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Abstract 

We establish the existence of theorems of best proximity pairs for 0KKM  

multimap (resp. K
cU -multimap) in the setting of Hausdorff locally convex 

topological vector space E, with a continuous seminorm p which 
generalizes the previous best proximity theorems of Al-Thagafi and 
Shahzad [2]. 

1. Introduction 

The best approximation theorem due to Fan [7] states that if K is a nonempty 
compact convex subset of a locally convex Hausdorff topological vector space E 
with a continuous seminorm p and EKf →:  is a single valued continuous function, 

then there exists an element Kx ∈  such that 
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( )( ) ( )( ) ( )( ){ }.inf, KyyxfpKxfdxxfp p ∈−==−  

Since then, a number of generalizations of this theorem have been obtained in 
various directions by several authors (e.g., see [8, 16, 18, 19]). Indeed, Reich [15] 
has shown that even if K is a nonempty approximately p-compact convex subset of a 
locally convex Hausdorff topological vector space E with a relatively compact image 
( ),Kf  then the same conclusion holds. Also, there is no guarantee that such an 

approximate solution is optimal. For suitable subsets A and B of E and a multimap 
BAT 2: →  Sadiq Basha and Veeramani [16] provided sufficient conditions for the 

existence of an optimal solution ( )( ),, aTa  (called a best proximity pair) such that 

( )( ) ( ) ( ){ }.,:inf,, ByAxyxpBAdaTad pp ∈∈−==  

Srinivasan and Veeramani [18, 19] extended these results and obtained existence 
theorems of equilibrium pairs for constrained generalized games. Kim and Lee [8, 9] 
generalized the results [18, 19] and obtained existence theorems of equilibrium pairs 
for free n-person games. Al-Thagafi and Shahzad [1] generalized and extended the 
above results to Kakutani multimaps. 

In this paper, we establish the existence theorems of best proximity pairs for 

0KKM -multimaps (resp. K
cU -multimaps) in Hausdorff locally convex topological 

vector space E with a continuous seminorm p. As applications, we obtain existence 
theorems of equilibrium pairs for free n-person games as well as free 1-person 

games. We consider 0
iA  as approximately p-compact and convex for each nIi ∈  

and one of s’0
iA  contained in some compact subset of EA ⊂  instead of 0

iA  is 

compact for each .nIi ∈  

Lemma 1.1. If X is a nonempty compact and convex subset of a locally convex 
Hausdorff topological vector space E, then any generalized Kakutani factorizable 

multifunction XXT 2: →  has a fixed point. 

2. Preliminaries 

Throughout E is a Hausdorff locally convex topological vector space with a 

continuous seminorm p, A and B are nonempty subsets of E, A2  is the family of all 
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subsets of A, AC0  is the convex shell of A in E, Aint  is the interior of A in                

E, ( )BAC ,  is the set of all continuous single-valued maps, ( ) =Axd p ,  

{ ( ) }Aaaxd p ∈:,inf  and ( ) ( ){ }.and:inf, BbAabapBAd p ∈∈−=  A map 

BAT 2: →  is called a multimap (multifunction or correspondence) if ( )xT  is 

nonempty for each .Ax ∈  A multimap AAT 2: →  is said to have a fixed point 
Aa ∈  if ( );aTa ∈  the set of all fixed points of T is denoted by ( ).TF  A multimap 

BAT 2: →  is said to be a 

(a) upper semicontinuous if ( ) ( ){ }∅≠∈=− DxTAxDT ∩:1  is closed in A 

whenever D is closed in B; 

(b) compact if ( )AT  is compact in B; 

(c) closed if its graph ( ) ( ) ( ){ }xTyAxyxT ∈∈= and:,Gr  is closed in 

;BA ×  and 

(d) compact valued (resp. convex) if ( )xT  is compact (resp. convex) in B for 

every .Ax ∈  

A map BAf →:  is proper if ( )Kf 1−  is compact in A whenever K is  

compact in B. A map EAf →:  is quasi p-affine if the set ( ) =xQ  

( )( ){ }rxafpAa ≤−∈ :  is convex for every Ex ∈  and [ ).,0 ∞∈r  

Definition 2.1 ([4]). Given a convex subset C of a topological vector space       
E with a seminorm p. A single valued function ECg →:  is said to be almost        

p-affine if 

( )( )( ) ( ) ( ) ( ),11 xvpxupxvup −λ−+−≤−λ−+λ  

for all Cvu ∈,  and .Ex ∈  

Clearly, any almost p-affine mapping is quasi p-affine but the converse is not 
true. 

Example 2.2. Let 2R=E  and the seminorm p on E be defined as ( ) =yxp ,  

.22 yx +  Let EEg →:  be defined as follows: 
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( ) ( )


 ≥=

otherwise.,0
,0if,,2, ueyxg

x
 

Then it is clear that g is quasi p-affine but not almost p-affine. 

