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Abstract 

A representation theoretic definition of Brandt matrix is given and we 
prove that this definition is equivalent to the old one. 

1. Introduction 

Let N be a natural number and ( )N0Γ  be the congruence modular group of level 

N, that is, ( ) ( ) .mod0,20 ⎭
⎬
⎫

⎩
⎨
⎧ ≡|∈⎟

⎠
⎞

⎜
⎝
⎛=Γ NcSL

dc
baN Z  There is a close connection 

between the theory of modular forms of weight 2≥k  on ( )N0Γ  and the 

arithmetical theory of a rational quaternion algebra. An order M of a quaternion 
algebra A over a local field k is called primitive if it satisfies one of the following 
conditions. If A is a division algebra, then M contains the full ring of integers of a 
quadratic extension field of k. If A is isomorphic to ( ),Mat 22 k×  then M contains a 

subring which is isomorphic either to ,OO ⊕  where O  is the ring of integers in k 

or to the full ring of integers in a quadratic extension field of k. In [4], the subspace 
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of modular forms of weight 2 generated by theta series associated with certain orders 
was studied. However, he studied the subspace of cusp forms. In this paper, we 
investigate the properties of representation theoretic definition of Brandt matrices 
and Eisenstein series in the subspace of modular forms treated in [4]. 

2. Hecke Ring 

Let A be a quaternion algebra over a number field k ramified precisely at a 
prime q and .∞  For simplicity, we restrict to the case which interest us at present, 
namely, fix an order O  in A of level ( ) ( )( )ppLqN ν=′ ,;  [3]. Let AJ  denote the 

idele group of A: 

( ) ,allalmostforˆ
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∈|∈== ∏ ××

l
llllA laAaaJ O  

where the product is over all l finite and infinite. 

Let ( ) { ( ) }.allforˆ ∞<∈|∈=== × luJuuUU llAl OO  Since 1ˆˆ −aUa  is 

commensurable with U for all ,ˆ AJa ∈  Hecke ring ( )AJUH ,  can be defined as the 

free Z -module generated by all double cosets ,ˆUaU  AJa ∈ˆ  with multiplication 

defined as in [5]. 

Let QJ  denote the idele group of Q  and put ( ) { ( ) ×∈|∈== lll uJuuU ZZ Qˆ  

for all }.∞<l  The reduced norm Q→AN :  induces the reduced norm AJN :  

.QJ→  For a positive integer n, we denote by ( )nT  the element of ( )AJUH ,  

which is the sum of all double cosets UaU ˆ  such that the left ideal âO  is integral 

and of norm n, i.e., such that lla O∈  for all ∞<l  and ( ) ( ),ˆ ZnUaN ∈  where 

( ).ˆ laa =  

Let ( ) { ( ) }NlaJaaDD llAlNN |∀∈|∈=== ,ˆ OO  and let ( )NDUH ,  denote 

the subring of ( )AJUH ,  generated by all UaU ˆ  with .ˆ NDa ∈  Note that ( ) ∈nT  

( )., NDUH  

It is well known that 
,ˆ1

×
λ=λ= AxUJ h

A ∪  

where h is the class number of .O  
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2.1. The double coset representative ( )lxx λλ =ˆ  can be chosen so that 
×

λ ∈ llx O  

for all .Nl |  For 1=λ  to h, let ,ˆλλ = xI O  ,ˆˆ 1
λ

−
λλ = xx OO  λ

−
λλ = xUxU ˆˆ 1  and 

.×λλ = AUU ∩  Then hI ...,,1, =λλ  are representatives of all the distinct left 

O -ideal classes, λO  is the right order of λI  and ×
λλ = OU  is the unit group of .λO  

Fix an isomorphism ( ) ( )CCRC Q 2Mat⊗⊗=⊗ ∞∞ AA  which gives a 

natural embedding of ×
∞A  into ( ).2 CGL  Let ϕ denote the projection ,×

∞→ ADN  the 

above embedding ( ).2 CGLA ⊂×
∞  

Denote by ( )O2M  the complex vector space of all continuous functions ( )xf  

on ,AJ  taking values in ,C=F  which satisfy 

( ) ( )xfuxf =α  

for all ,Uu ∈  ,AJx ∈  and .×∈α A  

We define a representation of the Hecke ring ( )NDUH ,  on ( )O2M  as follows. 

