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Abstract

In this paper, the growth estimates for direction dependent random fields
with values in Banach spaces satisfying the general Kolmogorov’s
continuity test condition are mainly investigated. In particular, the
estimates for Hilbert-valued Gaussian random fields which are also
direction dependent, are investigated in detail. The main results are
essentially established based on the application of a generalized version of
the celebrated Garsia, Rodemich and Rumsey lemma.

1. Introduction

The main purpose of the paper is to investigate the growth estimates for some
general random fields taking values in Banach spaces which are direction dependent
and satisfy the general Kolmogorov’s continuity test condition. The regularities of
random fields, especially, the continuity and the growth (as the parameter tends to
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infinity) are very interesting and important in many fields, such as neurology,
quantum field theory, population genetics and so on, we refer the reader to [1], [3],
[51, [9], [12] and [13], and the references therein. In particular, the growth estimates
for random fields are very important to determine an appropriate state space of
solutions to some stochastic partial differential equations, see [10] and [11] for
examples.

It is well known that the classical Garsia, Rodemich and Rumsey lemma, see
[7], [8] and [12], is an effective method to study the modulus continuity of
trajectories of a stochastic process and weak convergence in probability theory ([1],
[2], [4] and [12]). A generalized version of Garsia, Rodemich and Rumsey lemma
has been obtained in [6] (see also Lemma 3.1 below), which is aimed to study the
sharp bounds on the modulus of continuity of solutions of stochastic partial
differential equations driven by a direction dependent random field. In this article,
instead of bounded parameter set, we will study the growth estimates for Banach

valued and Hilbert valued random fields indexed by RY with direction dependent
moment estimates, using the generalized Garsia, Rodemich and Rumsey lemma by
appropriate choices of functions. We are going to offer an effective method to study
of the growth for random fields which admits a direction dependent moment
estimate. As a special case, we will also study the growth estimates for Hilbert
valued Gaussian random fields and the estimates are more accurate than the general
case.

The paper is arranged as follows: In Section 2, the main results of the growth
estimates for direction dependent random fields with values in Banach spaces and
Gaussian direction dependent random fields with values in Hilbert spaces will be
formulated. In Section 3, a generalized Garsia, Rodemich and Rumsey lemma
obtained in [6] is first cited and then based on it, the proofs of main results are given.
At the end of the paper, we provide an application of our main results to a Brownian
sheet.

2. Main Results

Let (B, ||-|)) be a Banach space endowed with the Borel o-field B(B) and let
(©, F, P) be a complete probability space. Then we recall that a random field X =

{X(x); x e RY} with values in B is the collection of B-valued random variables (or

elements) indexed by RY.
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As we introduced in Section 1, our main goal in this paper is to study the growth
for the general random fields with values in the Banach space B as the parameter
tending to infinity. To state the main assertion precisely, let us first set

G (X) := MaXgcicql % [,
where o >1 such that ocal = Zlgigd oci_l <l and x=(xX, .., Xq) € RY. Then
we have the following theorem;

Theorem 2.1. Assume that {X(x); x Rd} is a B-valued random field which

admits a direction dependent moment estimate as follows: there are some positive
constants v, K and k, such that

E[| X (x) = X (y) '] Kn¥ge(x - y) (2.1)

holds for every x, y in the hypercube [-n, n]°

hold:

, n € N. Then the following results

(1) X has a locally Holder continuous version Y.

(2) If there exists X e [-1, 1]d, such that yth moment of the random variable

X(X) exists, i.e., E[||X(X)|['] < oo, then for every & > 1, there exists a real valued

random variable Z5 € (0, ) a.s. such that
_ k+5+(XM _a (10—1 d
1Y) < ‘56£1+| X[y (X[ may (X)) o j xeR" as, (22)

where
oM = MaXici<gioi) and op = Mingiog{a;}.

Remark 2.1. The meaning of the word “version” appeared in the above theorem
is that the constructed random field Y differs from X only on a set of P -measure
zero, i.e.,, P(X =Y)=1. In the proof, we will not make any distinction between

such random fields.

According to this theorem, we can give the growth estimates for B-valued
random fields satisfying the classical Kolmogorov’s test condition.
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Corollary 2.2. Let {X(x); x € Rd} be a random field taking values in the

Banach space B. Suppose that there are positive constants y, K and ¢ > d such that
foreach n e N,

E[|| X (x) = X(y)|'] < Knk| x-y|[° X yel[-n, n]c|

and E[|| X (X)|"] is bounded for some X [-1, 1]9. Then, for each §>1, there exists

a locally Holder continuous version Y of X satisfying
K+6+0 d
[Y(x)] < 55(1+ [ x|y J xeR" as, (2.3)

where Z5 is a random variable with P[0 < 25 < o] = 1.

