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Abstract

B-spline signal processing is an important tool in signal processing
society. B-splines can be adapted in interpolation and approximation of
underlying continuous signals and systems, adjustment of fractional time
delays in communication devices and in numerical signal analysis. In this
work, we introduce the shifted B-spline interpolation algorithm, where the
B-spline kernel is shifted by a fraction A of the sampling period.
Experimental tests show that the interpolation error is strongly dependent
on A and attains a minimum at A = 0.25. We describe the z-transform
filter for efficient parallel implementation of the shifted B-spline
interpolation algorithm. The performance of the A-shifted B-spine
interpolation filter is significantly higher compared with the cubic
convolution interpolation and the standard B-spline interpolation.
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I. Introduction

Many of the underlying signal models and systems are continuous. However,
microchips handle only discrete data sequences, which raises an apparent need for
the fast interpolation algorithms viable in microprocessor and VLSI environments.
Based on the Shannon’s sampling theorem the sinc-interpolation is usually employed

as an ideal interpolation filter, which has the impulse response

sinm(n—1t) .
hln| = ————=~% = sinc(n — 1). 1
) = S — in(n — 7 1)
However, infinitely long impulse response of the sinc-interpolation requires
time-consuming computations, which limits its usability in many applications. On
the other hand, the truncated sinc impulse response is different for every delay t,

which requires a coefficient look-up table.

A class of interpolation methods is based on the fractional delay (FD) filters,
which are important tools in many areas of modern communication systems. The FD
filters produce a delay which is a fraction of the sampling period. A comprehensive
tutorial review [1] summaries the methods for construction of the FD filters. The
most promising approaches are based on the allpass Thiran filters, albeit many other

techniques have been described [2-6].

The B-spline signal processing has recently attained a central role in signal
approximation and interpolation theory. Due to the work of Unser et al. [7-9] the fast
B-spline filtering algorithms form standard tools in image and signal analysis
[10-13]. The B-spline approximation of the continuous signal has an asymptotic
equivalence with the Shannon’s sampling theorem [14]. The generalized
interpolation theory with B-splines is summarized in [15] and compared with other

methods.

Plonka [16, 17] has studied the effect of the shift of the interpolation nodes on
the approximation error in the B-spline interpolation. According to the theoretical
considerations the shift T = 0 yielded the minimal error norm. Blu et al. [18] applied
the same idea to the piecewise-linear interpolation. On the contrary, they observed
that interpolation error diminishes if the sampling knots are shifted by a fixed
amount. The theoretical analysis of Blu et al. [18] predicted that the optimal shift of

the knots is close to 1/5 of the distance between the knots.
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In this work, we introduce the shifted B-spline interpolation algorithm, where
the B-spline kernel is shifted by a fraction A of the sampling period. We describe
the z-transform filter for efficient parallel implementation of the shifted B-spline
interpolation algorithm. We show that the performance of the A-shifted B-spline
interpolation filter is significantly higher compared with the cubic convolution
interpolation [19] and the standard B-spline interpolation.

II. Theoretical Considerations

A. B-spline interpolation

Let us consider the underlying continuous-time signal x(¢), which is sampled at
discrete time ¢ = nT (n =0, 1, 2, ...) intervals. For clarity the sampling interval T is
normalized as T = 1. The B-spline interpolation of the signal x(¢) is based on the

summation [20]

x(t) = Y elkIB (¢ — k), 2)

k
where c[k] is the scale coefficient sequence. B-splines B p (¢) are defined as p-times
convolution of a rectangular pulse p(¢) :
for0 <t <1,

B ()= o) P pl0) )= ®

elsewhere.

p times

The Laplace transform of the B-spline comes from

p —ks
0= =)=y = La-ey =Y [Per e @

im0 \k s?
and the inverse Laplace transform yields

p

_ 1 Pl CaYer — iy s —
B0 = G g 2 J =80t ©

where the step function u(x) = x for x > 0 and u(x) = 0 for x < 0.

The B-spline interpolation (2) differs from the classic interpolation in that it
approximates the signal by scaled and delayed B-splines, whereas in classic
interpolation the original discrete data sequence is convolved with the interpolation
kernel.
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B. Discrete B-splines
The discrete B-spline 3 p[n] equals to the continuous B-spline at integer values

of time. Hence, the Laplace transform (4) and the z-transform of the discrete B-spline
have inverse transforms which coincide at integer values in the time domain. Using

the relation

af 1Y P ()
- I[s_pj R ©

we obtain the z-transform of the discrete B-spline

B(2) = (P, [n]) = z{rl[sip (1- e-SV’]

}= Ny E-. @)

t=n

where

N,(z) = z{L—l(SLp] t=n} _ i (;p__i)! . )

We have Ny(z)=1/(1- z_l). By differentiating in respect to z we obtain a

recursion
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—z dN,(z
N,(2) = ) ;Z( ) )

Table I gives the N, (z) and the discrete B-spline f,(z) for p =1 to 6.