For a double coset ( ),, NDUHyUU ∈  let ii yUyUU ∪=  be its decomposition 

into disjoint right cosets. 

We denote by ( )yUUρ  the operator defined by 

( ) ( ) ( ),xgxfUyU =ρ   where ( ) ( )∑=
i

i xyfxg .  

It is easy to see that ( )UyUρ  is an endomorphism on all of ( )., NDUH  

Lemma 2.1. The structure of ( )O2M  is independent of the particular choice of 

.O  

Proof. Let O′  be another order in A having the same level as .O  Since lO′  is 

isomorphic to lO  for all ,∞<l  let ,ˆˆ 1−ββ=′ OO  where ( ) Al Jb ∈=β̂  with 

.1=∞b  Then ( ) ( ) 1ˆˆ −ββ=′ OO UU  and ( ) ( ) .ˆˆ 1−ββ=′ OO NN DD  The map ( ) →ψ xf:  

( )xf β̂  induces a complex vector space isomorphism of ( )O′2M  onto ( ).2 O′M  Then 
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( )O′2M  is isomorphic to ( )OkM  as Hecke modules. Clearly, the map ( ) ( )OO yUU  

( ) ( )OO ′ββ′→ − UyU 1ˆˆ  induces an isomorphism of ( ) ( )( )OO NDUH ,  onto 

( ) ( )( )., OO ′′ NDUH  It follows by an easy calculation that ψ is in fact an 

( ) ( )( )OO NDUH ,  module isomorphism.  

3. Brandt Matrices 

Elements of ( )O2M  are completely determined by their values at ,ˆλx  

....,,1 h=λ  In fact, for ( ),2 OMf ∈  put ( ).ˆλλ = xff  Then the mapping 

( )hfff ...,,1→  (3.1) 

gives an isomorphism of .into FFFM h ××== "  

Using this isomorphism, we consider ρ as giving a representation of ( )NDUH ,  

on .hF  Specifically, for ( ),, NDUH∈ξ  we can represent ( )ξρ  as the matrix 

( )
( ) ( )

( ) ( )
,

1

111

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξρξρ

ξρξρ
=ξρ

hhh

h

"
###

"
 

where ( )ξρij  is the linear map of ith coordinate, ( ),...,,...,, FFi =  to jth coordinate, 

( ),...,,...,, FFj =  which is the composition of the canonical injection of iF  into 

,hF  the inverse of the isomorphism in (3.1), ( ),ξρ  the isomorphism in (3.1), and 

finally the canonical projection of .1 hFF ××"  Let 

( )∑
λ∈γ

−
λλ γϕ=

U
ep ,1  (3.2) 

where .λλ = Ue  

ip  define a projection of F into .iF  Let ii  denote the canonical injection of iF  

into F. For ( ),, NDUH∈ξ  put 

( ) ( ) .jijiij pi DD ξρ=ξβ  
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Then ( )ξβij  is an endomorphism of F and 

( )
( ) ( )

( ) ( )⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

ξβξβ

ξβξβ
=ξ

hhh

h
B

"
##

"

1

111
 (3.3) 

gives an endomorphism of FFF h ××= "  which is a matrix representation of 
( ).ξρ  

If ( ) ( ),, NDUHnT ∈=ξ  then we next prove that ( )( )nTB  is just the Brandt 

matrix defined in [4]. 