In the above, we have studied the growth estimate for a general random field
under Condition (2.1). However, we can expect that a better estimate can be
obtained for a special random field. In the following, we investigate the growth
corresponding to Gaussian random fields. Let us first assume that H is a separable
Hilbert space with an inner product (-, -) and let B(H) denote the Borel o-field of

H. Let {X(x); x Rd} be an H-valued mean zero Gaussion random field defined

on a complete probability space (Q, F, P).

Before stating our result for Gaussian random fields, let us set

— |G . i =
ve .—12%|x,|', >0 i=1..,d

and

d
o=t
i=1

Theorem 2.3. Let {X(x); x e Rd} be an H-valued mean zero Gaussian random

field. Assume that the following direction dependent moment estimate is satisfied:
there exist positive constants K and k such that

B[] X (x) = X(y) "] < Kn*y, (x - y) (2.4)
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holds for each x, y  [-n, n]d, n e N. Then, for each § > 1, there exists a locally

Holder continuous version Z of X satisfying

kK+Cv =€
|Z(x)|§®5(l+|x| % m\/\yg(x)log(1+|x|)j, xeRY as,

where ®g is a real valued random variable with P[0 < @5 < o] =1, (y =
MaXy<i<q Gi and Cp = Mincj<q Gj and |-| stands for the norm of the Hilbert

space H hereafter.

Remark 2.2. In this theorem, we do not require C(‘)l <1, recalling that the

similar condition is necessary in Theorem 2.1.
3. Proofs and Application

In this section, we will devote to the proofs of the main results in Section 2.
Before doing it, we first cite a generalization of Garsia, Rodemich and Rumsey
lemma which is obtained in [6] as below and is an effective method to study the
Holder continuity of a random process, see [4] and [12].

To do it, the following hypotheses and notations will be introduced. Let q be a

mapping from RY xRY to [0, =) satisfying the following conditions:

H1. There exists a positive constant M, such that forall x, y, z € Rd,

q1
q(x, y) < Mg(a(x, z) +a(z, y)).
H2. The mapping q is symmetric, i.e., forany x, y RY, q(x, y) = q(y, x).

H3. For any sequence {Xp},.y C RY and x e RY, if limp_o a(x, x,) =0,

then the series x,, converges to x.

Let @ and ¢ be positive, strictly increasing, and continuous functions on [0, o)
such that
(0)=¢(0)=0
and
tll)rgo D(t) = oo
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Lemma 3.1. Suppose that g, ¢ and @ are defined as above. Let f ‘RY > B be
a continuous function.

Assume that

V= .[Id Jld (" fdf();)(x fy()))/)lljdxdy =

Then

alx,y) &N ~
f(x)—f <8 o —  _|d , 3.1
1169 1)) <8 max [ (l o lzJ O NCEY

where E)(u) = ¢(4M§u), B,(u)={xe RY: g(x, z) < u}, Iy =10, 1]% stands for the

unit hypercube in RY and Mg is the constant appeared in H1.

Remark 3.1. We have that q(x, y):= maX<j<q| Xi — ¥ satisfies the

i [
conditions H1-H3 in the above with M = maX;<j<q max{2°‘“1, 1}, forevery a; >0,

i =1, ..., d. In addition, it is obvious that if q is metric on RY, then Conditions
H1-H3 above are satisfied.
Although Lemma 3.1 is a purely deterministic result, it can often be applied to

the random case, as below. In fact, everything hinges on the choices of the functions
@ and ¢ as we do below.

In the proofs, for brevity, we allow the positive constant denoted by C to vary
from one appearance into another even within the same proof if there is no
confusion.

Proof of Theorem 2.1. The Hoélder continuity of the B-valued random field
satisfying the generalized Kolmogorov test condition (2.1) can be verified by the
standard arguments with some modification, we refer the reader to [9, p. 31].

