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Abstract

The so-called exponentiated gamma distribution has a wide range of
practical applications such as modelling life time data. In this paper, the
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asymptotic percentage points of the distributions of the EDF-based
Anderson-Darling and Cramér-von Mises statistics are given for the case
of complete and type Il censored samples.

1. Introduction

Following [4], a random variable X is said to have an exponentiated gamma
distribution, if its cumulative distribution function (CDF) is given by

F(x; 0)=[1—e*(x+1)]° for 6>0, x>0. (1)

This distribution has important applications in life testing; details can be found, for
example, in [8-13]. In this paper, the percentage points of the asymptotic

distributions for the Cramér-von Mises W2 and the Anderson-Darling A? statistics
are obtained for the problem of testing goodness-of-fit for the exponentiated gamma
distribution when the parameters are estimated from a sample of size n censored at
the right. The type of censoring considered here is known as type Il, which
corresponds to the situation in which, for fixed r, the n — r largest observations are
missing.

Table 1. Upper percentage points of the asymptotic distribution of the Ar2 n Statistic,

for selected censoring proportions g =1—r/n

Significance level

q 0.15 | 0.10 | 0.05 | 0.025 | 0.01 | 0.005 | 0.001
0.00 | 0.914 | 1.060 | 1.320 | 1.589 | 1.957 | 2.242 | 2.921
0.05 | 0.851 | 0.994 | 1.247 | 1.510 | 1.869 | 2.148 | 2.811
0.10 | 0.785 | 0.920 | 1.160 | 1.409 | 1.750 | 2.014 | 2.642
0.15 | 0.720 | 0.845 | 1.068 | 1.300 | 1.617 | 1.863 | 2.448
0.20 | 0.656 | 0.771 | 0.976 | 1.189 | 1.481 | 1.707 | 2.243
0.25 | 0.595 | 0.700 | 0.886 | 1.080 | 1.345 | 1.550 | 2.038
0.30 | 0.537 | 0.632 | 0.799 | 0.974 | 1.212 | 1.397 | 1.836
0.35 | 0.482 | 0.567 | 0.717 | 0.872 | 1.085 | 1.250 | 1.641
0.40 | 0.431 | 0.506 | 0.639 | 0.776 | 0.964 | 1.110 | 1.456
0.45 | 0.382 | 0.448 | 0.565 | 0.686 | 0.850 | 0.978 | 1.281
0.50 | 0.337 | 0.394 | 0.496 | 0.601 | 0.744 | 0.854 | 1.117
0.55 | 0.294 | 0.344 | 0432 | 0.522 | 0.644 | 0.739 | 0.965
0.60 | 0.254 | 0.297 | 0.372 | 0.448 | 0.552 | 0.633 | 0.824
0.65 | 0.217 | 0.253 | 0.316 | 0.380 | 0.467 | 0.534 | 0.694
0.70 | 0.182 | 0.212 | 0.264 | 0.317 | 0.389 | 0.444 | 0.574
0.75] 0.149 | 0.173 | 0.216 | 0.258 | 0.316 | 0.360 | 0.464
0.80 | 0.118 | 0.137 | 0.170 | 0.203 | 0.248 | 0.283 | 0.364
0.85 | 0.088 | 0.102 | 0.127 | 0.152 | 0.185 | 0.211 | 0.271
0.90 | 0.059 | 0.069 | 0.086 | 0.102 | 0.125 | 0.142 | 0.183
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2. Maximum Likelihood Estimation

The log-likelihood for a right-censored sample X)) -+ X(r) from the distribution

(1) is given by

1(6) = rIn(0) — Zr:x(i) + Zr:m Xy + (0 —1)2 InV(j) + (n - r)In(l—V(?)),
i=1 i=1 i=1

where V(i) =1~ (1+ X))exp(=X;)), i =1 ..., r. The maximum likelihood estimator
(MLE) of the parameter 6, is the value 0 which satisfies

