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Abstract

In this paper, authors introduce and study a unified class HS(m, n; q; o; 1)

of harmonic univalent functions in the open unit disk. A number of results
are obtained which include the coefficient estimates, sharp distortion
theorems and extreme points of functions belonging to the class
HS(m, n; g; o; A). Results concerning the convolutions of functions of
this class with univalent, harmonic and convex functions in the unit disc
and harmonic functions having positive real part are obtained. Relevant
connections of the results presented here with various known results are
briefly indicated.

1. Introduction

A continuous complex-valued function f =u+iv defined in a simply

connected domain D is said to be harmonic in D if both u and v are real harmonic in
D. In any simply connected domain we can write f = h+ g, where h and g are
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analytic in D. We call h the analytic part and g the co-analytic part of f. A necessary
and sufficient condition for f to be locally univalent and sense-preserving in D is that
|h(z)| >|9'(z)], z € D, see Clunie and Sheil-Small [2].

Denote by Sy the class of functions f = h + g that is harmonic univalent and
sense-preserving in the unit disk U = {z : | z| <1} for which f(0) = f,(0)—-1=0.
Thenfor f =h+ 3 € Sy, we may express the analytic functions h and g as

0

h(z)=z+Zakzk, g(z)=Zbkzk, |b | <1. (1.1)
k=1

k=2
Denote by HS(m, n; g; o; &) the class of all functions of the form (1.1) that

satisfies the condition

Z(l—k+kk)(km —ak™)| ay |
k=2

+Z(1-x+xk){km—(—1)qak“}|bk|31-a, (1.2)
k=1

where

meN, neNg, m>n, qe{0,1}, 0<Ai<land0<a <l
Theclass HS(m, n; g; o; 1) with b; = 0 will be denoted by HS®(m, n; q; a; A).

We note that by specializing the parameters we obtain the following known
subclasses which have been studied by various authors.

1. The class HS(m, n; 0; a; 0) = HS(m, n; o) was studied by Dixit and Porwal
[3].

2. The class HS(L, 0; 1; a; A) = Ty (o, A, k) was studied by Joshi and Darus [5].

3. The classes HS(1, 0; 0; o; 0) = HS(a) and HS(2, 1; 0; a; A) = HC(at) were
studied by Oztiirk and Yalcin [6].

4. Theclasses HS(1, 0; 0; 0; 0) = HS and HS(2, L, 0; 0; ) = HC were studied
by Avci and Zlotkiewicz [1].

If h, g, H, G are of the form (1.1) and if f(z)=h(z)+g(z) and F(z)=
H(z) + G(z), then the convolution of f and F is defined to be the function
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(f*F)(z)=z+ ZakAkzk + Zkakzk,
k=1

k=2
while the integral convolution is defined by

0

8

(fOF)(2)=z+

k=2 =1
2. Main Results

First, we show that the class HS(m, n; g; a; A) consists of sense-preserving

and harmonic univalent mappings in U.

Theorem 2.1. The class HS(m, n; g; a; ) consists of univalent sense-

preserving harmonic mappings.

Proof. If z; # z,, then

‘ f(z) - f(z5)]
h(z) - h(zp) |~

_‘ 9(z1) - 9(z2)
h(z,) - h(z2)

D byt - 25)
=

=1-
21—22+Zak(zf—2|2()
k=2
> K|
>1——k:})O
1- > Klay|
k=2
2(1 x+xk){km (-1)%ok" }Ib |
>1-—
1- k+kk k™ — ak"
1— Z( )( )lakl
>0,

which proves univalence.
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Note that f is sense-preserving in U, this is because

0

(W@ |21-) Ka ||z

k=2

o0
>1-> Kl ay |
k=2

(L= + AK) (K™ — ok"
R Y
k=2

SN @A-At AK) (k™ —(—1)‘4(x|<f‘}|bk |

l1-a

k=1
> > Kby |

k=1

k—

> Kb [z

k=1
| g'(2)]. O

In the following theorem, we determine the distortion bounds for the functions

of HS(m, n; q; a; A).

