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Abstract 

In this paper, we study ideals, M-systems, N-systems and I-systems of 
ordered AG-groupoids. We prove that if L is a left ideal of an ordered AG-
groupoid with left identity, then L is quasi-prime if and only if LS \  is an 

M-system; L is quasi-semiprime if and only if LS \  is an N-system and L 

is quasi-irreducible if and only if LS \  is an I-system. Moreover, we show 

that every quasi-semiprime left ideal of an ordered AG-groupoid with left 
identity is an intersection of some quasi-prime left ideals. 

1. Introduction and Preliminaries 

Abel-Grassmann’s groupoid, abbreviated as AG-groupoid, is a groupoid whose 
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elements satisfy the left invertive law: ( ) ( ) .acbcab =  An AG-groupoid is the 

midway structure between a commutative semigroup and a groupoid. This structure 
is also known as left almost semigroup, abbreviated as LA-semigroup. A groupoid 
G  is called medial if ( ) ( ) ( ) ( )ayxbbyxa =  for all ,,,, Gyxba ∈  and is called 

paramedial if ( ) ( ) ( ) ( )yabxybax =  for all .,,, Gyxba ∈  It is well known that 

every AG-groupoid is medial [3] but in general AG-groupoid needs not be 
paramedial. However, every AG-groupoid with left identity is paramedial [8]. 

A nonempty subset M of a semigroup S is said to be an M-system if for all 
,, Mba ∈  there exists Sx ∈  such that ( ) Mxba ∈  ([10]). M-systems in semigroups 

were studied in many papers ([1], [7], etc). Later, M-systems were studied in various 
kind of some generalizations of semigroups, for example, M-systems in ordered 
semigroups were studied by Kehayopulu ([4]), M-systems in LA-semigroups were 
studied by Mushtaq and Khan ([6]), M-systems in ordered Γ-semigroups were 
studied by Hila ([2]) and M-systems in Γ-AG-groupoids were studied by Shah and 
Rehman ([9]), etc. 

Let S be a nonempty set, · be a binary operation on S and ≤  be relation on S. 
Then ( )≤⋅,,S  is called an ordered AG-groupoid if ( )⋅,S  is an AG-groupoid, ( )≤,S  

is a partially ordered set and for all baScba ≤∈ ,,,  implies that bcac ≤  and 

.cbca ≤  This structure is a generalization of AG-groupoids and commutative 
ordered semigroups. The following theorem follows by Theorem 1 in [5] and 
definitions of ordered AG-groupoids and ordered semigroups. 

Theorem 1.1. An ordered AG-groupoid S is an ordered semigroup if and only if 
( ) ( )acbbca =  for all .,, Scba ∈  

For ,SH ⊆  let ( ] { }.somefor HhhtStH ∈≤|∈=  This lemma is similar to 

the case of ordered semigroups. 

Lemma 1.2. Let S be an ordered AG-groupoid and A, B be subsets of S. The 
following statements hold: 

  (i) If ,BA ⊆  then ( ] ( ].BA ⊆  

 (ii) ( ] ( ] ( ].ABBA ⊆  

(iii) ( ] ( ]( ] ( ].ABBA =  
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The aim of this paper is to study ideals, M-systems, N-systems and I-systems of 
ordered AG-groupoids. 

2. Main Results 

A nonempty subset A of an ordered AG-groupoid S is called a left ideal of S if 
( ] AA ⊆  and ASA ⊆  and called a right ideal of S if ( ] AA ⊆  and .AAS ⊆  A 

nonempty subset A of S is called an ideal of S if A is both left and right ideals of S. 

Proposition 2.1. Let S be an ordered AG-groupoid with left identity. Then every 
right ideal of S is a left ideal of S. 

Proof. Let R be a right ideal of S. Then ( ] RR ⊆  and .RRS ⊆  We claim that 

,RSR ⊆  indeed, ( ) ( ) .RReeRSReSSR ⊆⊆==   

Let S be an ordered AG-groupoid. For ,SA ⊆  let lA  denote the left ideal of 

S generated by A and for ,Sa ∈  { } la  be denoted by .la  

Lemma 2.2. Let S be an ordered AG-groupoid with left identity and .SA ⊆  

Then ( ) SASAS =  and ( ] ( ].SASAS ⊆  

Proof. Since S has a left identity, .SSS =  Then by definition of AG-groupoids 
and paramedial law, we have ( ) ( )( ) ( )( ) ( ) ( ) .SAASSSASSSASSASSSAS =====  

Thus ( ) .SASAS =  By Lemma 1.2, we have ( ] ( ]( ] ( )( ] ( ].SASASSASSAS =⊆=   

Lemma 2.3. Let S be an ordered AG-groupoid with left identity and .Sa ∈  
Then ( ].Saa l =  

