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Abstract 

In this paper, the concepts of πg-closed graphs for functions between 
topological spaces are introduced with the help of πg-open sets. Some 
properties of functions with a πg-closed graph have been obtained. 

1. Introduction 

Closed graph notion is now an active area of research and a large number of 
topologists have established its far-reaching effect on different concepts of point set 
topology. In 1969, Long [7] studied the properties of functions with closed graph in 
great detail. In 1983, Dube et. al [2] introduced the notion of semi-closed graph 
utilizing semi-open sets introduced by Levine [6]. Bandyopadhyay and 
Bhattacharyya [8] studied the notion of pre-closed graph utilizing pre-open sets. 
Dontchev and Noiri [1] have developed the concept Quasi Normal spaces and              
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πg-closed sets in topological spaces. In this paper, we introduce πg-closed graphs 
with the aid of πg-open sets. Some properties of functions with a πg-closed graph 
have been discussed. 

2. Preliminaries 

Throughout the present paper ( ),, τX  ( )σ,Y  (or simply X, Y) will always 

denote topological spaces on which no separations axioms are assumed unless 
explicitly stated. If A is a subset of a space ( ),, τX  then the closure of A (resp. 

interior of A) is denoted by ( )Acl  (resp. )).int(A  A subset A is said to be regular 

open (resp. regular closed) if ( )AA intcl=  ( )( ).clint.resp AA =  The finite union of 

regular open sets is said to be π-open. 

Definition 2.1. A subset A of ( )τ,X  is called 

(1) πg-closed [1] if ( ) UAcl ⊂  whenever UA ⊂  and U is π-open. 

(2) πg-open [1] if X-A is πg-closed. 

(3) πg-clopen if A is both πg-open and πg-closed. 

The family of all πg-open sets containing x (resp. πg-closed sets) is denoted by 
( ) ( )( ).,resp., xXGCxXGO ππ  

Definition 2.2. A function ( ) ( )σ→τ ,,: YXf  is called 

(1) πg-continuous [3] (resp. πg-irresolute) if the inverse image of every open 
(resp. πg-open) subset of Y is πg-open in X. 

(2) Contra πg-continuous [3] if the inverse image of every open subset of Y is         
πg-closed in X. 

(3) gM π− -open if ( )Uf  is πg-open for all ( ).XGOU π∈  

Definition 2.3 [4]. Let ( ) ( )σ→τ ,,: YXf  be any function. Then the subset 

( ) ( )( ){ }XxxfxfG ∈= :,  of the product space ( )σ×τ× ,YX  is called the 

graph of f. 

Definition 2.4 [4]. Let X, Y be topological spaces. A mapping ( ) →τ,Xf  
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( )σ,Y  is said to have a closed graph if its graph ( )fG  is closed in the product 

space .YX ×  

Lemma 2.5 [4]. Let ( ) ( )σ→τ ,,: YXf  be given. Then ( )fG  is closed iff for 

each ( ) ( )fGYXyx −×∈,  there exists ( )∑∈ xU  in X and ( )∑∈ yV  in Y 

such that ( ) .φ=VUf ∩  

Definition 2.6. A space X is called 

(1) 1Tg −π  if for Xyx ∈,  such that yx ≠  there exist a πg-open set 

containing x but not y and a πg-open set containing y but not x. 

(2) 2Tg −π  if for Xyx ∈,  such that yx ≠  there exist ( ),, xXGOU π∈  

( )yYGOV ,π∈  such that .φ=VU ∩  

(3) πGO-compact if every πg-open cover of X admits a finite subcover. 

(4) πg-connected if X cannot be expressed as the disjoint union of two πg-open 
sets. 

