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Abstract 

In this paper, we use the equivalence relation between K-functional and 
modulus of smoothness, and give the Stechkin-Marchaud-type inequalities 
for linear combination of Bernstein-Durrmeyer operators. Moreover, we 
obtain the inverse result of approximation for linear combination of 

Bernstein-Durrmeyer operators with ( ).;2 xfr
λϕ

ω  Meanwhile we unify and 

extend some previous results. 

1. Introduction and Main Results 

Let [ ],1,0pLf ∈  ( ).1 ∞≤≤ p  Then the Bernstein-Durrmeyer operator 

( )xfDn ;  ( )naturalsofset:=∈ Nn  is defined as follows: 
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which was first introduced and investigated by Derrieinnic [1] in 1985. The linear 
combination of Bernstein-Durrmeyer operators is given by 
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Ditzian and Ivanov [2], Zhou [3] and Guo and Li [4] studied the linear 
combination of Bernstein-Durrmeyer operators, and obtained the characterization of 
approximation, the relationship of differential and modulus of smoothness for 

( ).;, xfO rn  

In this paper, we first establish Bernstein-type inequality with parameter λ 
for ( ).;, xfO rn  After that, we use the equivalence relation between K-functional 

and modulus of smoothness, and give the Stechkin-Marchaud-type inequalities in 
[ ]1,0pL  for linear combination of Bernstein-Durrmeyer operators. Moreover, we 

obtain the inverse result of approximation for linear combination of Bernstein-

Durrmeyer operators with ( ).;2 xfr
λϕ

ω  Meanwhile we unify and extend [2-4] results. 
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First, we introduce some useful definitions and notations. 

Definition 1.1. Let ( ) ( ) .1,10,12 ∞≤≤≤λ≤−=ϕ pxxx  
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By [5, p. 10-11], there exists 0>M  such that 
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We are now in a position to state our main results. 

Theorem 1.1. For ,Gf ∈  ,N∈r  ,10 ≤λ≤  ( ) ( ) ,1
n

xxn +ϕ=δ  we have 

the Stechkin-Marchaud inequality 
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Theorem 1.2. Let ,Gf ∈  ,N∈r  .20 r<α<  Then 

( ) (( ( )( )) ) ( ) ( ).;212
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,
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ϕ
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Remark 1.1. For the inverse result, it is obvious that the result of [2] is a special 
case of (1.5) with ,1=λ  the result of [3] is a special case of (1.5) with ,0=λ  

,∞=p  and the result of [4] is a special case of (1.5) with .∞=p  

Throughout this paper, M denotes a positive constant independent of x, y, n and 
f which may be different in different places. 

2. Auxiliary Lemmas 

To prove the theorems, we need also the following lemmas: 
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Proof. We notice [5, p. 164] 
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Lemma 2.1 has been proved.  

Lemma 2.2. If ,0,0,0 >≥≥ xdc  then 
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Proof. We notice [5, p. 164] 
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For ,0=c  ,0=d  the result of (2.2) is obvious. For ,0>c  ,0>d  using 
Hölder’s inequality, we have 
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For ,0>c  0=d  or ,0=c  ,0>d  the proof is similar. Thus, this proof is 
completed.  

Lemma 2.3. For [ ],1,0pLf ∈  ,N∈r  ,10 ≤λ≤  ( ) ( ) ,1
n

xxn +ϕ=δ  ,2rn ≥  

we have the Bernstein-type inequality 
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with ( )nxQi ,  is a polynomial in ( )xnx −1  of degree ( )[ ]22 ir −  with nonconstant 

bounded coefficients. Therefore, 
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we can write 
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For ,∞=p  if ,nEx ∈  then by (2.5), we can now write 
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If ,c
nEx ∈  then by (2.7), the proof is similar to that (2.9), it is enough to show 

that 

( ) ( )( ) ( ) .; 222
∞

λ−λ ≤ϕ fMnxfDx rr
n

r  (2.10) 
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Proof. By calculation, we have 
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For ,∞=p  by (2.12) and Lemmas 2.1 and 2.2, using the method similar to that 
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By (2.13) and (2.14), using Riesz-Thorin theorem, we get 
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Lemma 2.5. If ,Gf ∈  ,N∈r  ,10 ≤λ≤  then 

( )( ) ( )( ) ( )∑
=

−λ−λ −δ≤ϕ
n

k
prk

r
n

r
p

r
rn

r ffOxMnfO
1

,
1212

,
2 .  (2.15) 

Proof. By Lemmas 2.3 and 2.4, noting that ( )( ) ,0;2
,1 =xfO r
r  we have 

( )( ) p
r
rn

rr fOn 2
,

2 λ− ϕ  

( )( ( )) ( )( ( ) ) prk
r
rn

rr
prk

r
rn

rr ffOOnfOOn −ϕ+ϕ≤ λ−λ−
,

2
,

2
,

2
,

2  

( )( ) ( )( ) ( ) .,
12

1
2
,

2
2 prk

r
np

r
rk

rr ffOxMfOnM −δ+ϕ≤ −λλ−  (2.16) 

We write ( ) ( ) .max ,1, prknkprq ffOffO −=− ≤≤  For ( ) ,, prq ffO −  

,1 nk ≤≤  ( ) ,0, ≠− prk ffO  there exists ,03 >M  such that ( ) ≤− prq ffO ,  

( ) .,3 prk ffOM −  Therefore 

( )( ) p
r
rk

rr fOnM 2
,

2
2

λ− ϕ  

( )( ( ) ) ( )( ( )) pr
r
rk

rr
pr

r
rk

rr fOOnMffOOnM ,1
2
,

2
2,1

2
,

2
2

λ−λ− ϕ+−ϕ≤  

( )( ) ( ) ( ) ( )( ) p
r
r

r
kpr

r
k fOMffOxMM 2

,1
122

2,1
12

21
−λ−λ δ+−δ≤  

( )( ) ( ) prq
r

k ffOxMM −δ≤ −λ
,

12
21  

( )( ) ( ) .,
12

321 prk
r

k ffOxMMM −δ≤ −λ  (2.17) 



GUO FENG 

 

108 
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By relationship of K-functional and modulus of smoothness, we get 
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By Berens-Lorens theorem, and relationship of K-functional and modulus of 
smoothness, we have 
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This completes the proof of Theorem 1.2.  
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