Proof. Since S has a left identity, ( ].Saa ∈  By Lemma 2.2, we have ( ]SaS  

( ].Sa⊆  So ( ]Sa  is a left ideal of S containing a. Next, let L be another left ideal 

containing a. Thus ,LSa ⊆  so ( ] .LSa ⊆   

An ordered AG-groupoid is called fully idempotent if all ideals of S are 
idempotent. For ,SA ⊆  let iA  denote the ideal of S generated by A and for 

{ } iaSa ,∈  denoted by .ia  

Proposition 2.4. Let S be an ordered AG-groupoid with left identity e and A, B 
be ideals of S. If S is fully idempotent, then iABBA =∩  and the ideals of S form 

a semilattice ( ),, ∧SL  where .iABBA =∧  
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Proof. Since ., BAABBAAB i ∩∩ ⊆⊆  Conversely, let .BAa ∩∈  Thus 

.iiii ABABaaaa ⊆⊆=∈  Thus .iABBA ⊆∩  Hence .iABBA =∩  

Since BAABBA ∩==∧  and ∩  is associative, commutative and idempotent 

binary operation, ( )∧,SL  is a semilattice.  

Let S be an ordered AG-groupoid. A nonempty subset M of S is called an 
M-system of S if for each ,, Mba ∈  there exist Sx ∈  and Mc ∈  such that 

( ).xbac ≤  Equivalent definition: for each ,, Mba ∈  there exists Mc ∈  such that 

( )( ].Sbac ∈  

Remark. (i) If ( )⋅,S  is an AG-groupoid, we endow S with the order relation 

,: Sid=≤  then ( )≤⋅,,S  is an ordered AG-groupoid. Moreover, the set M is an 

M-system of an AG-groupoid ( )⋅,S  if and only if M is an M-system of an ordered 

AG-groupoid ( ).,, ≤⋅S  

(ii) If an ordered AG-groupoid S is an ordered semigroup, then the set M is an 
M-system of an ordered AG-groupoid S if and only if M is an M-system of an 
ordered semigroup S. 

A nonempty subset P of an ordered AG-groupoid S is called quasi-prime if and 
only if for any left ideals A, B of S, PAB ⊆  implies PA ⊆  or .PB ⊆  

Lemma 2.5. Let L be a left ideal of an ordered AG-groupoid S with identity e. 
Then L is quasi-prime if and only if for all ,, Sba ∈  ( ) LSba ⊆  implies La ∈  or 

.Lb ∈  

Proof. Suppose that ( ) .LSba ⊆  We get ( )( ) LSLSbaS ⊆⊆  and by medial law, 

paramedial law and the definition of AG-groupoid, we have 

( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ) ( )( )SbSSSaSbSSaSbaSSSbaS ===  

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( ).SbSabSSSaSbSSaSSbSSa ====  

So ( )( ) ( ) ( ).SbSaSbaS =  Since L is a left ideal of S, ( ]( ] ( ) ( )( ] =⊆ SbSaSbSa  

( )( )( ] .LSbaS ⊆  Since ( ]Sa  and ( ]Sb  are left ideals of S and L is quasi-prime, 

( ] LSa ⊆  or ( ] .LSb ⊆  By Lemma 2.3, La ∈  or .Lb ∈  Conversely, let A and B 

be left ideals of S such that LAB ⊆  and .LA ⊆/  Then there exists an element x in S 
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such that Ax ∈  but .Lx ∉  Now for all ,By ∈  we have ( ) ( ) .LABSBASyx ⊆⊆⊆  

Hence by assumption, Ly ∈  for all .By ∈  Hence ,LB ⊆  this implies that L is 

quasi-prime.  

Theorem 2.6. Let S be an ordered AG-groupoid with left identity and L be a 
proper left ideal of S. Then L is quasi-prime if and only if LS \  is an M-system. 

Proof. Assume L is quasi-prime and let .\, LSba ∈  Suppose ( )( ]Sbac ∉  for 

all .\LSc ∈  Then ( )( ] ,LSba ⊆  this implies ( ) .LSba ⊆  By Lemma 2.5, La ∈  or 

,Lb ∈  which is impossible. Then there exists LSc \∈  such that ( )( ].Sbac ∈  Hence, 

LS \  is an M-system. 

Conversely, assume that LS \  is an M-system. Let Sba ∈,  such that 

( ) .LSba ⊆  Suppose that .\, LSba ∈  Since LS \  is an M-system, there exist 

LSc \∈  and Sx ∈  such that ( ) ( ) .LSbaxbac ⊆∈≤  Since L is a left ideal of S, 

we have ,Lc ∈  which is impossible. Hence La ∈ or .Lb ∈  By Lemma 2.5, L is 
quasi-prime.  

