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Abstract

It is proved that for every Cl-diffeomorphism f on a closed surface
satisfying Axiom A, if f has the inverse shadowing property, then it

satisfies the Co-transversality condition. Using this fact, we can see that
the inverse shadowing property is not ct -generic. Also, we introduce the

notion of C2 -stable inverse shadowing and show that if f is a C2 -stable
inverse shadowing diffeomorphism on a closed surface, then (i) f is
Kupka-Smale, (ii) f satisfies both Axiom A and the strong transversality

condition if P(f)=Q(f), Ps(f)=Qq(f),and there exists a dominated
splitting on Ps(f).
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1. Introduction

Shadowing properties play important role in the study of dynamical systems. Up
until now, various types of shadowing properties have been introduced and studied.
The weak shadowing property, which was introduced by Corless and Pilyugin in [6]
has been studied by various authors from viewpoints in dynamics for
diffeomorphisms. The inverse shadowing property which is a “dual” notion of
shadowing property was introduced by Corless and Pilyugin in [6], and the
qualitative theory of dynamical systems with the property was developed by various
authors. More precisely,

e  Stability and hyperbolicity via shadowing properties have been studied : see
[2,4,5,7,11, 18, 22, 24, 25, 26, 27, 28].

e The genericity problems related to shadowing properties under
C" -topology have been considered : see [1, 5, 6, 8, 9, 13, 20, 21].

In a remarkable paper of Pujals and Sambarino [22], they proved Palis
conjecture in case of a closed surface as the starting point for solving it. This
represents a step towards the global understanding of dynamics of surface
diffeomorphisms. They have given in Theorem B [22], an information of

hyperbolicity of a compact f-invariant set having a dominant splitting. Recently, they
proved in [23], a Spectral Decomposition Theorem for the limit set L(f) of a

Cz—diffeomorphism f of a compact surface under the assumption of dominated
splitting.

Sakai in [25] has introduced the notion Co-transversality S0 as to characterize

the shadowing property of f of a closed surface, and then in [26], for every

diffeomorphism f satisfying Axiom A, a C?-stable shadowing diffeomorphism f
characterize the strong transversality condition. Finally, he has considered in [28]

structural stability via shadowing property under the C? -robust point of view. In
fact, he has shown that a C?-stable shadowing diffeomorphism f of a closed surface
is Kupka-Smale and, under some additional assumptions, fis structurally stable.

In this paper, we have considered “dual” problem as in the point of inverse

shadowing property which is similar in nature to stability related to the C2-stable
shadowing diffeomorphism f of a closed surface. In Section 2, we introduce the
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notion of inverse shadowing property and show that the inverse shadowing property
is sufficient for C° -transversality at an intersecting point of stable manifold and
unstable manifold, whence the inverse shadowing property is not c! -generic. In
Section 3, we introduce the notion of C” -stable inverse shadowing diffeomorphism

fand prove that a C? -stable inverse shadowing diffeomorphism f of closed surface
is Kupka-Smale and, under some additional assumptions, f satisfies both Axiom A
and the strong transversality condition.

2. C! -Nondensity of Inverse Shadowing

The genericity problems related to shadowing properties under C” -topology
(r = 0) have been studied (see [1, 6, 8, 19, 21]). More precisely, Corless and
Pilyugin [6] have shown that there is a c? -generic set of homeomorphisms having
the weak shadowing property on a compact C” -manifold M. Moreover, Pilyugin

and Plamenevskaya [19] have proved that the usual shadowing property is C 0.

generic in the space of homeomorphisms of topological manifold M endowed with

the C° -topology. But in case of c! -genericity, the same results do not hold any
more. At first Pilyugin and Sakai [21] have shown that the shadowing property is not

C'-dense in Diff'(T?). In higher dimension, Bonatti et al. [1] proved that the
shadowing property is not C'-dense in Diff'(M) with dimM =3. Gan [8]
showed in more weaker situation that the weak shadowing property is ! -generic.

As a dual approach, the genericity problems via inverse shadowing properties
under C” -topology (» > 0) have been considered (see [4, 6, 9, 13, 20, 21]). Mazur
[13] has established the c’ -genericity of strong tolerance stability in the space of

homeomorphisms of a compact smooth manifold M endowed with the C 0 -topology.

