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Abstract 

Let ψ be an analytic map on the open unit disk and let ϕ be an analytic 
map from the open unit disk into itself. Then we investigate when the 
adjoint of a weighted composition operator ϕψ,C  on the Hardy space 

2H  is a composition operator and in this case, we determine the norm of 
weighted composition operator. Also, we obtain the norm inequality for 
weighted composition operator ϕψ,C  on the weighted Bergman spaces 

2
αA  when ( ) ,bazz n +=ϕ  for some ,N∈n  ,1=+ ba  ψ  is an 

analytic map in 
∞H  and ψ  attains its supremum on D  at one of the nth 

roots of .
ba
ab

 In this case, we determine the norm of ϕψ,C  for .1=n  

1. Introduction 

Let D  denote the open unit disk in the complex plane. Then the Hardy space 
2H  
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is the space of analytic functions on D  whose Taylor coefficients, in the expansion 

about the origin, are square summable. We recall that ∞H  is the space of all 
bounded analytic function defined on .D  For ,D∈w  the reproducing kernel at w 

for 2H  is defined by ( ) .
1

1
zw

zKw −
=  Also let dA be the normalized area measure 

on .D  For ,1 ∞<α<−  the weighted Bergman space ( )D22
αα = AA  is the space of 

analytic functions in ( ),,2
αdAL D  where 

( ) ( ) ( ) ( ).11 2 zdAzzdA −+α=α  

We know that the space ( )αdAL ,2 D  is a Hilbert space and the weighted Bergman 

space 2
αA  is closed in ( )αdAL ,2 D  and so 2

αA  is a Hilbert space. For ,D∈w  the 

reproducing kernel at w for ( )D2
αA  is defined by ( ) .

1
1 2+α

⎟
⎠
⎞⎜

⎝
⎛

−
=

zw
zKw  For any 

analytic self map ϕ of ,D  the composition operator ϕC  on 2H  and 2
αA  is defined 

by the rule ( ) .ϕ=ϕ ffC  Every composition operator on 2H  and 2
αA  is bounded 

(see, e.g., [7]). There are a few other cases for which the exact value of the norm has 
been known for many years. For example, the norm of ϕC  was obtained by 

Nordgren in [20], whenever ϕ is an inner function. In [4], this norm was determined, 
when ( ) ,bazz +=ϕ  with .1≤+ ba  Also, if 10 << s  and ,10 ≤≤ r  then 

the norm was found in [6] for ( ) ( ) ( )
( ) ( ) .

11
1

rszsr
szsrz

++−
−++

=ϕ  

In 2003, Hammond [12] obtained exact value for the norm of composition 
operators ϕC  for certain linear fractional map ϕ. In [2], Bourdon et al. determined 

the norm of ϕC  for a large class of linear-fractional maps, including those of the 

form ( ) ,
zd

bz
−

=ϕ  where 0, >db  and .1−< db  The connection between the 

norm of certain composition operators ϕC  with linear-fractional symbol acting on 

the Hardy space and the roots of associated hypergeometric functions was first made 
by Basor and Retsek [1]. It was later refined by Hammond [14]. In [8], Effinger-
Dean et al. computed the norms of composition operators with rational symbols that 
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satisfy certain properties. Their work is based on the initial work of Hammond [12]. 
Some other recent results regarding the calculation of the operator norm of some 
composition operators on the other spaces can be found in [24]-[27]. 

If ψ is a bounded analytic function on D  and ϕ is an analytic map from D  into 
itself, then the weighted composition operator ϕψ,C  is defined by ( ) ( ) =ϕψ zfC ,  

( ) ( )( ).zfz ϕψ  The map ϕ is called the composition map and ψ is called the weight. 

If ψ is a bounded analytic function defined on ,D  then the operator can be rewritten 

as ,, ϕψϕψ = CMC  where ψM  is a multiplication operator and ϕC  is a composition 

operator. Recall that if ϕ is an analytic self map of ,D  then the composition operator 

ϕC  on 2H  is bounded, hence in this case ϕψ,C  is bounded, but in general every 

weighted composition operator ϕψ,C  on 2H  is not bounded. If ϕψ,C  is bounded, 

then ( ) ψ=ϕψ 1,C  belongs to .2H  These operators come up naturally. In 1964, 

Forelli [10] showed that every isometry on pH  for ∞<< p1  and 2≠p  is a 

weighted composition operator. Recently, there has been a great interest in studying 
weighted composition operators in the unit disk, polydisk or the unit ball, see [3], 
[9], [11], [16], [17], [18], [21], [22], [27], and [28]. In this paper, we investigate the 

norm of certain bounded weighted composition operators ϕψ,C  on 2H  and .2
αA  

2. Norm Calculation 

In this section, we investigate when the adjoint of a weighted composition 

operator ϕψ,C  on the Hardy space 2H  is a composition operator and in this case, 

we determine the norm of weighted composition operator. Also we obtain the norm 
inequality for weighted composition operator ϕψ,C  on the weighted Bergman 

spaces 2
αA  when ( ) ,bazz n +=ϕ  for some ,N∈n  ,1=+ ba  ψ is an analytic 

map in ∞H  and ψ  attains its supremum on D  at one of the nth roots of .
ba
ab

 In 

this case, we determine the norm of ϕψ,C  for .1=n  

The idea behind Proposition 2.1 is similar to one found in [19]. 
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Proposition 2.1. Let ϕψ,C  be a bounded weighted composition operator on 

.2H  Then γϕψ = CC*
,  if and only if wK=ψ  and ( ) ( ),zazKz w=ϕ  where ( )0γ=w  

and a is a suitable constant also in this case ( ) .wzaz +=γ  

Proof. Let .*
, γϕψ = CC  Then ( ) ( )zKCzKC xx γϕψ =*

,  and so ( ) ( )( ) =ψ ϕ zKx x  

( ).zK x γ  Hence 

 ( )
( ) ( ) .