Let S be an ordered AG-groupoid. A nonempty subset N of S is called an 
N-system of S if for each ,Na ∈  there exist Sx ∈  and Nc ∈  such that ( ).xaac ≤  

Equivalent definition: for each ,Na ∈  there exists Nc ∈  such that ( )( ].Saac ∈  

Remark. (i) In [6], definition of N-systems in AG-groupoids is called a 
P-system. If ( )⋅,S  is an AG-groupoid, we endow S with the order relation ,: Sid=≤  

then ( )≤⋅,,S  is an ordered AG-groupoid. Moreover, the set N is a P-system of an 

AG-groupoid ( )⋅,S  if and only if N is an N-system of an ordered AG-groupoid 

( ).,, ≤⋅S  

 (ii) If an ordered AG-groupoid S is an ordered semigroup, then the set N is an 
N-system of an ordered AG-groupoid S if and only if N is an N-system of an ordered 
semigroup S. 

(iii) Let S be an ordered AG-groupoid. Each M-system of S is an N-system of S. 

A nonempty subset P of an ordered AG-groupoid S is called quasi-semiprime if 

for any left ideal A of S, PA ⊆2  implies that .PA ⊆  It is obvious that a quasi-

prime subset of S is a quasi-semiprime subset of S. 
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Lemma 2.7. Let L be a left ideal of an ordered AG-groupoid S with identity e. 
Then L is quasi-semiprime if and only if for all ,Sa ∈  ( ) LSaa ⊆  implies .La ∈  

Proof. Suppose that ( ) .LSaa ⊆  We get ( )( ) LSLSaaS ⊆⊆  and by similar in 

the proof of Lemma 2.5, we have ( )( ) ( ) ( ).SaSaSaaS =  Since L is a left ideal of S, 

( ] ( ] ( ) ( )( ] ( )( )( ] .LSaaSSaSaSaSa ⊆=⊆  Since ( ]Sa  is a left ideal of S and L is 

quasi-semiprime, ( ] .LSa ⊆  By Lemma 2.3, .La ∈  Conversely, let A be a left ideal 

of S such that .2 LA ⊆  Now for all ,Ax ∈  we have ( ) ( ) .2 LASAASxx ⊆⊆⊆  

Hence by assumption, Lx ∈  for all .Ax ∈  Hence ,LA ⊆  this implies that L is 

quasi-semiprime.   

Theorem 2.8. Let S be an ordered AG-groupoid with left identity and L be a 
proper left ideal of S. Then L is quasi-semiprime if and only if LS \  is an N-system. 

Proof. Assume L is quasi-semiprime and let .\LSa ∈  Suppose ( )( ]Saac ∉  for 

all .\LSc ∈  Thus ( )( ] ,LSaa ⊆  this implies ( ) .LSaa ⊆  By Lemma 2.7, ,La ∈  

which is impossible. So there exists LSc \∈  such that ( )( ].Saac ∈  Hence, LS \  is 

an N-system. 

Conversely, assume that LS \  is an N-system. Let Sa ∈  such that ( ) .LSaa ⊆  

Suppose that .\LSa ∈  Since LS \  is an N-system, there exist LSc \∈  and Sx ∈  

such that ( ) ( ) .LSaaxaac ⊆∈≤  Then ,Lc ∈  which is impossible. Therefore 

.La ∈  By Lemma 2.7, L is quasi-semiprime.   

The intersection of quasi-prime left ideals of an ordered AG-groupoids S (if it is 
non empty) needs not to be quasi-prime left ideals of S. The following proposition 
shows that it becomes quasi-semiprime. 

Proposition 2.9. Let iJ  be any set of quasi-prime left ideals of an ordered 

AG-groupoid for all .Ii ∈  If ∩ Ii iJP
∈

∅≠= ,  then P is a quasi-semiprime left 

ideal of S. 

Proof. Let L be a left ideal of S such that .2 PL ⊆  Then iJL ⊆2  for all .Ji ∈  

This implies iJL ⊆  for all .Ji ∈  So .PL ⊆  Hence, P is a quasi-semiprime left 
ideal of S.  
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Theorem 2.10. Every quasi-semiprime left ideal of an ordered AG-groupoid 
with left identity is an intersection of some quasi-prime left ideals. 