In the following, we will prove that the estimate (2.2) for the random field X
holds. At first, if there exists X e Iy, such that the expectation of || X (X)|" exists,

then by Theorem 3.2 in [6], we know that

IX) | <[X®)+Co, xe[-11? as,
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where @ is a positive random variable with the existence of yth moment, i.e.,
E[O®] < .
Hence,

sup | X(X)[| <o as. (3.2)
xe[-1, 1]

Assume that xg € RY is the center of the unit hypercube 14 and n>2 is an

integer in the following.
Define the random field {X"(x); x € I4} for each n by
X"(x) = X(2n(x - xg)).
From the key Condition (2.1) and recalling the definition of q,, we see that
E[IX"(x) = X"(y)["] = El| X(2n(x = x9)) = X (2n(y = %0)) ']

< Kn¥ge (2n(x - y))

<cnftomMg (x - ). (3.3)
For simplicity, we introduce the following notations:

o(t) =[],

Qg — 1
QoY

o(0) = LN[r't; L sj, N N,

- X" - X"()] _
v "I.J.dq{ REREENY) de"y’ net

where

SN ]

t Hnl[ log T log ) N > 2,
C

ta(log%) , N =1,

for all strict positive t, and r' is taken such that ¢ is increasing in [0, 4M§].

Ln(t a, b, )=
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By Fubini’s theorem and (3.3), we can easily see that

n Knk+aM qoc(x - y)
E[V]Sf.df.d Hag(x— y))y X

15d (o7 2-1)
o [P
0 o

1
< KnkmMJ. Ly (t -1, =1, —By)dt
0

< cnktom

For each 8 > 1, let us now consider the random variable

n=1

(3.4)

which implies that there is a subset Qg of Q with P(Q5) =1, such that Vs(o) is

finite and

V(o) < nk+6+aMV5(w) <o, forall oeQs.
Note that
[Bo(U) N g | > Bo(w) N 1g [ = 0"
Applying Lemma 3.1to X" and by (3.1), we come to

VAVAL
u°‘62

o (X=Y) _
||x“<x>—x”<y)||ssj0q yqu[ jdp(u)

qa(x_y) —
< C(V“)l/YI LN(rt; O‘f(’xo 1 v B)dt

0

where r = 4M§r'.

a.s.,

(3.5)

(3.6)
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Note that forany a > 0, b, c € R and each N,

= a_l

&
J Ly(t;a-1,b,c)
. 0
lim
¢>0 Ly(&a b c)

Then, by (3.5), we obtain that there exists a constant C, such that for all x, y € Iy,
(3.6) is bounded above by

1 og -1 _
COrLn 1 (x - y): =2 47 p)
k+8 1
+ ;(XM 7 ' ao _1 .,
<Cn Vs Ly| rae(x = y); Tagy Yy, B| as. (3.7)

Therefore, for each x, y € [-n, n]d, we get that

IX(x) = X(y)ll < Xn(z—)(r]+ Xo)— Xn(%Jr Xo)”
kedray 1
<Cn 7 VéyLN(rqa(xz_ny); 02—0;1, v B) as.
From the above inequality, we see that, for each n > 1,
I Xl
k+dram 1
<[ x@©@]f+cn 7 ViLy (rqa(z—’;); ago_yl,y‘l, Bj, xe[-n,n as. (3.8)

Since, for each x e Rd\[—l, 1]d, there exists n € N such that
x € [-n, n]cI \[-n+1, n —1]d,
we have that n —1 < | x| < vdn and n < 2| x|.

Hence, from (3.8), for x e [-n, n]d,

K+d+ay = X an -1  _
XTI X @1+ Cx [y VL1 5 [ 222 v ). as. @9)
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. n—1\% X 1\*
Noticing that maxi<ij<qg (Tj < qa(ﬁ) < MaXi<i<qg (f) and by the property

of Ly, we see that, there is a constant C, such that

-1 _ - ao-1
Lo (1o 35 F 2222 77, B < C0™m6, (0) e - (310)

Therefore, form (3.9) and (3.10),

K+8+apm L a op-1 d
[ XN <[ XO)[+Clx[ 7 Vi (x[*mae(X))agr . xe[-nn]" as.

Combining the above estimate with (3.2), we can conclude that there exists a strict
positive real valued random variable Zg, i.e., 0 < Z5 < o a.s., such that

ag-1

(| X[ qa<x>>j g,

k+aM
IX00) = =51+ x5
Thus, the proof is completed.

Now let us give the proof of Corollary 2.2 which can be considered as a simple
application of Theorem 2.1.

Proof of Corollary 2.2. Let a; = o, for i =1, ..., d in Theorem 2.1. Noticing
that

Us(x) <[ x| < d"/zqc(x), x e R
and by (2.3), we have that there exists a constant C such that
B[ X (x) = X ()] < Cn*ag(x - ¥),

which is just the Kolmogorov’s continuity test condition (2.1). Therefore, the result
follows from Theorem 2.1 immediately. O

Now we are in the position to show Theorem 2.3. Recalling that X is an H-
valued Gaussian random field, from the celebrated Fernique’s theorem, we have that

E[| X(x)|'] <o, 121, xe RY. More accurately, we have the following assertion:

Lemma 3.2. Let X be an H-valued Gaussian random variable with mean zero.
Then, for arbitrary m € N, there exists a constant C,, such that

E[| X [P™] < CE[| X ™.
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Proof. The claim follows immediately from Corollary 2.17 in [4]. Here the
concrete proof will be omitted. U

Proof of Theorem 2.3. From Lemma 3.2, it follows obviously that for every
me N,

E[| X (x) - X(y) "] < Cnk™y P (x - y).