Definition 2.3. Let A be a nonempty subset of a topological vector space E with 
a continuous seminorm p. Then a single valued function EAg →:  is said to be    

p-continuous if ( ) ( )[ ] 0→− xgxgp a  for each x in A and every net { }αx  in A 

converging to x. 

It is apparent that p-continuity is, in general, weaker than continuity. 

Example 2.4. Let 2R=E  with the seminorm [ )∞→ ,0: Ep  be defined as 

( ) ,, xyxp =  for all ( ) ., Eyx ∈  Let EEg →:  be defined as 

( )
( ) ( ) ( )
( )

 ≠

=
otherwise.,0,0

,0,0if,1,0
,

yx,
yxg  

Then g is p-continuous but not continuous. 

Definition 2.5 ([15]). Let A be a nonempty subset of a Hausdorff locally convex 
topological vector space E with a continuous seminorm p. Then the set K is said to 
be approximately p-compact if for each Ey ∈  and each net { }αx  in A satisfying the 

condition that ( ) ( ),, Aydyxp p→−α  there exists a subnet { }βx  of { }αx  converging 

to an element in A. 

It is remarked that approximately compact subsets are closed. 

Evidently, any compact subset of a Hausdorff locally convex topological vector 
space with a continuous seminorm p is approximately p-compact. However, 
approximately compact sets, which are not compact, are available in great profusion. 
Indeed, any nonempty closed and convex subset of a uniformly convex Banach 
space is approximately compact. 

The set ( ) { ( ) ( )}AxdxapAaxP pA ,: =−∈=  is called the set of p-best 

approximation in A to .Ex ∈  Let A and B be nonempty subsets of E. Then a 
polytope P in A is any convex hull of a nonempty finite subset D of A. Whenever X  
is a class of maps, denote the set of all finite compositions of maps in X  by cX  and 
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denote the set of all multimaps BAT 2: →  in X  by ( )., BAX  Let U  be an 

abstract class of maps [14] satisfying the following properties: 

1. U  contains the class C  of continuous single valued maps. 

2. Each cT U∈  is upper semicontinuous with compact values. 

3. For any polytope P, each ( )PPT c ,U∈  has a fixed point. 

Definition 2.6. Let .2: BAT →  Then we say that (a) T is an K
cU -multimap 

[14] if for every compact set K in A, there exists an cU -multimap BKf 2: →  

such that ( ) ( )xTxf ⊆  for each ,Kx ∈  (b) T is a K-multimap (or Kakutani 

multimap) [10] if T is upper semicontinuous with compact and convex values (c) 
BAS 2: →  is a generalized KKM-multimap with respect to T [5] if ( ) ⊆CoDT  

( )DS  for each finite subset D of A (d) T has the KKM property [5] if whenever 
BAS 2: →  is a generalized KKM multimap w.r.t. T, the family { ( ) }AxxS ∈:    

has the finite intersection property (e) T is a PK-multimap [13] if there exists a 

multimap BAg 2: →  satisfying { ( ) }AyygA ∈= − :int 1∪  and ( )( ) ( )xTxgC ⊆0  

for every .Ax ∈  Note that each R
cU -multimap has the KKM property and each     

K-multimap (resp. cU -multimap has the KKM property and each K-multimap (resp. 

cU -multimap, PK-multimap) is an R
cU -multimap (see [11, 12, 14]). 

Let A and iB  be nonempty subsets of a topological vector space with a 

seminorm p for each { }....,,3,2,1 nIi n =∈  Define 

( ) ( ){ },and:inf, ip BbAabapBAd ∈∈−=  

( ) {( ) ( ) ( )},,:,, ipii BAdbapBAbaBAProx =−×∈=  

{ ( ) ( ) },somefor,:0
iipi BbBAdbapAaA ∈=−∈=  

{ ( ) ( ) }.somefor,:0 AaBAdbapBbB ipii ∈=−∈=  

.00
iIi AA n∈= ∩  For ,1=n  let 00

10 AAA ==  and 0
10 BB =  (see [16]). Notice 

that for each ,nIi ∈  0
iA  is nonempty if and only if 0

iB  is nonempty. 
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The following are essential in proving our results in this sequel. 

Lemma 2.7. Let A and for each ,nIi ∈  iB  be nonempty subset of E. Then the 

following statements hold for each :nIi ∈  

(a) If 0
iA  (resp. A) and iB  are convex, then iB  is ( )00. ii BandAresp  convex. 

(b) If 0
iA  (resp. A) and iB  are compact, then 0

iB  is ( )00. ii BandAresp  

compact. 

(c) ( ) ( ) .000
0 iiAiA ABPBP
i

==  

(d) If 0
iA  is nonempty, compact and convex and 0

iB  is convex, then 0
0 iA

BP
i

 is 

a K-multimap. 