Proposition 3.1. For ,0>n  the matrix ( )( )nTB  defined in (3.3) is identical to 

Brandt matrix. We assume that the primitive order ,O  the same set of ideal class 

representations, the same embedding of ×A  into ( ),2 CGL  and the same basis of F 

used to define ( )( )nTB  and ( ).nB  

Proof. Let ( )., NDUHUyU ∈=ξ  Then ( )ξρij  is the sum, is over all cosets 

( )×μ
−
λλ ∈αα AxxU ˆˆ 1  contained in .ˆˆ 1

λλ
−
λλ UxyxU  Thus 

( ) ( ) jijiij pi DD ξρ=ξβ  

∑∑
α γμ

= ,11
e

 

where ∑α
is over all cosets ( )×μ

−
λλ ∈αα AxxU ˆˆ 1  contained in λλ

−
λλ UxyxU ˆˆ 1  and 

∑γ
is over all ,μ∈γ U  

( ) ∑
η

=ξβ ,11
i

ij e  (3.4) 

where the sum is over all .ˆˆ 1
λ

−
μ

×∈η xyUUxA ∩  Thus 

( )( ) ∑∑
ξ η

=β ,11
i

ij enT  (3.5) 

where the sum ∑ξ
is over all UyU=ξ  such that lly O∈  for all ∞<l  and 

( ) ( )ZUnyN mod=  and for fixed ξ, the sum ∑η
is as in (3.5). 
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We claim 

( )( ) ∑
η

=β ,11
i

ij e
nT  (3.6) 

where the sum is over all λ
−
μ∈η II 1  with ( ) ( ) ( ).μλ=η INInNN  We recall that 

λλ = xI ˆO  and ( )λIN  is the unique positive rational number in the coset 

( ) ( ).ˆ ZUxn λ  

Assume that λ
−
μ∈η II 1  with ( ) ( ) ( ).μλ=η INInNN  Then letting ( ),ˆ

lxx λλ =  

etc., we have λ
−
μλ

−
μ =∈η xxII ˆˆ 11 O  so for all λ

−
μ=η∞< xyxl l ˆˆ, 1  for some ,lly O∈  

where ( ) .mod ×= ll nyN Z  Thus letting ( ),lyy =  we have ( ) ( )ZUnyN mod∈  and 

.ˆˆ 1
λ

−
μ

×∈η xyUUxA ∩  

Conversely, if 

,ˆˆ 1
λ

−
μ

×∈η xyUUxA ∩  (3.7) 

where lly O∈  for all ∞<l  and ( ) ( ),mod ZUnyn =  then we have λ
−
μ∈η xx ˆˆ 1O  

λ
−
μ= II 1  with ( ) ( ) ( ) ( ) ( ) ( ) ( ).modˆˆ 1 ZUININnxNyNxNN μλλ

−
μ ≡≡η  Since the 

double coset UUη  is uniquely determined by η, we see that the two sums are 

identical. 

Thus, ( )( )nTBλμ  equals the thλμ  the entry of Brandt matrix which shows that 

the matrices ( )( )nTB  and ( )nB  are identical.  

4. Eisenstein Series 

In this section, we determine the Eisenstein series part ( )OeM 2  of ( )O2M  and 

explicitly determine the action of ( )nT  on this subspace. 

Denote by ( )OeM 2  the subspace of ( )O2M  consisting of those f which factor 

through the norm, i.e., such that there exists a function FJg →+
Q:  with ( ) =xf  

( )( )xNg  for all ,AJx ∈  here ( ) { ( ) }.0>|∈=== ∞
+ yJyyJNJ lA QQ  
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Any modular form f is determined by its values on a set of representatives for 

the double cosets .\ ×AJU A  Thus, if ( ) ( )( ),xNgxf =  then f is determined by its 

values on a set of representatives for 

( ) ( ) ( ) ( ) ( ) ( ) .\ ×
+

×
+

×
+

+× == QQZQQ UNUUNJANJNUN A  (4.1) 

Now, ( ) ( ) ( ).×××
+

×
+ pp NUNU OZQQZ  In particular, it was shown that the 

cardinality of ( )××
pp N OZ  is always 1 or 2 so that ( )OeM 2  has dimension at most 2. 