The strong tolerance stability implies the 7, -inverse shadowing property, hence the
T, -inverse shadowing property is c? -generic in the space of homeomorphisms of

compact C* -manifold M. The notion of 7, -inverse shadowing property is the

same as that of persistency appeared in [26]. Later KoS$cielniak and Mazur [9] have
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proved in more stronger condition that the 7 -inverse shadowing property is cP-

generic in the space of homeomorphisms of compact C* -manifold M endowed with
the C° -topology under the condition that dim M < 3. Recently, Choi et al. [4] have

shown in more general setting that the first weak inverse shadowing is c? -generic
in the space of homeomorphisms of a compact metric space X with respect to the
class of continuous methods induced by homeomorphisms.

In this section, we show that the inverse shadowing property is sufficient for

c? -transversality at an intersecting point of stable manifold and unstable manifold,

whence the inverse shadowing property is not ! -generic in Diff ! (’]I‘2 ).

Let M be a closed C* -manifold, and Diff” (M )(r > 1) be the space of C” -

diffeomorphisms of M endowed with C” -topology. Let Y be a closed, f-invariant

subset of M. A C! -diffeomorphism f has the inverse shadowing property on Y if
given € > 0 there exists & > 0 such that for any diffeomorphism g with d cl (g, )

< & and any point x € Y, there exists a point y € Y for which d(f"(x), g"(»))
< g, n € Z When Y is the whole space M, f has the inverse shadowing property
(ISP).

Remark 2.1. Choi et al. [5] have introduced the ISP as the notion of the inverse
shadowing property with respect to the class 7 ;. Since the 7 -inverse shadowing
property implies ISP [5], it follows from the result of Kos$cielniak and Mazur [9] that
the ISP is C° -generic in the space of homeomorphisms of a compact C* -manifold

M endowed with the C° -topology under the condition that dim M < 3. Note that
the inverse shadowing property is different from the shadowing property, in general

(31
Let f e Diff'(M) satisfy Axiom A. A hyperbolic set A is called a basic set if
there is a compact neighborhood U of A in M such that m ’ M U)=A, and
ne

f|n has a dense orbit. The non-wandering set of f, Q(f), is a disjoint union of

basic sets A; U---U A;, and the local stable and unstable manifold are denoted by

W;O(x) and Walg (x) (x € Q(f)), respectively for some gy > 0. The stable
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manifold, W*(x), and the unstable manifold, W"(x), of x € Q(f) are defined in a
usual way, and we put W°(A) = UXEA We(x)(c =s,u).

In the following results let M be a surface. The notion of c? -transversality
between stable and unstable manifolds of basic sets A; and A; was introduced in
[25] as follows. If there exists x € W*(A;) NW"(A; \A; U A, then for £ > 0 we
denote by Cg (x) the connected component of x in W°(x) B,(x)(c =5, u), and let
B} (x) and B; (x) be the components of B,\C:(x). Here B.(x)={yeM|d(x,y)
<&}. We say that W*(x) and W"(x) meet C°-transversely at x if dimW°(x) =1
(c=s,u), Bf (x)NCY(x)= D and B; (x) N C¥(x) = D forevery & > 0.

Theorem 2.2. Let A;(i =1,2) be basic sets of c! -diffeomorphism f on a
closed surface satisfying Axiom A, and suppose that x € W*(p) N W"(q¢)\A; U A,

(p e Ay, g € Ny). If f has the inverse shadowing property, then W*(p) and

W (q) meet C°-transversely at x.

Proof. Let A;(i =1,2) be basic sets of f e Diff!(M), and suppose that
xeW (p)NW"(g)\Ay UA,(p € Ay, g € Ay). To obtain a contradiction, let us

assume that f has the inverse shadowing property, but the c? -transversality

condition at x is not satisfied. Since W*(x) and W%(x) do not meet C°-

transversely at x, dim W *(x) = dimW"(x) = 1, and there exists 8, > 0 such that
Bgo (x)N Cgo (x)=@ or Bs (x)N Cgo (x)= 2,

where Cgo (x) = W*(x) N Bs,(x). By using the local chart ([26, Lemma 2]) there
exists 8, > 0 and a C' -diffeomorphism Oy : B, (x) > R? such that
¢x(C5, (x)) = Rx {0} and 9,(x) = (0, 0),

where Cgl (x) = W*(x) N B, (x).
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We deal with only the case Bs(x)(C§(x)=D for 0 <3 < min{d, &;}
satisfying /(¢! (graph(v(=gg, €9)))) = C¥(f~'(x)) (the other case follows in a
similar way). Thus Bg (x) N C§(x) # @. It is easy to see that there exists g5 > 0

and C'-function v : [-gg, £9] = R such that

graph(y) < ¢,(C5(x)) and (0, ¥(0)) = §,(x) = (0, 0).