Thus the claim of the existence of a locally Holder continuous version follows
immediately as in Theorem 2.1.

For simplicity, we will still denote this version by X hereafter. Let {X"(x);
X € lg},.n be the random fields defined as in the proof of Theorem 2.1. From (2.4)

and the relation
we(2m) < (2n) My (%),
we see that
B[|X"(x) = X"(y)]P] < Con** My (x - y), (3.11)
where Cj is a positive constant.

Define

Zn(X, y) = Xn(x)_xn(y)

T , X, yely, nelN
VCon* My (x - )

Then we have that Z"(x, y) is an H-valued Gaussian random variable with mean

zero and covariance matrix I'"(x, y), which is a trace class operator. By (3.11), we
obtain that

Tr(r"(x, y)) = E[|Z"(x, y)]]

is uniformly bounded above by one, where Tr denotes the trace of T"(x, y). Hence,

from Proposition 2.16 [4], it follows that for each s> 2,

n 2 ® 5j-

j=1
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In order to apply Lemma 3.1, we put

1

at) = t2,

2
t
Dy (t) = eXp[m],

X0 - X"(y)
=] I, “( «wdx—w)Jdm”

where t > 0, s > 2 and Cj is the constant in (3.11). Then the inverse function d)ﬁl

of @, equals to

1
(Cosn M logt)z.
By (3.12) and Fubini’s theorem, E[Q"] is uniformly bounded, i.e.,

sup E[Q"] < c.
neN

Define

It is obvious that the expectation of Qg is bounded and

Q" <n’Q; as.

Thus we can apply Lemma 3.1 for ®,,, ¢ and Q". Notice that

1
| B,(u) N Ig | >|B(u)N Ig | =ub0

and

(al+[b)Y2 <|af?+|p 2
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Lemma 3.1 now states that for any x, y € [-1, 1]d,

_ n 1
X0~ X" <c max [" ”@‘{Lz}l Zdu
ze{x,y}J0 | B,(u)N g |

1
Krlm oy (x-y) ny2 -1
<Cn 2 jg log 42Q u 2du
0 u /CO

k+tm 1 1 1
<Cn 2 \ng(x -Y) (| log 4Qs [2 + (8 log n)Ej

1
Ve 1Nz -5
+I “log=|"u 2du as.
0 G ~u

On the other hand, it is easy to know that the integral of the right hand side of the
above the inequality is bounded by

e[ twelo- yltogwex-y))z +1)

Therefore, we conclude that

X" () = X" (y)]

k+Cm 1 1 1 1
<Cn 2 |1+ \ygz (x - y)(| log 4Q;s [2 + (51ogn)z + [log y (x — y)|§j a.s.

Then the desired estimate can be verified by similar arguments as in the proof of
Theorem 2.1. We omit the detail here. U

In the following, a simple example is given to illustrate the subtle difference
between Theorem 2.1 and Theorem 2.3.

Example. Let W := W (x), x € R9} be a real valued and centered Gaussian
random field with covariance function given by

E[W (x)W (y)]
0, if 3%, y; s.t.sgn(x;)+sgn(y;) =0, fori=1,..,d,
= d
I | _ 1| X AYi|, otherwise,
i=
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where sgn is the signal function. In other words, W is in fact composed of
independent Brownian sheets, see [12] or [13] for the detailed definition of

Brownian sheets. Then, foreach n e N, and x, y € [-n, n]d, we have

2 PR— -
E[|W(x)-W(y)|"] < dngzﬁ X — Vi |-

From Theorem 2.1, it follows that for each & > 1, there is an almost surely bounded

and positive random variable Zg such that i
W(x) < Z5@+|xP) as. (3.13)
However, Theorem 2.3 leads to
|[W(x)| < ®(1+ (| x[log(@ + | x |))%j as., (3.14)

which is very close to the exactly asymptotic behavior comparing with the law of the
iterated logarithm (see Theorem 1.5 in [12], for example). In addition, it is obvious
that the estimate (3.14) is more accurate than the estimate (3.13).
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