0
(n- r)V(r) InVr) N

0
1 —V(r)

aAe) _r

20 6+ InV(i) -

()

r
i=1
For r < n, the solution of (2) can be found using an iterative procedure such as

the Newton-Raphson method. In order to obtain the asymptotic variance of é, we

also find
82I(6) r (n—r)V(?)(InV(r))2 V(?)
02 o2 1-v0 v | ®)
(3] (3]
Thus,
2 VO IV, )2 V92 (V)2
_E{a |(29)} 1, (n_r)E{ (o) ] (n_r)EF (o) |
20 0 1-v¢) @€-Vy))

As it can be seen, expression (3) involves the sample through the rth order
statistic only, so the above expected values are computed using its distribution. Here,
we obtain

_E{azl(e)} _H(r,n)
062 62

where
H(r, n) = -[r? + 20r¥(n)¥(r) + r — nr(¥(r))> = m — nr¥(L, r)

—nr(¥(n))? + nr¥(, n) - 2n¥(r) + 2n¥(n))/(n - r - 1).
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In the above expression, ¥(x) denotes the digamma function and ¥(k, x) its

kth derivative. A more detailed treatment of these functions can be found in [1].
Using the above results, assuming that the value of q remains constant as n tends to
infinity, we have

lim —
n—oo n

0 E{azl(e)} _@-a)g+(n@-q)?]
g g

3. Test Procedures

3.1. Right-censored samples

Suppose that we are interested in testing the null hypothesis that the random
sample X, ..., X,, was drawn from the distribution (1), based on the r smallest

observations. The test can be performed as follows:
1. Find the maximum likelihood estimator © of 0 in (2).

2. Obtain the order statistics xq) < --- < Xy and compute z(j) = F(X), @)) for

i=1..n

Table 2. Upper percentage points of the asymptotic distribution of the Wrz,n statistic,
for selected censoring proportions g =1-r/n

Significance level

[ ¢ 1015 ] 0.10 [ 0.05 [ 0.025 [ 0.01 [ 0.005 [ 0.001 |

0.00 | 0.1480 | 0.1744 | 0.2215 | 0.2706 | 0.3376 | 0.3897 | 0.5130
0.05 | 0.1466 | 0.1730 | 0.2200 | 0.2689 | 0.3358 | 0.3878 | 0.5108
0.10 | 0.1423 | 0.1684 | 0.2147 | 0.2630 | 0.3291 | 0.3814 | 0.5019
0.15 | 0.1354 | 0.1606 | 0.2056 | 0.2524 | 0.3165 | 0.3625 | 0.4840
0.20 | 0.1264 | 0.1503 | 0.1929 | 0.2374 | 0.2981 | 0.3375 | 0.4571
0.25 | 0.1157 | 0.1379 | 0.1775 | 0.2187 | 0.2751 | 0.3184 | 0.4226
0.30 | 0.1041 | 0.1242 | 0.1600 | 0.1974 | 0.2486 | 0.2879 | 0.3823
0.35 | 0.0918 | 0.1097 | 0.1414 | 0.1746 | 0.2199 | 0.2548 | 0.3384
0.40 | 0.0795 | 0.0949 | 0.1224 | 0.1511 | 0.1903 | 0.2208 | 0.2928
0.45 | 0.0674 | 0.0805 | 0.1037 | 0.1278 | 0.1609 | 0.1861 | 0.2473
0.50 | 0.0559 | 0.0666 | 0.0857 | 0.1056 | 0.1327 | 0.1537 | 0.2036
0.55 | 0.0452 | 0.0538 | 0.0690 | 0.0848 | 0.1064 | 0.1230 | 0.1628
0.60 | 0.0354 | 0.0421 | 0.0539 | 0.0660 | 0.0826 | 0.0933 | 0.1260
0.65 | 0.0268 | 0.0318 | 0.0406 | 0.0496 | 0.0618 | 0.0705 | 0.0938
0.70 | 0.0195 | 0.0230 | 0.0292 | 0.0355 | 0.0441 | 0.0508 | 0.0665
0.75 | 0.0133 | 0.0157 | 0.0198 | 0.0240 | 0.0297 | 0.0341 | 0.0443
0.80 | 0.0084 | 0.0099 | 0.0124 | 0.0150 | 0.0184 | 0.0210 | 0.0272
0.85 | 0.0046 | 0.0055 | 0.0068 | 0.0082 | 0.0101 | 0.0114 | 0.0147
0.90 | 0.0021 | 0.0024 | 0.0030 | 0.0036 | 0.0044 | 0.0050 | 0.0064
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3. Compute the Anderson-Darling or the Cramér-von Mises statistics in their
version for a type Il right-censored sample [2],