Moreover, C° -tangency implies y'(0) = 0. It follows from the stable manifold
theorem ([17, Lemma 2.2.20]) that there exists & > 0 satisfying the following
properties:

d(f*(2), f¥(x) <, fork>0=zeCi(x), (1)
d(f*(2), f¥(x)) < e, fork<0= zeCl(x). )
We assume that 0 < & < g is so small that

e there exists a neighborhood U of x such that f k (U) are disjoint for
different k (k = 0),

e B.(x)cU.

Then we find a number d > 0 corresponding to this € > 0 in the definition of
inverse shadowing of /. It is easy to construct a diffeomorphism g coinciding with f

outside the set /~'(U) having d ol (f, g) < d, and such that

g(# 71 (®5' (graph(v(—go, £9)))) N Ci (x) = @.

Assume that there exists z € M such that
d(g¥(z), f¥(x))<e, forkeZ. 3)
Since f*(z) = g¥(z) for k >0,
d(f* (), f¥(x) <e, fork=>0. (4)
From (4) and (1), it follows that z € C§(x). On the other hand, if z' = g~!(z), then

rHi)=gk() fork <o.
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If follows from (3) that
d(f (g7 @), AT @) <6 for k<o, )

From inequalities (5) and (2), z' =g '(z) e C¥(f~'(x)). Therefore, g(z')=
ze g(Cl(f\(x)) and zeCi(x). Since g(CL(f'X)))NCi(x)=D, we
obtain a contradiction. O

Pilyugin, Sakai and Tarakanov [20] showed that in Diff'(T?), there exists an
open subset W of Q-stable diffeomorphisms such that every diffeomorphism f € W

does not satisfy C 0 -transversality condition. Thus, from Theorem 2.2, we have

Proposition 2.3. ISP is not C' -dense in Diff’'(T?).

Remark 2.4. Recently Pilyugin and Sakai [21] proved that for the Axiom A,
c! -diffeomorphism f'on a closed surface, fhas the inverse shadowing property with
respect to a class of continuous method which is stronger than ISP, cP-

transversality condition and shadowing property are mutually equivalent.

Corollary 2.5. ISP is not C*-dense in Diff >(M).

Proof. Let A;(i =1,2) be basic sets of f e Diff>(M), and suppose that
xeW (p)NW"(q)\A UA,(p € Ay, g € Ay). If fhas the ISP, then W*(p) and

W (q) meet C°-transversely at x. If W*(p) and W"(q) meet C°-transversely at
x, then they do not have a non-degenerate tangency at x. Thus, if A is a Newhouse
wild hyperbolic set of f € Diffz(M) [14], and if we put A; = A, = A, then, by
Newhouse’s result and Theorem 2.2, there exists a non-empty C 2 -open set O such

that every g € O does not have the ISP. This means that the ISP is not C? -dense. ]

3. C?-Stable Inverse Shadowing

One of the interesting problems in differentiable dynamics in recent past have
been to study the impact of C” -robustly dynamical properties (r > 1), especially

shadowing and inverse shadowing properties on compact invariant sets. These kinds
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of researches have been used to characterize the stability of a given system and

hyperbolicity on compact invariant subsets of the phase space in C' -robust point of
view (see [2, 5, 11, 12, 18, 20, 24, 27, 29]). On the other hand, hyperbolicity and

stability for surface diffeomorphisms have been studied from c? -robustly
dynamical properties (see [22, 28]). Especially, Sakai [28] has considered structural

stability via shadowing property under C 2 robust point of view. More precisely, he

has proved that a C? -stable shadowing surface diffeomorphism f is Kupka-Smale

and, under some additional assumptions, f'is structurally stable.

In this section, we consider “dual” problem as in the point of inverse shadowing
property which is similar in nature to stability related to the C? -stable shadowing
surface diffeomorphism f. At first, we introduce the notion of C? -stable inverse

shadowing diffeomorphism f and prove that a C 2 stable inverse shadowing
diffeomorphism f of closed surface is Kupka-Smale and, under some additional
assumptions, f'satisfies both Axiom A and the strong transversality condition.