3. πg-closed Graphs 

Definition 3.1. For a function ( ) ( ),,,: σ→τ YXf  the graph ( )fG  is said to 

be πg-closed graph if for each ( ) ( )fGYXyx −×∈,  there exist ( ),, xXGOU π∈  

( )yYGOV ,π∈  such that ( ) ( ) .φ=× fGVU ∩  

Lemma 3.2. The function ( ) ( )σ→τ ,,: YXf  has a πg-closed graph iff for 

each ( ) ( )fGYXyx −×∈,  there exist ( ),, xXGOU π∈  ( )yYGOV ,π∈  such 

that ( ) .φ=VUf ∩  

Proof. It follows from definition and the fact that for any subsets XU ⊂  and 
,YV ⊂  ( ) ( ) φ=× fGVU ∩  iff ( ) .φ=VUf ∩  

Theorem 3.3. Every closed graph is πg-closed graph. 

Proof. Straightforward. 

Converse of the above is not true as seen in the following example. 
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Example 3.4. Let { },, baX =  { }dcbaY ,,,=  with the topology =τ  

{ } { }{ }baX ,,,φ  and { }{ },,,, dcYφ=σ  respectively. Let ( ) ( )σ→τ ,,: YXf  be 

the mapping defined by ( ) ,aaf =  ( ) .bbf =  Then ( )fG  is πg-closed but not 

closed. 

Remark 3.5. Functions having πg-closed graph need not be πg-continuous. 

Example 3.6. Let { }dcbaX ,,,=  with the topology { { } { },,,, baXφ=τ  

{ }}ba,  and { }{ }dcX ,,,φ=σ  and ( ) ( )σ→τ ,,: XXf  be the identity mapping. 

Then ( )fG  is πg-closed but f is not πg-continuous. 

Remark 3.7. A πg-continuous function need not have a πg-closed graph as 
shown by the following example. 

Example 3.8. Let { }cbaX ,,=  with the topology { } { } { }{ }babaX ,,,,,φ=τ  

and { }{ }baX ,,,φ=σ  and ( ) ( )σ→τ ,,: XXf  be the mapping defined by 

( ) ( ) ( ) .,, ccfabfbaf ===  Then f is πg-continuous but ( )fG  is not πg-closed. 

Remark 3.9. Examples 3.6 and 3.8 show that πg-closed graph and                          
πg-continuous function are independent concepts. 

Theorem 3.10. Let ( ) ( )σ→τ ,,: YXf  be πg-irresolute surjection, where X 

is an arbitrary topological space and Y is .2Tg −π  Then ( )fG  is πg-closed. 

Proof. Let ( ) ( )., fGYXyx −×∈  Then ( ).xfy ≠  Since Y is 2Tg −π  there 

exist πg-open sets U, V in Y such that ( ) ,Uxf ∈  Vy ∈  and .φ=VU ∩  Since f is 

πg-irresolute, ( ) ( ).,1 xXGOUfW π∈= −  Hence ( ) ( ( )) UUffWf ⊂= −1  implies 

( ) .φ=VWf ∩  Hence by Lemma 3.2, ( )fG  is πg-closed. 

Theorem 3.11. Let ( ) ( )σ→τ ,,: YXf  be πg-continuous surjection, where X 

is an arbitrary topological space and Y is .2T  Then ( )fG  is πg-closed. 

Proof. Let ( ) ( )., fGYXyx −×∈  Then ( ).xfy ≠  Since Y is ,2T  there exist 

open sets U and V containing ( )xf  and y, respectively such that .φ=VU ∩  Since f 

is πg-continuous, ( ) ( ).,1 xXGOWUf π∈=−  Since f is surjection, ( ) =Wf  

( ( )) .1 UUff ⊂−  Hence ( ) .φ=VWf ∩  By Lemma 3.2, ( )fG  is πg-closed. 
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Remark 3.12. From Example 3.8, we find that the condition πg-irresolute in 
Theorem 3.10 cannot be replaced by πg-continuous. 

Theorem 3.13. Let ( ) ( )σ→τ ,,: YXf  be any surjection with ( )fG  πg-closed. 