r

Arz,n = —%Z(Zi - 1) {In Z(i) - In[l— Z(l)]} - 22 In[l— Z(i)]
i=1

i=1
1
—ﬁ[(r —n)YInfl- Z(r)} — r?In Z(r) + nzz(r)], 4)
r . 2 3
2 20 -1 r n r
win= 2w )+ a0 5) ©

4. Using the value q = 1 - r/n, the proportion of right-censoring, refer to Table

1 or Table 2, according to the statistic used. If the value of the test statistic exceeds
the value in the table, then for a given significance level, reject the null hypothesis.

3.2. Left-censored samples
A test for the left-censored case, based on X(_r,1), ..., Xn), the largest r
observations, can be carried out by taking z(*i) =1-Zn 4, 1=1..,r1, and

computing the appropriate statistic for the right-censored case using the values

za), zZ}). For the left-censored case, the z-values must be computed using the
appropriate maximum likelihood estimator of the parameter 6, namely,

r

0=— :
;
(n=1)InVin_ryp) + zizllnv(n—wi)

3.3. Complete samples

For the case of a complete sample, i.e., r = n, the maximum likelihood estimator

-1
of 6 reduces to 0 = —n{zin:lln V(i)} and that expressions (4) and (5) also apply.
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Table 3. Empirical percentage points of the statistic Aﬁn for selected censoring
proportions g =1-r/n

Significance level

¢ [ n ][0.15]0.10 | 0.05 | 0.01

0.00 | 60 | 0.875 | 1.024 | 1.272 | 1.895
80 | 0.895 | 1.046 | 1.283 | 1.932
300 | 0.910 | 1.048 | 1.324 | 1.974
oo | 0.914 | 1.060 | 1.320 | 1.957
0.20 | 60 | 0.634 | 0.745 | 0.939 | 1.493
80 | 0.642 | 0.749 | 0.992 | 1.568
300 | 0.651 | 0.768 | 0.976 | 1.480
oo | 0.656 | 0.771 | 0.976 | 1.481
0.40 | 60 | 0.398 | 0.470 | 0.606 | 0.984
80 | 0.411 | 0.484 | 0.627 | 1.003
300 | 0.427 | 0.502 | 0.620 | 0.969
oo | 0.431 | 0.506 | 0.639 | 0.964
0.60 | 60 | 0.240 | 0.281 | 0.356 | 0.578
80 | 0.246 | 0.290 | 0.372 | 0.627
300 | 0.250 | 0.291 | 0.364 | 0.563
oo | 0.254 | 0.297 | 0.372 | 0.552
0.65 | 60 | 0.194 | 0.231 | 0.300 | 0.488
80 | 0.199 | 0.234 | 0.298 | 0.487
300 | 0.217 | 0.254 | 0.318 | 0.464
oo | 0.217 | 0.253 | 0.316 | 0.467

4. Quadratic Statistics and Asymptotic Theory

The Anderson-Darling A? and the Cramér-von Mises W ? statistics belong to a
class of discrepancy measures of the form

Q =n [ [F(0- F(x 0 y(0dF(x: )

known as quadratic statistics, where F, denotes the Empirical Distribution Function