Theorem 4.1. Let O  be a primitive order of level ( ) ( )( ).,; ppLqN ν=′  

(1) ( )pL  is unramified over .pQ  Then ( )OeM 2  is one dimensional and the 

action of ( ),nT  ( ) ,1, =qpn  on ( )OeMf 2∈  is given by ( ) ( ) .deg fnTfnT =  

(2) ( )pL  is ramified over .pQ  Then ( )OeM 2  is two dimensional and there exist 

bases ( )OeMff 221, ∈  such that for ( ) ( ) ( ) 11 deg,1, fnTfnTqpn ==  and ( ) =2fnT  

( ) .deg 2fnTp
n
⎟
⎠
⎞⎜

⎝
⎛  

Proof. If ( )pL  is unramified, then ( ) 1=××
pp N OZ  and ( )OeM 2  has dimension 

at most 1. Consider the mapping C→AJf :  defined as follows: for ,~
AJ∈α  

( ) auN ~~ =α  for a unique ( ) ( )ZUuu l ∈=~  and .×+∈ Qa  Let ( ) ( ).~
puf =α  Then it 

is clear that ( )OeM 2  is one dimensional. 

Define ( )zg  by ( ) ( )( ) ( ).xfzNgzg ==  Let ( ) 1, =Nn  and recall that 

( )( ) ( ) ( )∑= i i xyfxfnT ,  where the sum is over representatives Ai Jy ∈  of all 

cosets iyU  such that iyO  is an integral ideal of norm n. In particular, 
( ) ( ).ZUnyN i ∈  Also, the number of such iy  is ( )( ).deg nT  Now, let AJx ∈  with 

( ) auxN ~=  for a unique ( )ZUu ∈~  and .×+∈ Qa  Then 

( ) ( ) ( )( )∑ ∑ ⋅⋅==
i i

ii auyNgxyffnT ~  

( ) ( ) ( )∑ ∑=⎟
⎠
⎞

⎜
⎝
⎛=

i i

i xfxf
n
yN

 by (4.1) 

( ) ( ).deg xfnT=  
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Next, if ( )pL  is ramified, then ( ) .2=××
pp N OZ  Define { }1: ±→⎟

⎠
⎞

⎜
⎝
⎛ ∗

AJ
p

 as 

follows: for ,~
AJa ∈  ( ) auaN ⋅= ~~  for a unique ( ) ( )ZUuu l ∈=~  and .×+∈ Qa  

Then let ( ) ( )puaf =~
1  and ( ) ( ) ( ) .~~~

12 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟

⎠
⎞⎜

⎝
⎛ ⎟

⎠
⎞⎜

⎝
⎛= p

p up
u

afp
aaf  It is easy to check 

that 1f  and 2f  form a basis for ( )OeM 2  so that ( )OeM 2  has dimension 2. For the 

action of ( ),nT  as in the unramified case, let ( )( ) ( ).zfzNg jj =  Assume ( ) ,1, =Nn  

( ) ( )∑=
i

ijj xyffnT  

( )∑ ⎟
⎠
⎞

⎜
⎝
⎛ ⋅⋅⋅=

i

i
j nau

n
yN

g ~  

( )∑ ⎟
⎠
⎞

⎜
⎝
⎛ ⋅=

i

i
j u

n
yN

g ~  by (4.1). 

If ,1=j  then this equals 

( ) ( ) ( )( )∑ =⎟
⎠
⎞

⎜
⎝
⎛

i

i fnTxfn
yN

11 deg  

while if ,2=j  then 

( ) ( )
( )∑ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

i

pii xfp
nyN

n
yN ,2  

where ( ) piyN  denotes the p component of the idele ( ) .QJyN i ∈  Now, iyO  is an 

integral ideal of norm n, where ( ) 1, =Nn  so that ( ) Aili Jyy ∈=  with .×∈ pipy O  

Hence, ( ) ( )ippi yNyN =  is a residue mod p and 

( )
.1
⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛=⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
p
n

p
n

p
nyN pi

 

Thus, ( ) ( ) ( ).deg 22 xfnTfnT =   
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