Then Y is .1Tg −π  

Proof. Let Yyy ∈21,  such that .21 yy ≠  Since f is surjective, there exist 

Xx ∈1  such that ( ) .21 yxf =  Now ( ) ( )., 11 fGYXyx −×∈  Since ( )fG  is           

πg-closed, there exist a πg-open set 1U  containing 1x  and a πg-open set 1V  containing 

1y  such that ( ) .11 φ=VUf ∩  Now ( ) ( ) ( )1212111 UfyUfyxfUx ∈⋅∈=⇒∈  

and ( ) .1211 VyVUf ∉⇒φ=∩  Again, since f is surjective, there exist a point 

Xx ∈2  such that ( ) .12 yxf =  Now ( ) ( )., 22 fGYXyx −×∈  Since ( )fG  is         

πg-closed, there exist ( )22 , xXGOU π∈  and ( )22 , yYGOV π∈  such that 

( ) .22 φ=VUf ∩  Now ( ) ( ).21222 UfyxfUx ∈=⇒∈  Now ( )21 Ufy ∈  and 

( ) .2122 VyVUf ∉⇒φ=∩  Thus we obtain sets ( )YGOVV π∈21,  such that 

11 Vy ∈  but 12 Vy ∉  while ., 2122 VyVy ∉∈  Hence Y is .1Tg −π  

Theorem 3.14. Let ( ) ( )σ→τ ,,: YXf  be any gM π− -open surjection with 

( )fG  πg-closed. Then Y is .2Tg −π  

Proof. Let Yyy ∈21,  such that .21 yy ≠  Since f is surjective, there exist 

Xx ∈1  such that ( ) .21 yxf =  Then ( ) ( )., 11 fGYXyx −×∈  Since ( )fG  is            

πg-closed by Lemma 3.2, there exist ( )1, xXGOU π∈  and ( )1, yYGOV π∈  such 

that ( ) .φ=VUf ∩  Since f is gM π− -open, ( )Uf  is πg-open in Y. Now Ux ∈1  

( ) ( ).21 Ufyxf ∈=⇒  Therefore, there exist ( )1, yYGOV π∈  and ( ) ∈Uf  

( )2, yYGOπ  such that ( ) .φ=VUf ∩  Hence Y is 2Tg −π  space. 

Theorem 3.15. Let ( ) ( )σ→τ ,,: YXf  be injective with ( )fG  πg-closed. 

Then X is .1Tg −π  

Proof. Let ( ) ., 121 Xxxx ∈≠  Since f is injective, ( ) ( ).21 xfxf ≠  Hence 

( )( ) ( )., 21 fGYXxfx −×∈  Since ( )fG  is πg-closed by Lemma 3.2 there exist 

( )1, xXGOU π∈  and ( )( )2, xfYGOV π∈  such that ( ) .φ=VUf ∩  ( ) Vxf ∈2  

and ( ) ( ) ( )UfxfVUf ∉⇒φ= 2∩  and so .2 Ux ∉  Similarly for ( )( ) ∈12, xfx  
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( )fGYX −×  there exist ( )21 , xXGOU π∈  and ( )( )11 , xfYGOV π∈  such that 

( ) .11 φ=VUf ∩  Therefore ( ) ( )11 Ufxf ∉  and so .11 Ux ∉  Hence we obtain               

πg-open sets U and 1U  in X respectively such that Ux ∈1  but Ux ∉2  and 

12 Ux ∈  but .11 Ux ∉  Thus X is .1Tg −π  

Corollary 3.16. Let ( ) ( )σ→τ ,,: YXf  be bijective and ( )fG  be πg-closed. 

Then both X and Y are .1Tg −π  

Proof. It follows from Theorems 3.13 and 3.15. 