Proof. (a) Let ., 21 iBbb ∈  Then there exist iAaa ∈21,  such that ( )KK bap −  

( )ip BAd ,=  for .2,1=K  Let ( ),1,0∈λ  ( ) 21 1 aax λ−+λ=  and +λ= 1by  

( ) .1 2bλ−  If 0
iA  and iB  are convex, then it follows that ,0

iAx ∈  iBy ∈  and 

( ) ( )( ) ( )( )( )2121 11 bbaapyxp λ−+λ−λ−+λ=−  

( ) ( ) ( )( )2211 1 babap −λ−+−λ=  

( )( ) ( ) ( )( )2211 1 bapbap −λ−+−λ≤  

( ) ( ) ( )2211 1 bapbap −λ−+−λ=  

( ) ( ) ( ) ( )ipip BAdBAdyxp ,1, λ−+λ=−∴  

( )., ip BAd=  

(b) Suppose 0
iA  and iB  are compact. Let { }nb  be a sequence in 0

iB  such that 

.in Bbb ∈→  Then there exists a sequence { }na  in 0
iA  such that ( ) =− nn bap  

( )., ip BAd  Since 0
iA  is compact, we may assume that .0

in Aaa ∈→  It follows 

from 

( ) ( )bapBAd i −≤,  

( )bbbaaap nnnn −+−+−=  
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( ) ( ) ( )bbpBAdaap nipn −++−≤ ,  

( )., ip BAd→  

Therefore, ( ) ( ) ., 0
iip BbbapBAd ∈⇒−=  Therefore, 0

iB  is closed and hence 

compact. The rest follows similarly. 

(c) To show that ( ) ,00
iiA ABP ⊆  let ( ).0

iA BPa ∈  Then there exists 0
iBb ∈  and 

Ay ∈  such that ( )bPa A∈  and ( ) ( )., ip BAdbyp =−  Since 

( ) ( ) ( ) ( ) ( ),,,, ippip BAdbypAbdbapBAd =−≤=−≤  

hence ( ) ( )bapBAd ip −=,  and .0
iAa ∈  Therefore, ( ) .00

iiA ABP ⊆  

To show that ( ),00
iAi BPA ⊆  let .0

iAa ∈′  Then there exists iBb ∈′  such that 

( ) ( ) ( ).,, AbdBAdbap pip ′≤=′−′  Therefore, ( ) ( ).iAA BPbPa ≤′∈′  

( ).00
iAi BPA ⊆∴  

( ) .00
iiA ABP =∴  By a similar argument, we can show that ( ) .00

0 iiA
ABP

i
=  

(d) Since 0
iA  is nonempty, compact and convex, 

0
0 2: i
i

A
A

EP →  is a K-

multimap. Since 0
iB  is convex and from part (c), 0

iB  is compact. 

00
ii BA

P  is a K-multimap.  

Remark 2.8. We note from part (c) of the above theorem and the definitions of 

,0A  0
iA  and 0

iB  that 

(c1) 0
iA  is nonempty if and only if 0

iB  is nonempty. 

(c2) ∅≠0A  is equivalent to ( ) ∅≠= iA
n
i bP1∩  for some ( ) ∈nbbb ...,,, 21  

∏ =
n
i iB1

0.  
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(c3) ( ) 00
iiA ABP =  if and only if ;00 AAi =  so by Kim and Lee [8, 9, Theorems 

1, 2 and 4] are valid only whenever .00 AAi =  

(c4) ( ) ( ) .00
1

0
1

0
1 0 AABPBP i

n
iiA

n
iiA

n
i

i
=== === ∩∩∩  So ∅≠0A  if and only if 

( ) ∅≠= iA
n
i yP

i
01∩  for some ( ) ∏ =

∈
n
i in Byyy 1

0
21 ....,,,  

Lemma 2.9 ([15]). Let A be a nonempty, approximately p-compact and convex 
subset of a Hausdorff locally convex topological vector space E with a continuous 
seminorm p. 

For every element ,Ey ∈  let ( ) { ( ) ( )}.,: AydyxpAxyP pA =−∈=  Then 

the following statements hold good: 

(a) The set ( )yPA  is a nonempty, compact and convex subset of A. 

(Every element of ( )yPA  is called a p-best approximation in A to .)Ey ∈  

(b) The multifunctions A
A EP 2: →  is upper semicontinuous. 

(The multifunction AP  is called a projection map.) 

Definition 2.10 ([2]). Let BAT 2: →  be a multimap. Then we say that T is a 

0KKM -multimap if T and so AAT 2: →  are closed and have the KKM property 

for each K-multimap .2: ABS →  

Lemma 2.11 ([17]). Let A and B be nonempty subsets of a normed space E. If 
BA 2→  is an upper semicontinuous multimap with compact values, then T is 

closed. 

Lemma 2.12 ([5, 12]). Let A be nonempty convex subset of a normed space E. If 
AAT 2: →  is closed and compact multimap having the KKM property, then T has 

a fixed point. 