C. Shifted B-spline interpolation filter

By introducing a fractional time-shift A € [0, 1] we define the shifted B-spline

interpolation as

x(t) = ZC[A, KIB,(t + A — k), (10)

k

where c[A, k] is the modified scale coefficient sequence. At ¢ = n the z-transform

of (10) gives
Z{x[n]} = X(z) = C(A, 2)Z{B[n + AL} = C(A, 2)B (A, 2), (11)

where [ p(A, z) denotes the A-shifted discrete B-spline. The interpolated signal is

then obtained as

Z{x[n+d]} = C(A, 2)Z{B[n+ A+ d]} = C(A, 2)B (A + d, 2), (12)

where the fractional time-shift d € [0, 1]. By solving the scale sequence C(A, z)
from (11) we get

Z{x[n +d1} = ,'(A, 2)B, (A +d, 2) X(2). (13)
Now we may define the interpolated signal as
Z{x[n + d]} = G(A, d, z) X(z2), (14)
where G(A, d, z) is the shifted B-spline interpolation filter
G(A, d, z) = B, (A, 2)B, (A +d, 2). (15)

D. Shifted B-spline filter

In the following we deduce the z-transform for the shifted B-spline. By denoting
€ = A +d and following (7) we have
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B,(e z)= Z{ ‘{e (1- ‘S)PJ

Due to binomial series we have

- N (n 8)p711/l(n g) “n _
}_nzz(; : (p-1) -2 (16)

27
(n+g)P! :Z[p jnp_l_ksk. (17)
k=0 k
By inserting (17) to (16) we get
polop o kel
_ € n L, -1
B (e z)—kzoﬁnz(p Yk (1-z7)7. (18)
Applying (7) and (8) we have
By(e ) = Z (1=, (19)

The e-shifted B-spline filter (19) has the FIR structure. It is essential to point out that
the e-shifted B-spline filter (19) is defined only for positive shift € > 0. This is due
to the relation (6), which is valid only for # > 0. Correspondingly, the binomial

series expansion (17) is valid only for n > 0 and € > 0.
E. Implementation of the shifted B-spline interpolation filter

Due to (19) we obtain the shifted B-spline interpolation filter (15) as
A+d .
G(A d.2)= B (A, )Z( L 1= By (o) 20)

It can be shown that for any A €[0,1] G(A, 0,z)=1 and G(A, 1, z) = z. The

inverse shifted B-spline filter [3;71 (A, z) in (20) can be computed by the procedure

described in Appendix I. The shifted B-spline interpolation filter (20) can be written

in parallel realization

p-1
G(A, d, 2) = B, (A, 2)) (A + ) Fi(z), 1)
k=0
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where Fj(z) = (1-z7H)p p—i(2)/k! when the signal is interpolated using different

values of d € [0, 1] the signal can be first prefiltered by B;,l(A, z) and then filtered

by the p parallel Fj(z) filters. The interpolated signal is then the weighted sum of
the outputs y;[n] of the Fj(z) filters. In time domain we obtain the interpolated

signal as
p-1
sfn+d] =" (A +d) yyln] (22)
k=0

The parallel realization (22) enables feasible implementation of the shifted B-spline
interpolation filter in microprocessor and VLSI environments. In addition to the
basic interpolation and fractional shift operations the time domain relation (22)
allows elaborate numerical processing tasks such as differentiation, integration,
computation of the statistical functions and estimation of fractional time delays in
communication systems. This is based on the notation that the fractional time shift

d €[0,1] in (22) can be considered as continuous time variable and e.g. the

derivative of signal can be computed from
d &
_ k-1
Zpaln+d] = ;k(A +d) Ty [n] (23)

The proof is given in Appendix II.
Experimental Results

A. Interpolation error versus A-shift

An extensive series of tests of the effect of the A-shift on the interpolation error
was carried out using different synthetic continuous functions with varying
frequency content. The B-spline order p varied between p = 3 — 6. The interpolation
error was defined as the absolute difference of the signal and the interpolated value:

e(t) = | x(¢) — x;n¢(£)|- When the interpolation error was computed as a function of
the A-shift, two clear local minima were observed: A =0 and A = 0.25. In every
test the value A = 0.25 yielded the minimum interpolation error. A typical test is

given in Figure 1, where the interpolation error is given for A € [0.21, 0.29] and
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d = 0.5 for the sinusoidal signal x[n] = sin(0.1#) and the B-spline order p = 4.
The interpolation error attains the minimum at A = 0.25 (Figure 1). In the sequel we
use A = 0.25 as a default value, when we consider the properties of the B-spline

interpolation filter.

