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Abstract

In this note, we propose a more efficient approach to the definition of the
integral of Banach-valued functions that enables us to give an improved
version of the Orlicz-Pettis theorem for integrals.

1. Introduction

The Orlicz-Pettis theorem asserts that weakly subseries convergence implies
norm subseries convergence in Banach spaces. In [4], the author gave a continuous
version of this theorem by replacing weakly subseries convergence by Pettis
integrability for measurable functions defined on closed bounded intervals and norm
series convergence by the Henstock-Kurzweil integrable functions. In this note, we
propose an approach that will extend the notion of integral to functions defined on
arbitrary measurable space. Such an approach will enable us to show that in fact
Pettis integrability condition for measurable functions can be replaced by a “weaker”
integrability condition in the continuous version of the Orlicz-Pettis theorem.

Unless stated otherwise, the notation and conventions used in the present note

2010 Mathematics Subject Classification: Primary 46G10, 28B05; Secondary 28C20, 46G12.

Keywords and phrases: weak integrability, Dunford integral, Pettis integral, Orlicz-Pettis
theorem.

Received June 9, 2010



42 MANGATIANA A. ROBDERA

are standard. Throughout the paper, X will denote a c-algebra of subsets of a set (2.

A measure on X is a countably additive function p: X — [0, ©).

Recall that a function f :[a, b] - X is called scalarly measurable if x*f is

measurable for each x* € X™. fis called scalarly absolutely integrable if the function

o - |x"f(0)| is integrable, ie., x"f € L'(n). A scalarly absolutely integrable

P
function is said to be Pettis integrable if there exists an element J[ ] fdu € X such
a,

that forall x* € X™,

( P J’ ‘
x fduj = x fdu.
[a,b] [a,b]

For details on Pettis integral, we refer the reader to [2].

Let ()i, be a finite partition of the interval [a, b], ¢; € I; for each i, and let &

be a positive function on [a, b]. Then the collection of pairs (/;, ¢; ):’:1 is said to be
gauged by § if for each i, ¢; € I; = (¢; —8(c;), ¢; +8(c;)). A function f :[a, b] > X

is said to be Henstock-Kurzweil integrable on [a, b] if there exists an element
HK

J-[ ] fdu € X with the property: for & > 0, there is a function 3 : [a, b] — [0, )
a,

such that the inequality

<€

L HK
2 elinl= [, e

holds for every partition (/) gauged by 8. The book of Bartle [1] is a good source

on scalar-valued Henstock-Kurzweil integrals. For vector valued integrals, the reader
is referred to [2] and [7].

The main result in [4] can be stated as follows:

Theorem 1. If [a, b] = X is measurable and Pettis integrable, then f is

Henstock-Kurzweil integrable.

We extend such a result to X-valued functions defined on an arbitrary
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measurable space (Q, ¥), and for which the Pettis integrability condition is replaced

with weaker integrability condition.
2. Strong and Weak Integrability

We fix a measure space (Q, Z, n) and X be a Banach space. By a partition of

Q, we always mean a countable family P :={4, : n € N} consisting of disjoint

For each partition P =

measurable subsets of € such that Q = UHEN A,.
{4, :n e N}, we arbitrarily choose a sequence c¢ = (c|, 3, ...) € A} X Ay X ---.

The pair (P, ¢) is then called a tagged partition of Q. We denote by [] the set of all
the tagged partitions of Q. Note that [] is naturally directed by (7, ¢;) > (P, ¢;) if

P, is arefinement of P, thatis, if A D P.

Definition 1. We say that a function f :Q — X is p-summable over a
measurable set E if there exists (Fy, cg) € I1 such that for every ((4,), (c,)) =
(By, cg) in 1, the series ZneN w4, N E)f(c,) converges.

We say that f'is p-summable if fis p-summable over all measurable subsets of
Q.

We notice that in the above definition, we do not require measurability for the
function f.

Given a function f : Q — X and a tagged partition (P, ¢) = ((4,,), (c,,)), we

define the Riemann sum of fto be

Re(f, )= D w(dy NE)f(c,):

neN

The collection {Rg(f, P, ¢): (P, ¢) € [1} becomes a net with the partial ordering
> on [I.

We define (strong) integrability as follows:

Definition 2. We say that a p-summable function f :Q — Xis p-(strong)
integrable over a measurable set E if the net {Rg(f, P, ¢): (P, ¢) e I1} is Cauchy,

that is, if for any given & > 0, there exists (Pg, cg) in IT such that
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IR (f. P.c)—Re(f, Q. d) |y <

whenever (P, ¢), (Q, d) > (Pg, c¢g) in I1. The element of X defined by
lim Rg(f, P, ¢) = I fdu
IT E

is then called the (strong) integral of the function f over E with respect to the

measure L.
We say that /' : Q — X is p-(strong) integrable if f is p-(strong) integrable
over any measurable set £ € X.