Lemma 2.13 ([6]). For each ,nIi ∈  let iB  be a nonempty, compact and convex 

subset of a normed space E and ∏ =
→

n
i

B
ji iBP 1 2:  be a map such that 
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(a) ( )xPCx ii 0∉  for each ( ) ∏ =
=∈=

n
j jn BBxxxu

121 ....,,,  

(b) ( )yPi
1−  is open in B for each .iBy ∈  

Then there exists Bb ∈  such that ( ) ∅=bPi  for each .nIi ∈  

Lemma 2.14 ([3, 6, 8, 9]). Let B be a nonempty, compact and convex subset of 

a normed space E and BBP 2: →  be a map such that 

(a) ( )xPCx 0∉  for each .Bx ∈  

(b1) If ( ),1 yPz −∈  then there exists some By ∈′  such that ( ).int 1 yPz ′∈ −  

(b2) ( )yP ′−1  is open in B for each .By ∈  

Then there exists Bb ∈  such that ( ) .∅=bP  

3. Best Proximity Results for 0KKM -multimaps (resp. K
cU -multimaps) 

Lemma 3.1. Let A and iB  be subsets of a Hausdorff locally convex topological 

vector space E with a continuous seminorm p such that ( )00 . ii BrespA  are nonempty 

approximately p-compact (resp. closed) and convex for each .nIi ∈  Assume that 

one of sAi ’0  is contained in some compact subset of A. Let 00: AAf →  be a p-

continuous, proper, quasi p-affine and surjective self-map, and 
0

2: AYP →  be a 

multimap defined by ( ) ( )iA
n
in yPyyyP

i
0121 ...,,, == ∩  for each ( ) Yyyy n ∈...,,, 21  

∏ =
=

n
i iB1

0.  Then 
0

2: AYP →  is a K-multimap. 

Proof. Fix .nIi ∈  As 0
iA  is an approximately p-compact and convex subset of 

E, by Lemma 2.9, it is known that the projection map 
0

0 2: i
i

A
A

EP →  is upper 

semicontinuous with compact and convex values. Therefore, 
0

0 2: i
i

A
A

EP →  is a   

K-multimap. In order to show 0
iB  is convex, let 0

21, iBxx ∈  be arbitrary. Then 
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there exist 0
21, iAyy ∈  such that 

( ) ( ) ( ) ( ).,,,,, 2211 ippipp BAdyxdBAdyxd ==  

Let ( ),1,0∈λ  ( ) ,1 21 yyy λ−+λ=  ( ) .1 21 xxx λ−+λ=  Since 0
iA  is convex, 

,0
iAy ∈  we have 

( ) ( )( ) ( )( )2121 11 yyxxpyxp λ−+λ−λ−+λ=−  

( ) ( ) ( )2211 1 yxpyxp −λ−+−λ≤  

( )., ip BAd=  

Therefore, 0
iBx ∈  and hence 0

iB  is convex. Since 0
iA  is approximately p-compact, 

0
iA  is closed for each nIi ∈  and hence 0A  is closed. Since one s’0

iA  is contained 

in some compact subset of A, 0
iA  is compact and convex. Therefore, 0

iA  is 

nonempty, compact and convex, and 0
iB  is convex. By Lemma 2.7(d), 00

ii BA
P  is a 

K-multimap and hence 
0

2: AYP →  is a K-multimap. Let .1PfS −=  Since f is 

surjective and ( ) ( ) ( ) ,0011 AAfYPfYS =⊆= −−  
0

2: AYS →  is a multimap. To 

show that S is a convex valued function, it is enough to prove that ( )yS  is convex 

for .Yy ∈  For ( ),, 21 ySaa ∈  we have ( ) ( ) ( )., 021 iA
yPafaf

i
∈  This implies that 

( )( ) ( ) ( )( )., 2
0

1 iiipi yafpAydyafp −==−  

Since f is quasi p-affine, the set 

( ) { ( )( ) ( )}00 , iipii AydyafpAayQ ≤−∈=  

is convex. 

Therefore, ( )iyQaa ∈21,  which is convex. ( ) ( ),1 21 iyQaa ∈λ−+λ⇒  for 

all [ ].1,0∈λ  

Let ( ) .1 21 aay λ−+λ=λ  Then 

( ).iyQy ∈λ  

( )( ) ( )0, iipi Aydyyfp =−⇒ λ  
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( ) ( )iA
yPyf

i
0∈⇒ λ  

( ) ( )yPyf ∈⇒ λ  

( ) ( ) ( )ySyPfyf =∈⇒ −
λ

1  hence ( )yS  is convex. 

To show that S is upper semicontinuous, let D be a closed subset of 0A  and 

{ }αy  be any net in ( )DS 1−  such that ( )....,,1 nyyyy =→α  Then by definition of 

( )DS 1−  for each α, ( ) .∅≠α DyS ∩  Choose a net { }αx  in (D) such that ∈αx  

( ) DS ∩α  so that 

( )( ) ( )0,, ipp Aydyxfd ααα =  

( )α−
α ∈⇒ yPfx 1  which is compact 

{ }α⇒ x  has a convergent subnet. 