0.25
’

ABSOLUTE INTERFPOLATION ERROR

1 1 1 1
20 40 &0 a0 100 120

SAMPLE MUMEBER

Figure 1. The interpolation error for the sinusoidal signal x[n] = sin(0.1%) and the

B-spline order p = 4 at A = 0.21(0.29), 0.22(0.28), ..., 0.25 and d = 0.5.

B. Frequency response of the shifted B-spline interpolation filter

The frequency response of the shifted B-spline interpolation filter was obtained

by inserting z = exp(jo) in (20). Figure 2 shows the magnitude and phase responses
of the B-spline (p = 4) interpolation filter for d  [0.21, 0.25] and A = 0.25. For

d < 0.5 the magnitude response behaves like a low-pass filter. At d = 0.5 the
frequency response is constant. The phase response is highly linear in the frequency
range 0 < o < 0.7n. Figure 3 shows the magnitude and phase responses of the
B-spline (p = 4) interpolation filter for d € [0.6, 0.9] and A = 0.25. For d > 0.5

the frequency response increases slightly from ® = 0.4n towards ® = m. The
magnitude and phase responses approach more ideal, when the B-spline order
increases. This, however, leads to the longer filters and it is usually more effective to

increase the sampling rate to obtain the required precision.
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Figure 4. Comparison of the interpolation error yielded by and the shifted B-spline
(p = 4) interpolation filter (A = 0.25, d = 0.5) and the standard B-spline (p = 4)

interpolation for the signal x[n] = sin(n).
C. Comparison with the standard B-spline interpolation

The interpolation error yielded by and the shifted B-spline (p = 4) interpolation
filter (A =0.25,d = 0.5) and the standard B-spline (p = 4) interpolation for a
sinusoidal signal x[n] = sin(n) is given in Figure 4. The interpolation error is about
half of the error in standard B-spline interpolation. For the sinusoidal signal x[n]=
sin(0.1n) the interpolation error is about one order smaller compared with the

generalized B-spline interpolation (Figure 5).
D. Comparison with the cubic convolution interpolation

Figures 6 and 7 show the interpolation error of the shifted B-spline (p = 4)
interpolation filter and the cubic convolution interpolation [20] for the sinusoidal
signal x[n] = sin(wn). At frequency ® =1 the interpolation error of the shifted

B-spline is about one order lower compared with the cubic convolution method
(Figure 6) and at ® = 0.1 the interpolation error is about two orders lower (Figure 7).
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Figure 5. Comparison of the interpolation error yielded by and the shifted B-spline
(p =4) interpolation filter (A =0.25,d =0.5) and the generalized B-spline

(p = 4) interpolation for the signal x[n] = sin(0.1n).

CUBIC COMYOLUTION
INTERPOLATION

ABSOLUTE INTERPOLATION ERROR

o

SHIFTED B-SPLINE
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1
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Figure 6. Comparison of the interpolation error yielded by and the shifted B-spline

(p = 4) interpolation filter (A = 0.25, d = 0.5) and the standard cubic convolution

interpolation for the signal x[n] = sin(n).
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Figure 7. Comparison of the interpolation error yielded by and the shifted B-spline
(p = 4) interpolation filter (A = 0.25, d = 0.5) and the standard cubic convolution

interpolation for the signal x[n] = sin(0.1n).

Discussion

In this work, we introduced the shifted B-spline interpolation filter, whose
performance overrides the standard B-spline interpolation. A key idea in the
deducing the z-transform of the shifted discrete B-spline is the use of the binomial
series expansion (17), which we invented in constructing the fractional time-shift
B-spline filter [22]. In parallel realization of the shifted B-spline interpolation filter
(21) only Table I is needed for computation of the coefficients of the Fy(z)

subfilters. A surprising observation was the strong dependence of the interpolation
error on the A-shift. The minimum interpolation error was attained at A = 0.25. The
optimum shift was not related to the B-spline order p. Analogously, this means that
the pulse function for construction of the B-splines via (4) can be defined as

plt) = {

The symmetric B-splines are yielded at A = 0.5 and the one-sided B-splines at

1 for —A <t <1-A,

' (24)
0, elsewhere.

