 2.4. Let [ : 1 < [0, ©) = R be a differentiable mapping on 1° such
that [ e I'((a, b)), where a,b el with a<b. If | f'] Kim[a, b] for some

fixed s, m € (0, 1), then the following inequalities hold.

- [ s

(e

()

< (b~ ayminfyu| £(0)] + vy +l fa)l.

where

—_

1 x_as+1 1 Y—a s+2
M= 1_(b—a) ) 1_2(b—a) ’

1 b_xs+l 1 b_xs+2
Vl_s+l{1_(b—aj }_s+2{1_2(b—aj '

Proof. By Lemma 1 and the properties of (s, m)-convex mappings, for any

t € [0, 1] we obtain the following inequalities:
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‘f(x)—ﬁ [

<(b- a)@ 1) |J‘O;’C;Zts+ldt ; m‘ f(%) U();’C;Zt(l —Ydr

+ | f'(b) |J‘)1;;a (1- t)tsdt + m‘ f’(%) J.l;a (1- t)SHdt}
b—a

b—a

et = B et (o =) I A
" {s i 1 (l - (Z - 2)“1} s i 2 (l - 2(53 = zjﬁzj}m‘ f(%) }

Analogously, we have:

‘f(x)—ﬁjjf(“)d”
co-al (- (222)")- - oz=2) 7 ol r(2)
+{ﬁ(l_(lg:zjs+1]_Siz(l—Z(Z:QS”J}U'(&)@.

By Theorem 1.4, this is proved.

Corollary 2. In Theorem 2.4, if we choose x = 9D nd m = 1, then we

2

w3 )

have:

Hence

a

(4505t s
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ool

mq f(@)]+]f'®)).

Especially, additionally if s = 1, then we obtain:
a+b 1 b
‘f( )5 | rwas

Theorem 2.5. Let f : 1 < [0, ©) = R be a differentiable mapping on 1° such

S b;a {lf’(a)|1|f'(b)|}

that f' e L'((a, b)), where a, b el with a <b. If | f'| € K2 ,,[a, b] for some

fixed s, m € (0,1] and p > 1 with 1 +% =1, then the following inequalities hold.

b—a .
< T T min{u,, v, },
(p+1)p(s+1)g

- [ rtaa

where

p+l1

2] s o () )

e o

=) A (-
(P () Y

Proof. By Lemma 1 and the properties of (s, m)-convex mappings, for any
t € [0, 1] we obtain the following inequalities:

- [ rta
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I 1
< (b-a) “()Z’Tat”dt]p{job:| F1(eb + (1= 1)a) |thJq
1 1

+Ui_a(1—t)pdtJ;Ui_a|f’(tb+(1—t)a)|thJ; ,
b—a

b—a
p+1

< —2r* (Z:ZJT{[;C:Z]le'(b)Iq

- 1 1
(p+Dp(s+1)q
1
‘]}q

eafi- (222" (2)

() () o en(2) 7 f2)

Analogously, also we have:

1@ 5[

p+l
< b-a (x—aT x—aj”l
< m
1 1 \b-a b—a
(p+1)p(s+1)g

+[l—(’;:§)3+l]|f'<a>|q}%
R EENG

which completes the proof by Theorem 2.1.

Remark 2. In Theorem 2.5, if we choose x = ath

get Theorem 1.3:

165

() o]

and s = m =1, then we
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‘f(ﬂ—ﬁ jjf(u)du

1

= (bfaa)(pi JEM F@F +3 7O + B @I+ 6]

Theorem 2.6. Let f:1c [0, 0) > R be a differentiable mapping on an

interior 1° of 1 such that f' e LN[a, b)), where a, b el with a <b. If | £
€ Ksz,m[a, b] for some fixed s, m € (0,1] and q >1 with %+é =1, then for

each x € [a, b] the following inequality holds:

‘ S -1 jb f(w)du

< _b-a (x—a)7+(b—xjp+l
b—-a b—-a

(e

1l 1
@ sl (D" [l L)) @ |

s+1 s+1

X min

Proof. By Lemma | and the properties of m-convexity, we have:

- [ rta

1 1
<(b- “)Uoll p(z)|Pdtj”UO1| Fi(eb + (1 t)a)|thjq. (13)

Since | f'|? is (s, m)-convex, we have:

1
s+1

J.Ol|f’(tb+(l —t)a)|ldrt < {| )7+

]
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By using (13) and (14), we have

f()- b%jb f(w)du

Q| —

q

e fiep oz PP

(D

Analogously, we also have:

-5 [ s

b-a {(x— aJPH +(b_x)p+l}% m‘ f’(%j ! +| f'(a) ] i

- 1 \b-a b-a s+1 ’ (16)
(p+1)p

which completes the proof by (13)-(16) and Theorem 2.1.

Corollary 3. Under assumptions in Theorem 2.6 with p = q =2 and m =1,
we have:

‘f(ﬂ—ﬁ [ rwa

1
_a+b 2|2 ) ) 1
P [If’(a)l +/®)] }2.

s +1

o +
In addition, if we choose x = atbh

and s =1, then we obtain the following

midpoint inequality:

‘f(“g”)—ﬁjjf(x)dx

1
b-a (If’(a)lz | /() |2]2
<2 : .
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Theorem 2.7. Let f :1 < [0, %) > R be a differentiable mapping on an

interior 1° of 1 such that ' e L'([a, b]), where a, b el with a <b. If | £

€ Ksz,m[a, b] for some fixed s, m € (0,1] and q >1 with %+é =1, then for

each x € [a, b] the following inequality holds:

- [ e

1 2 1

<(b- a)@z min (Z - Zﬂpﬂ SO+ wm‘ f(%j qr
. 1

+(2=2 ﬂvgl 7O + s 7{L) H"» = Z)%[ugm\ (%)
1 2 1

cvnl @ (3227 vt st [

B

1 s+2
_ xX—a -1
H3 s+2[(b—a) j’
ve = 1 (x—a s+2 _1 . 1 1_(x_ajs+l
37 s+21b—a s+1 b-a )

Proof. By Lemma | and using the power mean inequality, we have:

q

where

- [ s

I 1
<(b-a) [fob‘” tdt}p['[objﬂ Fith+(1- t)a)|th]q

! 1

1 (el q
+(Jﬂ(1—t)dt] Uﬂa—t)|f'(tb+(1—t)a)|th] . a7

b-a b—a
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By (17) and the (s, m)-convexity | /|7, we also have

f)- bfajbf(u)du

< (- %H = }If(b)l"

{l(l )

1

+(b- a)( j (Zb) z) Hsil[l_(z:zyﬂj+si2
1
(G hrer (=) rer] . as

Analogously, also we have:

f(x) -

b
5 i - ‘[a f(u)du

1

so-algf =il )
el (G 1]}|f'<a>|q}é
i e
() stz o] o

which completes the proof by (18), (19) and Theorem 2.3.
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- [ rtaa

b-—a. 4

Corollary 4. In Theorem 2.7, if we let x = a*s

JAEKEUN PARK

> b , then

1-s

+

+

()

1
q:|q

8 27 ((S+1)l(s+2)jmin {(S+1)|f'(b)|q+(2S+3_s_3)Xm

1

9 |q
9

1
q

{(zm “s =3l PO+ )| (L)

ere

q
L s3] @ @

1

q q
+<s+1>|f'<a>|ﬂ |

oo 2
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