Theorem 2.2. If f € HS(m, n; g; o; &), then

2 1-a . 1-()a
O R e T e LU
and
3 Y 1-a  1-(1)a
O Y R e eI L1

Proof. We only prove the right hand inequality. The proof for the left hand
inequality is similar and will be omitted. Let f € HS(m, n; g; o; A).
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Taking the absolute value of f we obtain

|f@)] <l z]@+ b )+ Y (| +[by ] z[*
k=2

<lz@+by )+ 27> (ac |+ ])
k=2

“lalsln iz )Z(““ =20 (2, | +| )

2 - (1+x)(|<m ak™)
Izl 2 Wm_ ~ )Z (a |+l D

<|z|@+|b ) +]z? l1-a Z{(l+x)(k _ak)l |

@+2)@" - a2") =

m q kM
(1+x){|<1 OEl) k}lbkl}

< 2 1-a 1- (1)
<lefs 2Pt ey |

2 1-a . 1-(1)a
S|Z|(1+|bl|)+|zl{(1+>L)(2m—on2“) (1+x)(2m—a2")|b1|}'

The following covering result follows from the left hand inequality in Theorem
2.2.

Corollary 2.3. Let f of the form (1.1) be so that f € HS(m, n; g; a; A). Then

{milml 3 ((1%)(2“1 —a2") - (1-a)
1+2) (2™ - a2")

C@+M)R" —a2") - 1-(-1)%a} -
@1+2)(2™ - a2") lbllj} o)
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Theorem 2.4. The extreme points of HSO(m, n; q; a; A) are only the functions

of the form z +akzk or z +b|zI with

l1-a |b||: l1-a
@L—%+2Kk) (K™ = ak™)’ =&+ {I™ = (1)}

0<ax<l.

lax | =
Proof. Suppose that
f(z)=z+ Z(akzk +b,2%)
k=2
is such that

o (L= A+ k) (k™ = ak™)
Z T | ay |

k=2

Z(l x+xk){km (-1)%ak" }Ib <1

ay > 0.

Then, if & > 0 is small enough we can replace a, by a, — &, a, + & and we

obtain two functions that satisfy the same condition for which one obtains f(z) =

%[fl(z) + f,(z)]. Hence, f is not a possible extreme point of HS%(m, n; q; o; A).

Now, let f e HS?(m, n; q; «; &) be such that

Z(l xmk)(km ak" )Ia I+ Z(l k+kk){km—( 1)q“kn}|bk|:1, 2.1)

ag ¢O,b|:t0.

If &> 0 is small enough and if p, t with |u| =|t|=1 are properly, chosen
complex numbers, then leaving all but a,, by coefficients of f(z) unchanged and

replacing ay, by by

l1-a 1-a
a + by — T,
(1 mxk)(km—ak) (1 A+ D™ = (-D)%al™)}
a & l1-a Wby 1-a

(L— 21+ 2K) (K™ = ak™) (1 A+ AD{0™ = (“)dad™y)
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we obtain functions f;(z), f,(z) that satisfy (2.1) such that

f(z) = 5[f(2) + f2(2)].

|~

In this case f cannot be an extreme point. Thus for

lay | = 1-a :
Q-+ k) (k™ —ak™)
by | = Lo

A=A +AD){™ = (D)%™}’

f(z)=z+az" and f(z)=z+bz areextreme points of HS®(m, n; q; o; A). I
Remark 1.

1. If q=0,A=0, then the extreme points of the class HS®(m, n, o) are
obtained.

2.1f m=1n=0,q=1 then the extreme points of the class Ty (a, A, k) are
obtained.

3.1f m=1,n=0,q=0,%=0, then the extreme points of the class HS(ct)
are obtained.

4.1f m=2,n=1q=0,4=0, then the extreme points of the class HC®(a)
are obtained.

Let Kﬂ denote the class of harmonic univalent functions of the form (1.1) with
by =0 that map U onto convex domains. It is known [2, Theorem 5.10] that the

k+1 k-1

sharp inequalities | A | < 5 are true. These results will be used in

| By | <

next theorem.