A = 0. The optimum value A = 0.25 is in the middle of the two values. According
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to the present study the interpolation error has two local minima: A =0 and
A =0.25. Plonka [16, 17] has previously studied the effect of the shift T of the
interpolation knots on the B-spline interpolation error. The theoretical analysis
predicted the minimum error norm at t = 0. The present work supports this
observation, since we found out a local minimum at A = 0. However, our results
indicate a deeper local minimum, when the B-spline has been shifted by a fraction
A = 0.25 of the sampling period.

The interpolation quality of the A-shifted B-spline interpolation exceeds the
standard B-spline interpolation and the cubic convolution interpolation, which are
standard tools in image processing applications. Blu et al. [18] suggested that the
performance of the linear interpolation can be improved by shifting the interpolation
knots by a fixed amount. The theoretical calculations suggested a value t = 0.21 for
the optimum shift. The shifting of the interpolation knots was carried out with a
discrete-time prefilter. The shifted data values and the shifted time coordinates were
then interpolated by the existing linear interpolation hardware. The shifted B-spline
interpolation filter (15) can be also interpreted in the similar way. Instead of shifting

the interpolation knots the data is prefiltered by [3;71 (A, z) (Appendix I) and then fed

to the existing B-spline interpolation hardware, where the interpolation kernel

By (A + d, z) is time shifted by A. In microprocessor and VLSI circuits the B-spline

kernel is usually implemented via time domain convolution using (5). Hence, the
hardware changes are minimal, when adapting the shifted B-spline interpolation. In
systems, which are based on z-domain filters, the shifted B-spline interpolation filter
(15) can be represented by the IIR filter, where only the nominator coefficients
depend on d.

The parallel realization of the shifted B-spline interpolation filter allows the fast
computation of the interpolated values as a weighted sum (22), which enables rapid
and feasible signal processing tasks, such as zooming of images, differentiation,
integration, computation of correlation functions, statistical signal analysis and
adjustment of fractional delays in communication systems. A typical example is the
multiplexed analog-to-digital converter, where the time-shifts between the channels
can be corrected. In multirate signal processing the shifted B-spline interpolation
filter suits readily for generation of the haft sample delays to obtain the shift
invariant biorthogonal wavelet transform [22-24]. Previous methods based on the
all-pass Thiran filters suffer from nonlinear phase distortion effects [25].
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The present work serves as an augmented framework of the shifted B-spline
interpolation filter. The z-transform of the shifted B-spline (19) itself serves as a new
extension of the discrete B-spline filters. For example, we obtain the z-transform of
the odd p symmetric B-spline filter by starting from one-sided B-spline and shifting
itby A = 0.5 via (19). We do not know previous z-transform solutions for the odd p
symmetric B-splines.

Appendix I

Computation of the inverse discrete B-spline filter.
The inverse discrete B-spline filter can be written as a cascade realization

n

B8, 2) =] |- ; lﬁl bl - =cﬁSi(z)lﬂ[R_i(z), (25)
iz — o)z i=1 j=1

i=1 i j=1

where c is a constant and the roots |5; | <1 and [b; | > 1. The S;(z) filters can

directly be implemented. The Rj(z) filters can be implemented by the following

recursive filtering procedure. First we replace z by z7!

_p7i! -1
1 ] = Y(Z) :}Rj(271)2 J T B Y(Z 1)3
1-b;z" U(z) 1-b727 U(z)

R(z) = (26)

where U(z) and Y(z) denote z-transforms of the input «[n] and output y[n] signals
(n=0,1,2, .., N). The U(z™") and Y(z7!) are the z-transforms of the time

reversed input u[N — n] and output y[N — n]. The Rj(z_l) filter is stable having a

root bj_-1 inside the unit circle. The following Matlab program sfilter.m demonstrates

the computation procedure:

function y = sfilter (u, b)
u = u(end: —-1:1);
y = filter ([0 =1/5], [1 ~1/b], u);

y = y(end: —1:1).



SHIFTED B-SPLINE INTERPOLATION FILTER 303

Appendix II

The derivative of the shifted B-spline filter.

The Laplace transform of the derivative of the shifted B-spline is
d 3 eSE _s\p
L{Eﬁp(t'f'g)}—sp—_l(l—e ) , (27)

where € = A + d. Applying (16) and (17) the derivative of the signal x[n + d] can
be computed as

z{% A + d]} _ DA, d, 2) X(2), (28)

where the derivative filter is

p—2 k
D d.2)=pa )y B, @ @)
k=0

It is interesting to observe that the same result is obtained in the time domain if
we differentiate equation (22) with respect to d

p—1

%x[n vd]= Y KA+ d)f Tyl (30)
k=1

Proof. If we take z-transform from (30) by inserting Z{y; [n]} = B;l (A, 2)Fi(2)
we obtain (28).
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