1
1

1 zxzx
x

γ−
=

ϕ−
ψ  (1) 

If we put 0=z  and ( ) ,0 w=γ  then (1) implies that ( ) ( ).
1

1 xK
xw

x w=
−

=ψ  

But by (1), for every ,, D∈zx  we have 

( ) ( ( ) ) ( )( ),111 zxzxwx γ−=ϕ−−  

hence 

( ) ( ) ( ).zxzxxwwxzx γ=ϕ−+ϕ  

But if ,0≠xz  then 

( ) ( ) ( ) ( ) ( )( ) .01 11 −− γ−γ=−ϕ zzxwxx  

Since the right hand side is independent of x, it should be a constant say ,a  for some 

.C∈a  Therefore, ( ) wzaz +=γ  and ( ) ( ) ( ).1 1 zazKzwazz w=−=ϕ −  

Conversely, let ( ) ( )zKz w=ψ  and ( ) ( ),zazKz w=ϕ  .C∈a  Then  

( ) ( ) ( )( )zKyzKC yy ϕϕψ ψ=*
,  

( ) zyyw ϕ−
⋅

−
=

1
1

1
1  

( ) zywyayw 111
1

1
1

−−−
⋅

−
=  

zayyw −−
=

1
1  

( ),zKC yγ=  

where ( ) .wzaz +=γ  ~ 
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Theorem 2.2. Let ( ) ( )zazKz w=ϕ  and ( ) ( )zKz w=ψ  for some C∈a  and 

,D∈w  where .1≤+ wa  Then 

( )
.

411

2
222222,

wwawa
C

−+−+−+
=ϕψ  

Proof. Since ,*
, γϕψ = CC  ., γϕψ = CC  But by [4], we have 

 
( )

.
411

2
222222 wwawa

C
−+−+−+

=γ  ~ 

Example 2.3. 

(1) If ( )
1

2
112

1 −
⎟
⎠
⎞⎜

⎝
⎛ −=ϕ zzz  and  ( ) ( ) ,

2
11

1
21

z
zKz

−
==ψ  then .2, =ϕψC  

(2) If ( )
1

3
112

−
⎟
⎠
⎞⎜

⎝
⎛ −=ϕ zziz  and ( ) ( ) ,

3
11

1
31

z
zKz

−
==ψ  then =ϕψ,C  

.
38541

26

+
 

Remark 2.4. By [19], [15] and analogous proof, we have similar theorem like 
Theorem 2.2 for weighted composition operator on the weighted Bergman space 

.2
αA  

In the remainder of this section, we investigate the norm and essential norm of a 

class of noncompact weighted composition operators on .2
αA  

Theorem 2.5. Let ( ) ,bazz n +=ϕ  for some ,D∈n  where ,1=+ ba    

ζ∈ψ ∞ ,H  be one of the nth roots of 
ba
ab

 such that ψ has radial limit at ζ and let 

ψ  attain its supremum on { }ζ∪D  at ζ. Then 

( ) ( ) .11 2
2

,,
2

2

ζψ⎟
⎠
⎞

⎜
⎝
⎛≤≤≤ζψ⎟

⎠
⎞

⎜
⎝
⎛

+α

ϕψϕψ

+α

a
CC

an e  
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Proof. Let .10 << r  Taking ,ζ=β r  by a similar proof for unweighted 

composition operators [7, Proposition 3.13], we have 

2

2*
,

1

2
, lim

β

βϕψ

→
ϕψ −

≥
K

KC
C

r
e  

( ) ( )
2

2

1

2

1
limlim

β

βϕ

→→ −−
⋅βψ=

K

K

rr
 

( )
( )

2

2

2

1

2

1
1lim

+α

→ ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

+−

−⋅ζψ=
− bar

r
nr

 

( ) ( ) 2
21 ζψ⎟

⎠
⎞

⎜
⎝
⎛

+
=

+α

baan  

( ) .1 2
2

ζψ⎟
⎠
⎞

⎜
⎝
⎛=

+α

an
 

Therefore 

( ) .1 2
2

, ζψ⎟
⎠
⎞

⎜
⎝
⎛≥

+α

ϕψ an
C e  

On the other hand, by [15], we have 

ϕψϕψϕψ ≤≤ CMCC e ,,  

bazC +∞ψ≤  

( ) .1 2
2

ζψ⎟
⎠
⎞

⎜
⎝
⎛=

+α

an  

Therefore 

 ( ) ( ) .11 2
2

,,
2

2

ζψ⎟
⎠
⎞

⎜
⎝
⎛≤≤≤ζψ⎟

⎠
⎞

⎜
⎝
⎛

+α

ϕψϕψ

+α

an
CC

an e  ~ 
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Corollary 2.6. In Theorem 2.5, if ,1=n  then 

( ) .1 2
2

,, ζψ⎟
⎠
⎞

⎜
⎝
⎛==

+α

ϕψϕψ a
CC e  

Example 2.7. 

(1) If ( )
2
1

2
1 +=ϕ zz  and ( ) ,

2
1+=ψ zz  then ( ) .2 2

,
+α

ϕψ =C  

(2) If ( ) izz
3
2

3
1 +=ϕ  and ( ) ,2 35 izzz +−=ψ  then ( ) .34 2

,
+α

ϕψ =C  

(3) If ( )
4
3

4
1 +−=ϕ izz  and ( ) ,

2
257

2

35

+

+−=ψ
z

izzz  then ( ) .28 2
,

+α
ϕψ =C  
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