An Axiom A diffeomorphism f satisfies the strong transversality condition if

and only if the stable manifold W*(x, f) and the unstable manifold W"(x, f) are

transversal forall x e M (ie., TW*(x, f)+ TW"(x, f)=T.M).

Definition 3.1. Let f € Diff 2(M ). A diffeomorphism fis C?-stable inverse
shadowing if there is a C?-neighborhood U(f) of fsuch that every g € U(f) has
ISP.

Theorem 3.2. Let f < Diff >(M) satisfy Axiom A. If fis C?-stable inverse
shadowing, then f satisfies the strong transversality condition.

Proof. Suppose that / does not satisfy the strong transversality condition. By
Lemma 2 in [25], there exist & > 0 and a C? -diffeomorphism &, : Bg(x) > R?
such that

o 0,(Ci(x) < v— axis,
b 6x(x) = (07 O),

o T0,0/0x(C5 (x)) = v — axis.
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It is easy to see that there are € > 0 and a C? -function v : [~€, €] & R such that

graph(y) = §,(C5 (x)) and (0, ¥(0)) = §,(x) = (0, 0).
Note that y'(0) = 0. This implies y"(0) = 0. Indeed, if y"(0) = 0, W*(x) and
W"(x) do not meet C°-transversely at x. But this is not true by Theorem 2.2. So we
can see that y'(0) = y"(0) = 0.
If we denote a C?-metric as d 2 then for every &', there exists 0 < ¢ < &'

such that
d 2 (C (x)), (C2(x) < &,

where ¢ (graph(y(~e, €))) = C¥(x). Thus by using a standard procedure, for
every v > 0 and every C2-neighborhood U(f) of f such that every g e U(f)

has the inverse shadowing property, we can construct a C 2 -diffeomorphism J7 c?-

near to f'such that

e [ =fonMB,x),
® Ws(xa 7) N Bv'(x) = Wu(x’ J7) N Bv'(x)a

where 0 < v' < v is sufficiently small. Then ]7 has a C° -tangential point x. By
Theorem 2.2, this is a contradiction since ]7 has the ISP. Therefore, the proof is
completed. O

Denote C” -int(IS(M)) [resp. C” -int(SP(M))] (» > 1) the C" -interior of the set
of all diffeomorphisms in Diff” (M) having the inverse shadowing property [resp.

the shadowing property]. Note that f € c? -int(IS(M)) means that f is C? -stable

inverse shadowing.

Remark 3.3. Let N be an arbitrary n-dimensional smooth manifold. Sakai [24]

proved that every f e C'-int(SP(N)) satisfies strong transversality condition. Choi

et al. [5] proved that fis in C'-int(IS(V)) if and only if fsatisfies both Axiom A
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and the strong transversality condition. So fis in C!-int(IS(N)) if and only if /s in

Cl-int(SP(N)). If fis in Cl-int(IS(N)), then fis in C?-int(IS(N)). We do not
know whether the converse does hold or not. But if the Axiom A condition is added,
then the converse is true as in the following Corollary 3.4. Sakai [26] proved that for

Axiom A C?-diffeomorphism £; if fis in C?-int(SP(N)), then f satisfies the strong

transversality condition.

Corollary 3.4. Let f € Diff >(M) satisfy Axiom A. Then fis C -stable inverse
shadowing if and only if f satisfies the strong transversality condition.
Proof. Let f e Diff>(M) satisfy Axiom A. If f satisfies the strong

transversality condition, then fis in C'-int(IS(M)) by Remark 3.3 and so fis C-

stable inverse shadowing. Next, since the non-wandering set of f'is a disjoint union
of basic sets, the converse holds from Theorem 3.2. ]

Consider the ISP of rotation map f on the circle S' with coordinate x e [0,1)
which is necessary for following Theorems 3.6 and 3.7. We denote r to be the

distance on S' induced by the usual distance on the real line.

Lemma 3.5. Let f be a rotation map on the unit circle st Then f does not have
the ISP.

Proof. To prove this, we divide the following two cases. First we assume that f

is a rational rotation map. Then there exists #n € N such that f” is the identity map

on the unit circle. So " does not have the ISP. Therefore, fdoes not have the ISP.