Proof. Let L be a quasi-semiprime left ideal of S and { }IiJi ∈|  be the set of all 

quasi-prime left ideals of S containing L. This set is not empty because S itself is a 
quasi-prime left ideal of S. Let .\LSa ∈  Then ( ) ,LSaa ⊆/  take ( ) ⊆∈ Saaa1  

( )( ]Saa  but .1 La ∉  From ( ) ,11 LSaa ⊆/  we have Sa ∈2  such that ( )112 Saaa ∈  

( )( ]11 Saa⊆  but .2 La ∉  We continue this way, take ( )( ]11 −−∈ iii Saaa  but .Lai ∉  

We put 0aa =  and let { }....,,, 210 aaaA =  So .∅=LA ∩  Next, we claim that M 

is an M-system. Let ., Maa ji ∈  Let us assume that .ji ≤  If ,ji =  then ∈+1ia  

( )( ] ( ( )].ijii SaaSaa =  If ,ji <  then ( ( )] ( ( ( ( )))] ⊆⊆∈ −−+ 111 jjjjjj SaaSaSaaa  

( ( )] ( ( )]ijjj SaaSaa ⊆⊆− "1  by Lemma 2.2 and Lemma 1.2. A similar argument 

takes care of the case in which .ji >  Now we have that A is an M-system and 

.∅=LA ∩  Let { MMT |=  is an M-system of S such that Ma ∈  and LM ∩  

}.∅=  Then ∅≠T  because .TA ∈  By Zorn’s Lemma, there exists a maximal 

element, say M ′  in T. Again let { JJX |=  is a left ideal of S such that ∅=′MJ ∩  

and }.JL ⊆  Then ∅≠X  because .XL ∈  By Zorn’s Lemma, there exists a 

maximal element, say J ′  in X. Let .\, JSyx ′∈  Then ( ] ∅≠′′ MJSx ∩∪  and 

( ] .∅≠′′ MJSy ∩∪  So there exist Mts ′∈,  such that uxs ≤  and vyt ≤  for 

some ., Svu ∈  Since M ′  is an M-system, there exists Mm ∈  such that ( )wtSm ≤  

for some .Sw∈  Thus ( ) ( )( ) ( )( )( ) ( ) ( )( ) ( )( ) ( )( )vyxuwevyxuwwuxvyvywuxm ===≤  

( ) ( ) ( )( )vyuwex= ( ) ( )( ) ( )( )( ).ywvuxvuywx ==  Then JS ′\  is an M-system. From 

maximality of ,M ′  MJS ′=′\  and so J ′  is a quasi-prime left ideal of S containing 

L. Since ,Ja ′∉  { }.IiJL i ∈|= ∩   

Theorem 2.11. Let S be an ordered AG-groupoid. If N is an N-system of S and 
,Na ∈  then there exists an M-system M of S such that .NMa ⊆∈  

Proof. Since N is an N-system and ,Na ∈  there exists Nc ∈1  such that ∈1c  

( )( ].Saa  So ( )( ] ,∅≠NSaa ∩  take ( )( ] .1 NSaaa ∩∈  Since N is an N-system, 

there exists Nc ∈2  such that ( )( ].112 Saac ∈  So ( )( ] ,11 ∅≠NSaa ∩  take ∈2a  

( )( ] .11 NSaa ∩  We continue this way, take ( )( ] .11 NSaaa iii ∩−−∈  We put 0aa =  

and let { }....,,, 210 aaaM =  We have M is an M-system and .NMa ⊆∈   
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Let S be an ordered AG-groupoid with left identity and a nonempty subset of S 
be called quasi-irreducible if for any left ideals A, B of S, PBA ⊆∩  implies that 

PA ⊆  or .PB ⊆  

Let S be an ordered AG-groupoid with left identity. A nonempty subset I of S is 
called an I-system of S if for each ( ) .,, ∅≠∈ IbaIba ll ∩∩  

Theorem 2.12. Let S be an ordered AG-groupoid with left identity and L be a 
proper left ideal of S. Then the following statements are equivalent. 

(1) L is quasi-irreducible. 

(2) For all LbaSba ll ⊆∈ ∩,,  implies La ∈  or .Lb ∈  

(3) LS \  is an I-system. 

Proof. (1) ⇒ (2): Assume L is quasi-irreducible and let Sba ∈,  such that 

.Lba ll ⊆∩  Thus La l ∈  or .Lb l ∈  Then La ∈  or .Lb ∈  

(2) ⇒ (3): Let .\, LSba ∈  Suppose ( ) ( ) .\ ∅=LSba ll ∩∩  This implies 

.Lba ll ⊆∩  So La ∈  or ,Lb ∈  it is impossible. Hence ( ) ( )LSba ll \∩∩  

.∅≠  Therefore, LS \  is an I-system. 

(3) ⇒ (1): Let A, B be left ideals of S such that .LBA ⊆∩  Suppose LA ⊆/  

and .LB ⊆/  Let LAa \∈  and .\LBb ∈  This implies that .\, LSba ∈  By hypothesis, 

( ) ( ) .\ ∅≠LSba ll ∩∩  Then there exists an element Sc ∈  such that lac ∈  

lb∩  and .\LSc ∈  It shows that ,LBAbac ll ⊆⊆∈ ∩∩  it is impossible. 

Thus LA ⊆  or .LB ⊆  Hence, L is quasi-irreducible.  
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