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Abstract 

A set D of edges is a total edge dominating set of G, if every edge in G is 
adjacent to at least one edge in D. The total edge domination number 
( )Gtγ′  is defined to be the minimum number of edges in a total edge 

dominating set of G. A set D of edges is an n-total edge dominating set of 
G if every edge in G is adjacent to at least n-edges in D. The n-total edge 
domination number ( )Gtnγ′  is defined to be the minimum number of 

edges in an n-total edge dominating set of G. In this paper, we initiate a 
study of n-total edge dominating set and in particular, we establish some 
results concerning the n-total edge domination number of G and also we 
establish Nordhaus-Gaddum type result for an n-total edge domination 
number of a graph. 

1. Introduction 

The graphs considered here are finite, nonempty, connected, undirected without 



D. G. AKKA and SUNITA S. CHINAMALLI  132 

loops and multiple edges and without isolates. Any undefined terms in this paper 
may be found in Harary [3]. 

A set F of edges is an edge dominating set of G if every edge not in F is 
adjacent to at least one edge in F. The edge domination number ( )Gγ′  is defined to 

be the cardinality of a minimum edge dominating set in G. This parameter was 
introduced by Mitchell and Hedetniemi [4]. 

A set D of edges is a total edge dominating set of G if every edge in G adjacent 
to at least one edge in D. The total edge domination number ( )Gtγ′  is defined to be 

the cardinality of a minimum total edge dominating set in G. This parameter was 
introduced by Kulli and Patwari [6]. 

A set D of edges is an n-total edge dominating set of G if every edge in G is 
adjacent to at least n-edges in D. The n-total edge domination number ( )Gtnγ′  is 
defined to be the cardinality of a minimum n-total edge dominating set in G. 

The paper contains the following notations and terminology: 

( )GΔ′  - the maximum degree among the lines of G (the degree of a line is the 

number of lines adjacent to it). 

( )Gtnγ  - n-total domination number in graphs. This parameter was introduced 

by Kulli [5]. 

Results. 

2. n-total Edge Domination Number 

We note the following: 

(2.1) Every n-total edge dominating set is a total edge dominating set and hence 
for every graph G, we have ( ) ( ).GG tnt γ′≤γ′  

(2.2) ( )Gtnγ′  does not exist for graphs with less than two edges. 

(2.3) For any connected graph G with 3≥p  vertices 

( ) ( )( ).GLG tntn γ=γ′  

In the following proposition, we list the ( )Gtnγ′  for some standard graphs, 

which are simple to observe, hence, we omit the proof. 
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Proposition 1. (1) ( ) ,11,1 mK nmtn =γ′  where ,112 nm ≤≤  

(2) ( ) ,3
2
⎥⎦
⎥

⎢⎣
⎢ +=γ′ pWptn  

(3) ( ) ,3 ⎥⎦
⎥

⎢⎣
⎢=γ′ pPptn  

(4) ( ) .2 ⎥⎦
⎥

⎢⎣
⎢=γ′ pC ptn  

The following result is easy to prove, hence we omit the proof. 

Theorem 1. For any graph G, 

( ) ( ).GGtn δ≤γ′  

Theorem 2. Let pK  be the complete graph. Then 

( ) ,1+=γ′ nK ptn   where ,1 qn ≤≤  

where q is number of edges in G. 

Proof. Let S be a minimum n-total edge dominating set in ,pK  and for each 

edge 1e  in E, 1e  is adjacent with at least n edges of S. Then in particular, if 2e  is an 

edge in S, then 2e  is adjacent with at least n edges of S. This implies that S has at 

least 1+n  edges. Also, since n-total edge dominating set is minimum, we have 
( ) .1+=γ′ nK ptn  

Theorem 3. Let G be a graph with minimum degree at least n. Let D be a 
minimal n-total edge dominating set. Then G contains a minimal edge dominating 
set. 

Proof. Let D be a minimal n-total edge dominating set of G. Suppose there is an 
edge De ∈  which is not adjacent to any edges in G. Then e is adjacent to at least n 
edges in D itself. Therefore, { }eD −  is an n-total edge dominating set, a 

contradiction. Thus every edge in D must be adjacent to at least one edge in G. 
Hence, G is an edge dominating set. 