Since D is closed subset of ,0A  without loss of generality, we may assume that 

{ } .Dxx ∈→α  Since f is p-continuous, ( ) ( )( ) .0→−α xfxfp  

Now 

( ) ( )( ) ( ) ( )( ) ( )( ) ( )yypyxfpxfxfpxfxfp −+−+−≤− ααααα  

( )( ) ( )( ) ( )yypyxfpyxfp −+−≤−⇒ ααα  

( ) ( ) ( ( )( ) ( )).,, 00
ipip AydyxfpyypAyd ααααα =−−+= ∵  

Also, ( ) ( ).,, 00
ipip AydAyd →α  So 

( )( ) ( )0, ip Aydyxfp =−  

( ) ( )iA
yPxf

i
0∈⇒  

and hence ( ) ( ).yPxf ∈  Therefore, ( ) ( ).1 ySyPfx =∈ −  So 

( ) DySx ∩∈  

( ).1 DSy −∈⇒  
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Therefore, 

( )DS 1−  is closed 

S⇒  is upper semicontinuous. 

Notice, as 
0

2: AYP →  is K-multimap, P is compact valued map and ( )yP  is 

compact in 0A  for each .Yy ∈  Since 00: AAf →  is proper, ( )( )yPf 1−  is compact 

in ,0A  that is, ( )yS  is compact in .0A  Therefore, 
0

2:1 iAYPfS →= −  is upper 

semicontinuous with compact and convex valued map. 

 
0

2:1 iAYPf →⇒ −  is a K-multimap.  

Definition 3.2. Let A and iB  be nonempty subsets of a topological space E with 

a continuous seminorm p. Let iB
i AT 2: →  be a multimap for each .nIi ∈  Then 

AAf ′→′:  is a self-map of a nonempty subset A′  of A and .Aa ∈  

If ( ) ( )( ) ( ),,, ipip BAdaTafd =  then we can say that ( ) ( )( )aTaf i,  is a best 

proximity pair. The best proximity set for the pair ( ) ( )( )aTaf i,  is given by 

( ) { ( ) ( ) ( )( ) ( )( ) ( )}.,,: ipipi BAdbafpaTafdaTbf =−=∈=i
aT  

For ,1=n  let ( ) ( ).fTf a′=aT  Whenever f is the identity map, we write aT ′  instead 

of ( ).fiaT  

Theorem 3.3. Let A and iB  be subsets of a Hausdorff locally convex 

topological vector space E with a continuous seminorm p such that 0
iA  (resp. 

closed) and nonempty approximately p-compact (resp. closed) and convex for each 

.nIi ∈  Assume that one of sAi ’0  is contained in some compact subset of A. Suppose 

that ( )iA
n
i yP

i
01=∩  is nonempty for each ( ) ∏ =

=∈
n
i in BYyyy 1

0
21 ...,,,  and 

YAT 2: 0 →  is a 0KK -multimap (resp. K
cU -multimap) where ( ) ( )∏ =

=
n
i i xTxT 1  

for each .0Ax ∈  Then for each p-continuous, proper, quasi p-affine and surjective 

self-map ,: 00 AAf →  there exists 0Aa ∈  such that the best proximity set ( )fiaT  

is nonempty and closed. 
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Proof. Fix .nIi ∈  Define 
0

2: AYP →  by ( ) ( )iA
n
in yPyyyP

i
0121 ...,,, == ∩  

for each ( ) ∏ =
=∈

n
i in BYyyy 1

0
21 ....,,,  Let 00: AAf →  be a self-map. As 

( )iA
n
i yP

i
01=∩  is nonempty for each ( ) ,...,,, 21 Yyyy n ∈  it follows from Lemma 3.1 

that 
0

2:1 iAYPf →−  is a K-multimap. 

Now assume that YAT 2: 0 →  is a 0KKM -multimap. It follows from the 

definition of 0KKM -multimap that 
0

2: 01 AATPf →− D  and T are closed multimap 

and have the KKM-property. Since 0
iA  is approximately p-compact for each ,nIi ∈  

0
iA  is closed for each .nIi ∈  But 0

1
0

i
n
i AA == ∩  and one of s’0

iA  is contained in 

some compact subset of A. Therefore, 0
iA  is compact and hence 0A  is compact. 