Secondly, we assume that f'is an irrational rotation map generated by the mapping
¢(x) = x + a(mod1), o e QF,
and g has the ISP. Take € = % Choose the corresponding constant & > 0 such that

for any diffeomorphism g with d (g, f) < & and any point x € S', there exists a

point y € S ! for which

("), 8" ) < o n el ©)
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There exists a rational number 3 = % such that | — B | < 8. Consider the system g
generated by the mapping

y(x) = x + B(mod1), B € Q.
Then d_,, (g, f) < . Ttis easy to see that for any x € S', g”(x) = x and {f*"(x)

:k € Z} is dense in S!. For x e S! and the corresponding point y satisfying (6),

we can see that there exists k, € Z satisfying the inequality

ENE

(1" (x), g0 () 2

This is a contradiction. O

Let P(f) be the set of periodic points of /.

Theorem 3.6. If f is C? -stable inverse shadowing, then every p € P(f) is
hyperbolic.

Proof. Let f be a C? -stable inverse shadowing diffeomorphism and fix any
p € P(f). Assuming that f"(p)= p (n > 0) is not hyperbolic, we shall derive a

contradiction. For simplicity suppose n =1 (the other case is similar). With a c?-

small perturbation, we can find g c? -nearby f (we may suppose that g e c?-
int(IS(M)) such that g(p) = p and

A 0
D,g= s
P2 1o B

where A4 is a constant p € R or 2 x 2-matrix and B is a hyperbolic matrix (with

respect to some coordinates), satisfying one of the following three possible cases:
@p=1

(b) p=-1,

(c) the eigenvalues of A are of the form p; = eie, Py = ¢ for some real

0 # krt and k € Z.
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In cases (a) and (b), following the proof of Sakai ([28, p. 239]), we approximate
gby c? -diffeomorphism g (with respect to the C 2 -topology) such that:

e g(p)=p

o there is a C°- g -invariant curve W¢(p, ), which is tangent to the

eigenspace associated with p = 1 (case (a)) or p = —1 (case (b)),

e if we consider W (p, &) = R and p is the origin 0 with respect to

corresponding coordinates, then the restriction gA‘Wc (. ) has the

following expressions:

§|W“(p é)(t) =t +ar* + o(t*) for the case (a),

ngc(p g)(t) = —t+ar® + o(t*) for the case (b), (7

where ¢ € W(p, g)(c R) for |t|<e. Note that g e C? - int(IS(M)) and there

exists a hyperbolic matrix B; for g corresponding to B. Since the condition is

satisfied generically, assume a # 0. We treat the case @ > 0 in (7) (the other case

is similar). In case (a), let
D,(g) = OY o st
= or > 1.
r 0 p P

Note that the other case p’ < —1 can be dealt with similarly and & e C?-int
(IS(M)). To obtain a contradiction, it is enough to show that there exists g, > 0

such that for any integer n >0, we find a diffeomorphism g, on M with

dlc(gn, g)< % and x, € M satisfying the following : for all y € M, there exists

an integer m such that

d(g" (x,), g (¥)) = 2.

Take &y >0 satisfying (W(p, &) N By, (p)) = W (p, &) Be(p)). Let

n >0 be an arbitrary natural number. Then we can obtain a C 2 -diffeomorphism
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g, on M with dlc(gn, g) <% satisfying

2 1
)=t t —_—
gn)() +a +2n’

Enpre(p.

where ¢ € W(p, g,)(c R) for small enough || <&y and W*(p, g,) N B (p)
=W(p, &) N B, (p).

Choose a point x,, = p. Then x, is a fixed point of g. Since p' > 1, g, (y) is

far away from W°(p, &) Bs(p) as m approach to o. So it is easy to see that for

all y € M, there exists an integer m such that

d(xn: ng(y)) = €0-
This is a contradiction since g € C? -int (IS(M)).
For simplicity, denote g, Bz and W“(p, &) by g, B and W°(p), respectively.
In case (b), since

d

d2
EgIW”(p)(t) =—1+3at’ + o(£’) and dt_zg‘WC(p)(t) = 6at + o(t?)

with respect to corresponding coordinates, we see that

4o et amd Lg . (0)=0
dt 2Iwe(p) ar?2 S (p) ’

Thus, perturbing g in a neighbourhood of p with respect to the c? -topology, there
exist § € C2-int(IS(M)) (C2-nearby g) and & > 0 such that:

e there exists the centre manifold (C° — g-invariant curve) W€(p, &) of p

such that
wWe(p, &) N By, (p) =W (p)N By (p),

. §‘Wc(p §)(t) = —t for t e W(p, g) if | 7] is small enough.
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Clearly, §2 o is the identity map. Since g has the ISP, g has the ISP.
< (p, £)NBg,

2
W<(p. &)NBy

Thus it is not hard to show that the restriction g has the ISP since

B; = [p'] (p' > 1) is hyperbolic. However, we can see that any identity map does
not have the ISP. This is a contradiction.