Theorem 4. For any graph G, 

( ) .mGtn ≥γ′  
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Proof. Let D be a minimum n-total edge dominating set of G. Then every edge 
in G is dominated by at least m edges in D. 

Therefore, ,mD ≥  

( ) .mGtn ≥γ′  

Theorem 5. Let G be a tree. Then 

( ) ( ).GG ttn γ′≤γ′  

Proof. Let G be a tree and D be a total edge dominating set with minimum 
number of edges. Let E′  denote the edge set of D  the subgraph induced by D. 

Let E′  be an edge dominating set of G and F be the set of edges which are not 
adjacent to any edge in .E′  

For every edge ,Fe ∈  we take exactly one edge adjacent to e and form a set 

F ′  of edges. Then we have 

FUED ′′=′  is an n-total edge dominating set of G and 

( ) DDGtn ≤′≤γ′  

( ).Gtγ′≤  

Hence the proof. 

Proposition 2. For any connected graph 

( ) ( ),GqGtn Δ′−≤γ′   

q is the number of edges in G and .4≥q  

Proof. Let D be an n-total edge dominating set of G with minimum number of 
edges. Then every edge in D is adjacent to utmost ( )Gq Δ′−  edges. 

Hence, ( ) ( ).GqGtn Δ′−≤γ′  

Proposition 3. Let F be a minimum edge dominating set of G such that the 
induced subgraph FE −  is .1,2 ≥mmK  Thus 

( ) ( ) .qGGtn =γ′+γ′  
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Proof. Since for a tγ′  set F of G, the induced subgraph FE −  is ,1,2 ≥mmK  

FE −  itself is a tnγ′ -set of G, thus 

( ) ( ) FFEGGtn +−=γ′+γ′  

.q=  

Theorem 6. For any graph G, 

( ) ( ).GqG tnt γ′≥+γ′  

Proof. Let S be a minimum n-total edge dominating set of G. 

Let .SEe −∈  Let e be adjacent with at least n edges of S, say ....,,, 21 neee  

Suppose 

{ }....,,, 21 neeeSD −=  

Since S is an n-total edge dominating set, e is adjacent with at least one edge of D. 

Therefore, we conclude that every edge of G is adjacent with at least one edge 
of D. 

Thus, D is a total edge dominating set of G, 

( ) ( ) EGG tnt −γ′≥γ′  

( ) { }ntn eeeG ...,,, 21−γ′≥  

( ) ,qGtn −γ′≥  

q denotes the number of edges in S, 

( ) ( ).GqG tnt γ′≥+γ′  

Theorem 7. For any graph G, 

( ) ( ),1 GGtn β≤γ′    

where ( )G1β  is the line independence number of G. 

Proof. Let { }neeeeD ...,,,, 321=  be the maximal line independent set of G 

and it is also n-total edge dominating set of G. 
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Suppose e is an edge of G which is not adjacent to any edge of D. Then 
( ) DGE −  forms n-total edge dominating set of G and 

( ) ,DDGE ≤−  

( ) ( ).1 GGtn β≤γ′  

Theorem 8. For any nontrivial tree T, 

( ) ,cTtn ≤γ′    

where c is the number of cutvertices. 

Proof. This follows from the fact that each edge is incident with a cutvertex. 

We use the following result to prove our next result. 

Theorem A [2]. For any graph G of order 3≥p  vertices, 

 (i) ( ) ( ) ,2211 ⎥⎥
⎤

⎢⎢
⎡≤β+β pGG  

(ii) ( ) ( ) .2

2
11 ⎥⎥

⎤
⎢⎢
⎡≤β⋅β pGG  

We establish Nordhaus-Gaddum [1] type result for an n-total edge domination 
number of a graph. 

Theorem 9. Let G be a graph such that both G and G  have no isolated edges. 
Then 

 (i) ( ) ( ) ,22 ⎥⎥
⎤

⎢⎢
⎡≤γ′+γ′ pGG tntn  

(ii) ( ) ( ) .2

2

⎥⎥
⎤

⎢⎢
⎡≤γ′⋅γ′ pGG tntn  

Proof. This follows from Theorem A and Theorem 7. 
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