Theorem 3.17. If ( ) ( )σ→τ ,,: YXf  is injective, πg-irresolute with a                  

πg-closed graph, then X is .2Tg −π  

Proof. Let ( ) ., 121 Xxxx ∈≠  Since f is injective, ( ) ( ).21 xfxf ≠  Hence 

( )( ) ( )., 21 fGYXxfx −×∈  Since ( )fG  is πg-closed by Lemma 3.2, there exist 

( )1, xXGOU π∈  and ( )( )2, xfYGOV π∈  such that ( ) .φ=VUf ∩  Hence 

( ) .1 φ=− VfU ∩  Since f is πg-irresolute, ( ) ( )., 2
1 xXGOVf π∈−  Hence there exist 

πg-open sets U and ( )Vf 1−  in X containing 1x  and 2x  respectively such that 

( ) .1 φ=− VfU ∩  Therefore, X is .2Tg −π  

Corollary 3.18. If ( ) ( )σ→τ ,,: YXf  is bijective, gM π− -open, πg-irresolute 

and ( )fG  is πg-closed, then both X and Y are .2Tg −π  

Proof. Follows from Theorems 3.14 and 3.17. 

Definition 3.19. A function ( ) ( )σ→τ ,,: YXf  is sub contra-πg-continuous 

provided there exist an open base B for the topology on Y such that ( )Vf 1−  is                

πg-closed in X for every .BV ∈  

Theorem 3.20. If ( ) ( )σ→τ ,,: YXf  is sub contra-πg-continuous function 

and Y is .1T  Then ( )fG  is πg-closed. 

Proof. Let ( ) ( )., fGYXyx −×∈  Then ( ).xfy ≠  Let B be an open base for 

the topology on Y. Since f is sub contra-πg-continuous, ( )Vf 1−  is πg-closed in X for 

every .BV ∈  Since Y is ,1T  there exist a BV ∈  such that Vy ∈  and ( ) .Vxf ∉  

Then ( ) ( ( )) ( )., 1 fGYXVVfXyx −×⊂×−∈ −  Hence ( )fG  is πg-closed. 
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Corollary 3.21. If ( ) ( )σ→τ ,,: YXf  is contra-πg-continuous function and 

Y is ,1T  then ( )fG  is πg-closed. 

Proof. It follows from the fact that every contra-πg-continuous function is sub 
contra-πg-continuous. 

4. πG-connectedness 

Definition 4.1. A function ( ) ( )σ→τ ,,: YXf  is said to be πg-connected if 

for every πg-connected set U, ( )Uf  is πg-connected. 

Definition 4.2. A topological space X is locally πG-connected if for each 
Xx ∈  and each ( )xXGOU ,π∈  there exist a ( )τπ∈ ,XGOV  such that 

,UVx ⊂∈  where V is πg-connected. 

Definition 4.3. Two subsets A and B of a space X are called πg-separated iff 
( ) φ=−π BclgA ∩  and ( ) .φ=−π BAclg ∩  

Lemma 4.4. If E is a πg-connected subset of a topological space X such that 
,BAE ∪⊂  where A and B are πg-separated sets, then either AE ⊂  or .BE ⊂  

Lemma 4.5. In a topological space, if E is a πg-connected and F is any other 
set such that ( ),EclgFE −π⊂⊂  then F is πg-connected. 

Proof. Suppose F is not πg-connected. Then F can be written as the disjoint 
union of non-empty πg-closed sets G and H such that .HGF ∪=  Since FE ⊂  
and E is πg-connected, GE ⊂  or .HE ⊂  Let .GE ⊂  Then ( ) −π⊂−π gEclg  

( ) ( ) ( ) ( ) .φ=−π⇒−π⊂−π⇒ HEclgHGclgHEclgGcl ∩∩∩  Also, gF π⊂  

( ) ( ) ( ) φ=⇒φ⊂⇒−π⊂⇒−π⊂⇒− HHEclgHEclgHGEcl ∪  which is 

a contradiction. Hence F is πg-connected. 