Therefore, TPf D1−  is a compact multimap. By Lemma 2.12, there exists 0Aa ∈  

such that ( ) ( )aTPfa D1−∈  and hence ( ) ( )( ).aTPaf ∈  Thus there exists 

( ) ( ) ( )∏ =
=∈

n
i in aTaTbbb 121 ...,,,  such that ( ) ( ) ( )iA

n
in bPbbbPaf

i
0121 ...,,, ==∈ ∩  

.0A⊆  Hence ( ) ( ) 0
0 iiA

AbPaf
i

⊆∈  and ( ) .0
iii BaTb ⊆∈  This implies that there 

exists 0
ii Aa ∈′  such that ( ) ( )ipi BAdbap ,=−′  and hence 

( ) ( ) ( )( ) ( )( ) ( ) ( ) ( ).,,,, 0
iiiiipiipip BAdbapAbdbafpaTafdBAd =−′≤=−≤≤  

Thus ( ) ( )( ) ( )( ) ( ).,, ipiip BAdbafpaTafd =−=  Therefore, ( ).fbi
i
aT∈  

Suppose YAT 2: 0 →  is an K
cU -multimap. Then by definition, there exists 

K
cU -multimap YAT 2: 0 →′  such that T ′  is upper semicontinuous with compact 

values and ( ) ( ) ( )∏ =
⊆′=′ n

i i xTxTxT 1  for each .0Ax∈  Now Pf 1−  is a K-

multimap implies Pf 1−  is a K
cU -multimap. Also, T ′  is a K

cU -multimap and hence 

T ′  is a multimap having the KKM property. 

Therefore, TPf ′− D1  and T ′  are closed and having the KKM property. This 
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implies that YAf 2: 0 →′  is a 0KKM -multimap. It follows from the previous 

paragraph that there exists ( ) YAba ×∈ 0,  such that ( ),...,,, 21 nbbbb =  ( )aTb ii ′∈  

and ( ) ( )( ) ( )( ) ( ).,, ipiip BAdbafpaTafd =−=′  As ( ) ( ) ( )( )aTafdBAd ipip ,, ≤  

( ) ( )( ),, aTafd ip ′≤  we conclude that 

( ) ( )( ) ( )( ) ( ).,, ipiip BAdbafpaTafd =−=  

This means that ( ).fbi
i
aT∈  Therefore, in both cases, the best proximity set ( )fiaT  

is nonempty and its closedness follows from the continuity of the seminorm.  

Corollary 3.4. Let A and iB  be subsets of a Hausdorff locally convex 

topological vector space E with a continuous seminorm p such that ( )00 resp. ii BA  

are nonempty approximately p-compact (resp. closed) and convex for each .nIi ∈  

Assume that one of sAi ’0  is contained in some compact subset of A. Suppose that 

( )iA
n
i yP

i
01=∩  is nonempty for each ( ) ∏ =

=∈
n
i in BYyyy 1

0
21 ...,,,  and 

0
2: 0 iB

i AT →  

is an K
cU -multimap for each .nIi ∈  Then for each continuous, proper, quasi p-

affine and surjective self-map ,: 00 AAf →  there exists 0Aa ∈  such that the best 

proximity set ( )fiaT  is nonempty and closed. 

Proof. Define YAT 2: 0 →  by ( ) ( )∏ =
=

n
i i xTxT 1  for each .0Ax ∈  Since 

0
2: 0 iB

i AT →  is an K
cU -multimap for each nIi ∈  for every compact set K in ,0A  

(that is, K may be treated as )0A  there exists an cU -multimap ( )
0

2: 0 iBAKf →=  

such that ( ) ( )xTxf i⊆  for each 0Ax ∈  and for each .nIi ∈  This implies that 

( ) ( ) ( )∏ =
=⊂

n
i i xTxTxf 1  for each .0Ax ∈  Therefore, YAT 2: 0 →  is an K

cU -

multimap. The result follows from Theorem 3.3.  

Theorem 3.5. Let A and iB  be subsets of a Hausdorff locally convex 

topological vector space E with a continuous seminorm p, ( )00 . ii BrespA  be 

nonempty, approximately p-compact (resp. closed) and convex, iB
i AT 2: 0 →  be an 
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upper semicontinuous multimap with compact values and ( ) 0
ii BxT ∩  be nonempty 

for each ,0Ax ∈  for each .nIi ∈  Suppose that ( )iA
n
i yP

i
01=∩  is nonempty for each 

( ) ∏ =
=∈

n
i in BYyyy 1

0
21 ....,,,  Assume that one of sAi ’0  is contained in some 

compact subset of A. Then for each continuous, proper, quasi p-affine and surjective 

self-map ,: 00 AAf →  there exists 0Aa ∈  such that the best proximity set ( )fiaT  

is nonempty and closed. 

Proof. Fix .nIi ∈  Define 
0

2: 0 iB
i AT →′  by ( ) ( ) 0

iii BxTxT ∩=′  for each 

.0Ax ∈  Thus 
0

2: 0 iB
i AT →′  is an upper semicontinuous multimap with compact 

values. Define YAT 2: 0 →  by ( ) ( )xTxT n
i i∏ =

′= 1  for each .0Ax ∈  As in 

Theorem 3.3, 0A  is compact. Therefore, YAT 2: 0 →  is an upper semicontinuous 

multimap with compact values. This implies that T is K-multimap and hence K
cU -

multimap. Then the result follows from the second half of Theorem 3.3.  