In case (c), following the proof of Newhouse et al. ([15, Theorem 5.2 and
Remark 5.3]) and Sakai ([28, p. 240]), we shall derive a contradiction. Suppose that

there exists a smooth arc {(p“ }u <g of diffeomorphisms on M (the corresponding map
®:MxR—->MxR defined by ®(x, n) = (p,(x), p) for (x,n) e M xR is

C*) such that ¢y = g and (p, 0) € M x R is a Hopf point unfolding generically.

Then, we obtain the approximated arc {6“ }“ <r satisfying the following assertions:

2mi

e the eigenvalues of D p@) have the form e“™ with o irrational,

e the centre manifold W°(p, ¢y) is C”,

e thereisa 6“ -invariant attracting (or repelling) circle C (in the manifold)

near p for p > 0 small enough,

e the restriction 511 |C is conjugated to a rotation map.

Recall that 611 has the ISP and B, is hyperbolic, where B, is the matrix for
6u corresponding to B. We can see that 6H|C has the ISP, but this is a

contradiction by Lemma 3.5. The proof is completed. O

Let ||| be a Riemannian metric on 7M. For f e Diff?(M), an finvariant set

A is said to have a dominant splitting if we can decompose its tangent bundle into
two Df-invariant subbundles TA\M = E @ F such that there exist constants C > 0

and 0 < A < 1 with the following property:

I Df|nE(x) I-| Dfl_lf(f”(x)) [ <CX', forallxeA,nz0.

Let us denote by Q;(f) the set of sinks of fin Q(f) and Q,(f) the set of
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sources of fin Q(f). We define

Qy(f) = Q) = (2 (/) U (/)).

Notice that Qq(f) is compact. We denote by P,(f) the set of periodic points of

saddle type. Also, note that f'satisfies Kupka-Smale condition if any periodic point
of f'is hyperbolic and the stable and unstable manifolds of periodic points are all
transversal.

Theorem 3.7. Let fbe a C 2 stable inverse shadowing diffeomorphism. Then

(1) f satisfies Kupka-Smale condition.

() if P(f) =Q(f), P(f)=Qq(f) and there exists a dominated spliiting on

P,(f), then fsatisfies both Axiom A and the strong transversality condition.

Proof. Let f be a C? -stable inverse shadowing diffeomorphism. Then the
assertion (i) follows from Theorems 3.2 and 3.6 quickly. To prove the assertion (ii),

we suppose further that m = Q(f) and there is a dominated splitting on PSTf)
By Theorem 3.6, every p e P(f) is hyperbolic. Since P,(f) has a dominated
splitting, it follows from Theorem B in [22] that PSTf) = A UA,, where Ay is
hyperbolic and A, consists of a finite union of normally hyperbolic periodic simple
closed curves Cjy, ..., C,, such that f mi C; — C; is conjugated to an irrational
rotation. Here m denotes the smallest number such that f™(C;) = C;. Since fis a

C?-stable inverse shadowing diffeomorphism, f ™M also is C2-stable inverse

shadowing. Moreover, the normal hyperbolicity of C; shows that the restriction

ad ¢, satisfies the ISP.

On the other hand, it follows from Lemma 3.5 that an irrational rotation does
not have the ISP. Since the ISP is invariant under a topological conjugacy, A, = &

is concluded. Thus P (f) is hyperbolic.

To prove that f satisfies Axiom A, it suffices to show that the set of sinks and
sources in P(f) is finite. Assume that the set of sinks in P(f) is infinite. Then

1 (/) = . Since Qi(f) = 1(f) = Qo(f) = K (/) and Qo(f) is hyperbolic,
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there exists a neighborhood U of Qq(f) such that the maximal invariant set in this

neighborhood is hyperbolic. This means that all the sinks except only a finite
number of sinks in P(f) are contained in Y. This is a contradiction to the

hyperbolicity of the maximal invariant subset of /. Thus the set of sinks in P(f) is
finite. Similarly the set of sources in P(f") is finite. It follows from these facts that f

satisfies Axiom A. The strong transversality condition follows directly from
Theorem 3.2, and thus the proof is completed. O
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