Theorem 4.6. If ( ) ( )σ→τ ,,: YXf  is πg-connected, injective, gM π− -open 

map and ( )fG  is πg-closed, then X is 2Tg −π  provided it is 1T  and locally πg-

connected. 

Proof. Let ( ) ., 121 Xxxx ∈≠  Since f is injective, ( ) ( ).21 xfxf ≠  Hence 

( )( ) ( )., 21 fGYXxfx −×∈  Since ( )fG  is πg-closed by Lemma 3.2, there exist 

( )1, xXGOU π∈  and ( )( )2, xfYGOV π∈  such that ( ) .φ=VUf ∩  Since X is 
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locally πg-connected there exist a πg-connected set 1U  such that .1 UUx ⊂∈  Then 

it follows that ( ) .1 φ=VUf ∩  Since f is gM π− -open, ( )1Uf  is πg-open. Claim: 

( )12 Uclgx −π∉  suppose ( ).12 Uclgx −π∈  Since X is ,1T  { }2x  is a closed set and 

hence is πg-closed. Thus { } { }( ) ( ).121211 UclgxUclgxUU −π⊂−π⊂⊂ ∪∪  

Hence by Lemma 4.5 { }21 xU ∪  is πg-connected. Since f is πg-connected, 

{ }( ) ( ) { }( )2121 xfUfxUf ∩∪ =  is πg-connected in Y which is absurd as ( )1Uf  

and V are πg-open sets such that ( ) ,1 φ=VUf ∩  which is a contradiction. Hence 

( ).12 Uclgx −π∉  Setting ( )10 UclgXU −π−=  we find .02 Ux ∈  Thus ∈1U  

( )1, xXgOπ  and ( )20 , xXgOU π∈  with .01 φ=UU ∩  Hence X is .2Tg −π  

Lemma 4.7. Every πg-closed subset of a GOπ -compact space is GOπ -
compact relative to X. 

Proof. Let A be a πg-closed subset of a GOπ -compact space ( )., τX  Let 

{ }∧∈iUi :  be a cover of A by πg-open subset of X. So { }∧∈⊂ iUA i :∪  and 

then ( ) { } .: XiUAX i =∧∈− ∪  Since X is GOπ -compact there exist a finite 

subset o∧  of ∧  such that ( ) { } .: XiUAX oi =∧∈− ∪  Then { }oi iUA ∧∈⊂ :∪  

and hence A is GOπ -compact relative to X. 

Theorem 4.8. If for the function ( ) ( ),,,: σ→τ YXf  where Y is GOπ -

compact relative to Y, ( )fG  is πg-closed in ,YX ×  then f is πg-continuous. 

Proof. Let .Xx ∈  Let V be open in Y and .VYy −∈  Then ( ) ∈yx,  

( ).fGYX −×  Since ( )fG  is πg-closed, there exist ( )xXGOU y ,π∈  and 

( ),, yYGOVy π∈  such that ( ) .φ=yy VUf ∩  This holds for every .VYy −∈  

Clearly { }VYyVl y −∈= :  is a cover of Y-V by πg-open sets. Now Y is GOπ -

compact Y-V is GOπ -closed. Hence by Lemma 4.7 Y-V is GOπ -compact relatively 

to Y. So l has a finite sub family { }niVyi "1: =  such that ∪n
i yiVVY

1
.

=
⊂−  Let 

{ }niU yi "1: =  be the corresponding sets of ( )xXGO ,π  satisfying ( ) yiyi VUf ∪  

.φ=  Set ∩n
i yiUU

1
.

=
=  Now, ( ).XGOU π∈  If ,U∈α  then ( ) ,yiVf ∈α  for all 

.1 ni "=  This implies ( ) .yiVf ∪∉α  So that ( ) VYf −∉α  and hence ( ) .Vf ∈α  

Since α is arbitrary, it follows that ( ) VUf ⊂  which implies f is πg-continuous. 
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