Remark 3.6. Lemma 3.1, Theorem 3.3, Corollary 3.4 and Theorem 3.5 
generalize Lemma 3.1, Theorem 3.4, Corollary 3.5 and Theorem 3.8 of Al-Thagafi 

and Shahzad [2] by relaxing the condition 0
iA  is compact for each nIi ∈  into the 

weaker condition 0
iA  is approximately p-compact for each nIi ∈  in the setting of 

Hausdorff locally convex topological vector space with a continuous seminorm p. 

Also, we relaxed the condition 0“ iA  is compact for each nIi ∈  by the weaker 

condition” one of s’0
iA  is contained in some compact subset of EA ⊂  (Hausdorff 

locally convex topological vector space with a continuous seminorm p). 

4. Equilibrium Pair Results for Free n-person Games 

A free n-person game is a family of ordered quadruples ( )
nIiiii PTBA ∈,,,  such 

that A and iB  are nonempty subsets of a normed space E, iB
i AT 2: →  is a 

constraint multimap, and iB
i BP 2: →  is a preference map where ∏ =

=
n
j jBB

1
:  
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(see [9]). An equilibrium pair for ( )
nIiiii PTBA ∈,,,  is a point ( ) BAba ×∈,  such 

that ( ) ( ) .∅=bPaT ii ∩  For details on economic terminology, see [8, 9]. 

Theorem 4.1. Let ( )
nIiiii PTBA ∈,,,  be a free n-person game such that A and 

iB  are nonempty subsets of a Hausdorff locally convex topological vector space E 

with a continuous seminorm p. Then iB
i AT 2: →  is a constraint multimap, and 

iB
i BP 2: →  is a preference map where ∏ =

=
n
j jBB 1 .:  Assume that 0A  is 

nonempty, ( ) ( )∏ =
=

n
i i xTxT 1:  for each ,0Ax∈  ∏ =

=
n
i iBY 1

0,:  and for each ,nIi∈  

(a) 0
iA  is approximately p-compact and convex for each ,nIi ∈  iB  is compact 

and convex for each .nIi ∈  Also, one of the sAi’  is contained in some compact 

subset of A; 

(b) ( )iA
n
i yP

i
01=∩  is nonempty for each ( ) ∏ =

∈
n
i in Byyy 1

0
21 ;...,,,  

(c) YAT 2: 0 →  is a 0KKM -multimap (resp. K
cU -multimap); 

(d) ( )xPx ii co∉  for each ( ) ;...,,, 21 Bxxxx n ∈=  

(e) ( )yP 1−  is open for each .iBy ∈  

Then there exists Bb ∈  such that ( ) ∅=bPi  and, for each continuous, proper, 

quasiaffine, and surjective self-map ,: 00 AAf →  there exists 0Aa ∈  such that 

the best proximity set ( )fiaT  is nonempty and compact. If, in addition, ( )zPi  is 

nonempty for each ( )∏ =
∉

n
i fz 1 ,i

aT  then ( )ba,  is an equilibrium pair in ×0A  

( )∏ =
n
i f1 .i

aT  

Proof. Fix .nIi ∈  Since 0
iA  is approximately p-compact, 0

iA  is closed for each 

nIi ∈  and hence 0A  is closed. Since one of s’0
iA  is contained in some compact 

subset of A, 0
iA  is compact. As 0

iA  and iB  are compact and convex, it follows from 

Lemma 2.7(b) that 0
iB  is compact and convex. By Theorem 3.3, there exists 0Aa ∈  

such that the best proximity set ( )fiaT  is nonempty and closed. By Lemma 2.14, 
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there exists ( ) Ybbbb n ∈= ...,,, 21  such that ( ) .∅=bPi  As ( )zPi  is nonempty for 

each ( )∏ =
∈

n
i fz 1 ,i

aT  we conclude that ( ) ( )∏ =
∈=

n
in fbbbb 121 ....,,, i

aT  Thus 

( ) ,, 0 YAba ×∈  ( ) ( )∏ =
∈=

n
i in aTbbbb 121 ,...,,,  ( ) ( ) ∅=bPaT ii ∩  and ( ) ( )( )aTafd i,  

( )( ) ( )., ii BAdbafp =−=  Thus ( )ba,  is an equilibrium pair in ( )∏ =
×

n
i fA 1

0 .i
aT  

  

Theorem 4.2. Let ( )
nIiiii PTBA ∈,,,  be a free n-person game such that A and 

iB  are subsets of a Hausdorff locally convex topological vector space E with 

continuous seminorm p. Then iB
i AT 2: →  is a constraint multimap, and 

iB
i BP 2: →  is a preference map where ∏ =

=
n
j jBB

1
.:  Assume that 0A  is 

nonempty, ∏ =
=

n
i iBY 1

0,:  and for each ,nIi ∈  

(a) 0
iA  is approximately p-compact and convex for each ,nIi ∈  iB  is compact 

and convex for each .nIi ∈  Also, one of the sAi’  is contained in some compact 

subset of A; 