We denote by Ip(u, X), the set of all p-integrable functions over the
measurable set £. If X = R is the scalar field, then we write Ig(n, R) = I5(n).

The usual properties of integrals such as the stability under sums, scalar multiples

are quickly seen to apply.

Our definition of the integral is large enough to contain most of the classical

notions of the integral. Clearly, every Bochner p-integrable functions are p-
integrable; that is, Lz(1, X) < Iz(1, X). When Q = [a, b], the definition of the

integral given here agrees with the definition of the usual Henstock-Kurtzweil

integral of Banach valued functions defined on intervals ([4]).

We now define weak integrability.

Definition 3. A function f : Q — X is said to be weakly integrable or weakly-
I5(n) (vesp. weakly absolutely integrable or weakly- Lz (1)) if for every x* e X*,
X" f e Ig() (resp. x" f € Lip(w).

Definition 4. We say that a function f :Q — X is Dunford-Ip(n) (resp.

Dunford- L' (n)) if for each x*, x"f e Ig(u) (resp. Lz(1)) and if there exists

D kk
jE f € X™ such that for each all x* € X*,

1)L
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D
If in addition IE f e X, thenfis called Pettis- I g (n) (resp. Pettis- Lz (1)), and we

write

Jor=ler

It is clear from the definitions that a Dunford- /() is weakly- /5 (u). Our next

result shows that the converse of such a statement also holds. The following results
can be deduced from [5] and [6] when Q is a closed bounded interval. However, for
the sake of completeness, we provide an easy and direct proof for the more general

case of the set Q.

Theorem 2. 4 function [ : Q — X is Dunford- I (1) (resp. Dunford- L' (w))

if and only if it is weakly- I ;(u) (resp. weakly- LlE (n)).

Proof. We only need to prove the sufficiency. Suppose f : Q — X is weakly-
Iz(n) (resp. weakly- Li-(1)), where E is a measurable set. For each x* e X™*, let

Mo be defined by ux*f(A) = IA x'[f for A €X. Then, p . . belongs to M(T),

f
the Banach space of scalar measures with the semivariation norm. Let 7 : X"

— M(Z) be defined by Tx* = K« . Then the adjoint T* of T'maps M(2)" into

y
X™. The indicator function 1z can be considered as an element of M(Z)" as

follows: (A, 1) = JE d\ for A € M(Z). Thus T*(1z) € X™ and we have
(T Ap)y =(Ix", 1) =(u « , 1) = J x*f.
x f E
This shows that f'is Dunford- 7 ; (1) (resp. Dunford- L (n)) and IE f=T(Q1g). O

3. The Orlicz-Pettis Theorem for Integrals

We now state and prove a continuous version of the Orlicz-Pettis theorem.

Theorem 3. p-measurable weakly integrable functions are strongly integrable.
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Proof. Suppose [ :Q — X is u-measurable and weakly- /5 (1), where E is
a measurable set. Then by Theorem 2, f is Dunford- I5(n). Let A4y = {w e Q
1 f(©) =0} and 4, :={oeQ:n-1<| f(o)|<n}. Then (4,), , is a countable

measurable partition of Q. For each n, we consider the measurable function

g, =14 f. Clearly, the function o+ | g,(®)| is p-measurable and bounded,

therefore it is Lebesgue p-integrable. That is, g, is Bochner p-integrable; and
therefore p-integrable. It follows that for each n and for any given € > 0, there

exists (P, ¢, ) inITsuch that

0°

| Rg(gn» P, )= Ri(gy, O, d)| < /2"

whenever (P, ¢), (0, d) » (P, ¢, ) inTL

Let (P, ¢) = (B)en> (¢i)ey) and (Q. d) = ((Q1);eny» (d);epy) in T1. Then we

note that

Rp(2,, Pc)= Y w(PNE)f(e),

jeSn(e)

Rp(g, 0.d)= Y. w@;NE)f(d)),

jeSy(d)
where S, (c)=1{j:c; € 4,} and S,(d):={j:d; € 4,} for n > 0. It follows that
if (P, ¢), (O, d) = (B, cp,) inTL,

" RE(f’ (P’ C)_RE(fs Qa d))”X

=12 Y wENEfe)-D Y wE;NE) W)

neN jesS,(c) neN jeS,(d) X

= Z[RE(gn, P, C)_RE(gn’ Q’ d)]

neN X
< Z”RE(gnﬂ (P, C))_RE(gn’ Qa d)"X <e
neN

It follows that fis p-integrable over E.
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Since Pettis integrable is weakly integrable, Theorem 1 is seen as a direct

corollary of the above result.
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