Theorem 2.5. Suppose that
F(z)=z+ Z(Akzk + Bkzk)
k=2

belongs to K&. Then if f e HS®(m, n; q; a; &), then f *F e HS®(m -1, n-1;
g; a; 1), provided n>1and f 0 F e HSO(m, n; q; o; 1)
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Proof. Since f e HS?(m, n; q; a; &), we have

i(l—k +AK) (K™ —ak")|a [+ @ =21 +2k) k™ = (-D)Tak"} by | < (1-a). (2.2)
k=2

Using (2.2), we have

Z(l— A+ K (K™ — ok ") ay A [+ 0= 1+ 1K) (K™ = (<)% ok )| by By |
k=2

=Y a-n K™ k") a || 2
k=2

+ (L= +2k) (k™ = (=1)Tak")| by |‘%

< i(l— A+ k) (K™ —ak™) ay [+ @ =21 +2k) (k™ = (-1)ak™)[ by |
k=2

<l-o.

It follows that
f+FeHS’(m=1n-1q o A).

Next, again using (2.2), we have

o0

Z(l-x+ k) (k™ = ak™)

k=2

ay A
k

+ (=1 + Ak K™ = (-D)%ak"}

by By
k

= Z(l—k+kk)(km —ak™)| ay |‘%

k=2

+ (L= + k) k™ = (-1)%ak"™}| by |‘%‘

< i(l— A+ AK) (K™ —ok™)|ay |+ @ =2+ ak) (K™ = (=1)T k™) by |
k=2

<l-o.
Thus, we have
fOF eHS(m, n;q o).

This completes the proof of Theorem 2.5. U
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Let S denote the class of analytic univalent functions of the form F(z) =z +
i Akzk. It is well known that the sharp inequality | A, | < k is true. It is required
k=2
in next theorem.
Theorem 2.6. If f € HS%(m, n; q; a; &) and F e S, then for
le| <1 f*(F+eF)e HS®(m-1,n-1 q o;2), ifn=1.

Proof. The proof of this theorem is much akin to that of Theorem 2.5, therefore
we omit the details involved.

Let P,9| denote the class of functions F complex and harmonicinU, f =h+ @
suchthat Re f(z) >0, zeU and H(z) =1+ Y Az¥, G(z) = Y B, z".
k=1 k=2

It is known [4, Theorem 3] that the sharp inequalities | A, [< k +1, | By [<k -1

are true.

Theorem 2.7. Suppose that
F(z)=1+ ) (Az* + B2")
k=1

belongs to PY. Then f e HS%(m, n; q; o; %) and for gﬁ | A | <2, %f *F e
HSO(m, n; q; a; A) ifn>1and % fOFe HSO(m, n; d; a; A).

Proof. The proof of this theorem is similar to that of Theorem 2.5, therefore, we
omit details involved. U

References
[1] Y. Avci and E. Zlotkiewicz, On harmonic univalent mappings, Ann. Univ. Mariae
Curie-Sklodowska Sect. A 44 (1990), 1-7.

[2] J. Clunie and T. Sheil-Small, Harmonic univalent functions, Ann. Acad. Sci. Fen. Ser.
A. |. Math. 9 (1984), 3-25.



32 SAURABH PORWAL, VINOD KUMAR and POONAM DIXIT

[3] K. K. Dixit and Saurabh Porwal, On a subclass of harmonic univalent functions, J.
Inequal. Pure Appl. Math. 10(1) (2009), 1-18.

[4] Z.J. Jakubowski, W. Majchrzak and K. Skalska, Harmonic mappings with a positive
real part, Materialy XIV Konferencjiz Teorii Zagadnien Ekstremalnych Lodz. (1993),
17-24.

[5] S. B.Joshi and M. Darus, Unified treatment for harmonic univalent functions, Tamsui
Oxford J. Math. Sci. 24(3) (2008), 225-232.

[6] M. Oztirk and S. Yalcin, On univalent harmonic functions, J. Inequal. Pure Appl.
Math. 3(4) (2002), 1-8.