(b) ( )iA
n
i yP

i
01=∩  is nonempty for each ( ) ∏ =

∈
n
i in Byyy 1

0
21 ;...,,,  

(c) 0| ATi  is an upper semicontinuous multimap with compact values and 

( ) 0
ii BxT ∩  is nonempty for each ;0Ax ∈  

(d) ( )xPx ii co∉  for each ( ) ;...,,, 21 Bxxxx n ∈=  

(e) ( )yPi
1−  is open for each .iBy ∈  

Then, there exists Bb ∈  such that ( ) ∅=bPi  and, for each continuous, proper, 

quasiaffine and surjective self-map ,: 00 AAf →  there exists 0Aa ∈  such that the 

best proximity set ( )fiaT  is nonempty and compact. If, in addition, ( )zPi  is 

nonempty for each ( )∏ =
∉

n
i fz 1 ,i

aT  then ( )ba,  is an equilibrium pair in ×0A  

( )∏ =
n
i f1 .i

aT  
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Proof. Use Theorem 3.5 instead of Theorem 3.3 in the proof of Theorem 4.1.  

Theorem 4.3. Let ( )PTBA ,,,  be a free 1-person game such that A and B are 

subsets of a Hausdorff locally convex topological vector space E. Then BAT 2: →  

is a constraint multimap, and BBP 2: →  is a preference map. Assume that 

(a) 0
iA  is approximately p-compact and convex for each ,nIi ∈  B is compact 

and convex and one of sAi ’0  is contained in some compact subset of A; 

(b) 02: 0 BAT →  is a 0KKM -multimap (resp. K
cU -multimap); 

(c) ( )xPxi co∉  for each ;Bx ∈  

(d) one of the following conditions is satisfied; 

(d1) if 1−∈ Pz  for some ,By ∈  then there exists some By ∈′  such that 

( );int 1 yPz ′∈ −  

(d2) for each ,By ∈  ( )yP 1−  is open in B. 

Then, there exists Bb ∈  such that ( ) ∅=bP  and, for each continuous, proper, 

quasiaffine and surjective self-map ,: 00 AAf →  there exists 0Aa ∈  such that the 

best proximity set ( )fiaT  is nonempty and compact. If, in addition, ( )zP  is nonempty 

for each ( ),fz i
aT∉  then ( )ba,  is an equilibrium pair in ( ).0 fA i

aT×  

Proof. Since 0
iA  is approximately p-compact for each ,nIi ∈  0

iA  is closed for 

each .nIi ∈  Hence 0
1

0
i

n
i AA == ∩  is closed. But .00

iAA ⊂  Therefore, 0A  is compact, 

that is, 0A  is compact. 

Since 0A  and 0B  are nonempty, compact and convex, it follows from Theorem 

3.3 that there exists ( ) 00, BAca ×∈  such that ( )aTc ∈  and ( ) ( )( ) =aTafd ,  

( )( ) ( )BAdcafp ,=−  and so ( )faT  is nonempty. By Theorem 3.5, there exists 

0Bb ∈  such that ( ) .∅=bP  As ( )zP  is nonempty whenever ( ),\ fBz aT∈  we 

conclude that ( ).fb aT∈  So ( ) ,, 00 bAba ×∈  ( )aTb ∈  and ( ) ( )( ) =aTafd ,  

( )( ) ( )., BAdbafp =−  Thus ( )ba,  is an equilibrium pair in ( ).0 fA aT×   
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Theorem 4.4. Let ( )PTBA ,,,  be a free 1-person game such that A and B are 

subsets of a Hausdorff locally convex topological vector space E. Then BAT 2: →  

is a constraint multimap, and BBP 2: →  is a preference map. Assume that 

(a) 0
iA  is approximately p-compact and convex for each ,nIi ∈  B is compact 

and convex and one of sAi ’0  is contained in some compact subset of A; 

(b) 0AT |  is an upper semicontinuous multimap with compact values and 

( ) 0BxT ∩  is nonempty for each ;0Ax ∈  

(c) ( )xPxi co∉  for each ;Bx ∈  

(d) one of the following conditions is satisfied; 

(d1) if 1−∈ Pz  for some ,By ∈  then there exists some By ∈′  such that 

( );int 1 yPz ′∈ −  

(d2) for each ,By ∈  ( )yP 1−  is open in B. 

Then, there exists Bb ∈  such that ( ) ∅=bP  and, for each continuous, proper, 

quasiaffine and surjective self-map ,: 00 AAf →  there exists 0Aa ∈  such that the 

best proximity set ( )faT  is nonempty and compact. If, in addition, ( )zP  is 

nonempty for each ( ),fz aT∉  then ( )ba,  is an equilibrium pair in ( ).0 fA aT×  

Proof. Use Theorem 3.5 instead of Theorem 3.3 in the proof of Theorem 4.2.  
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