(EDF) of a random sample of size n from an absolutely continuous distribution F, 0
denotes (in general) a vector parameter and y is a weighting function. The well-

known Cramér-von Mises W2 and the Anderson-Darling A? statistics are obtained
taking w(x) =1 and w(x) = {[F(x; 0)][L— F(x; 0)]}%, respectively. For details on

the asymptotic theory of the EDF statistics, the reader is referred, for example, to [3,
5, 6, 7, 14], where the main results used here to obtain numerically the asymptotic
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percentage points for the exponentiated gamma distribution under type Il censoring,
can be found. In the following, it will be assumed that the proportion censored,

g =1-r/n, remains constant as n tends to infinity. Let 0 denote the maximum

likelihood estimator of the vector parameter 6, with estimates where necessary, q is
the censoring proportion and p =1-q. For the case of a singly right-censored

sample, the process +/n {Fy(x)— F(x; 0)}, evaluated at t = F(x; ), converges
weakly to a Gaussian process {Y(t):t e (0, p)} with certain covariance function

p(s, t) which depends both, the functional form of F, and on which parameters have
been estimated. The statistics W2 and A? are asymptotic functionals of the process

{Y(t):t (0, p)}; namely, W? converges in distribution to IopYz(t)dt and A?

converges in distribution to Iop a’(t)dt, where a(t)=Y(@®)[yt@-0)]™> Y(t) and

a(t) are both Gaussian processes defined in (0, p), with covariance functions p(s, t)

and p,(s, t) = p(s, t)[(s — s2)(t — t?)] %, respectively, for 0 <'s, t < p.
According to [3], in both cases, the limiting distribution is known to be that of

Zso—lﬁvi' where vy, ... are independent chi-square random variables with one

degree of freedom, and A7, ... are the eigenvalues of the integral equation
p B3 B3
[P 0nEs =260, ©

where p* denotes the covariance function corresponding to the limiting process on
which the test statistic is based; in our case p(s, t) or p,(s, t). In samples from the

exponentiated gamma distribution defined in (1), with a right-censored proportion g,
the limiting covariance function given of the process Y (t) is given by

gst In(s)In(t)
L-q)g+In?Q-q)]

Thus, the asymptotic distributions of the EDF statistics will not depend on the
particular value of the shape parameter.

p(s, t) = min(s, t) — st —

In order to obtain numerically the asymptotic percentage points, the integral
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equation (6) was solved using 400 points in (0, p) to approximate the integral and
the appropriate covariance function was evaluated in the 400 x 400 grid, for values
of p =0.05(0.05)0.90. The eigenvalues were used to calculate the asymptotic

percentage points using Imhof’s [5] method. The results are shown in Tables 1 and
2. The row corresponding to q = 0 denotes the asymptotic percentage points for

complete samples.

Table 4. Empirical percentage points of the statistic an for selected censoring
proportions g =1-r/n
Significance level

[¢ [ n [0.15 [ 0.10 | 0.05 ] 0.01

0.00 | 60 | 0.145 | 0.170 | 0.219 | 0.335
80 | 0.147 | 0.174 | 0.219 | 0.337
300 [ 0.147 | 0.174 | 0.224 | 0.344
oo | 0.148 | 0.174 | 0.222 | 0.338
0.20 | 60 | 0.120 | 0.143 | 0.182 | 0.289
80 | 0.122 | 0.143 | 0.189 | 0.299
300 | 0.125 | 0.150 | 0.193 | 0.293
oo | 0.126 | 0.150 | 0.193 | 0.298
0.40 | 60 | 0.070 | 0.085 | 0.113 | 0.189
80 | 0.074 | 0.088 | 0.115 | 0.195
300 | 0.078 | 0.092 | 0.119 | 0.189
oo | 0.079 | 0.095 | 0.122 | 0.190
0.60 | 60 [ 0.033 | 0.039 | 0.052 | 0.094
80 | 0.033 | 0.041 | 0.055 | 0.104
300 | 0.035 | 0.041 | 0.053 | 0.088
oo | 0.035 | 0.042 | 0.054 | 0.083
0.65 | 60 | 0.023 | 0.027 | 0.038 | 0.071
80 | 0.023 | 0.028 | 0.037 | 0.069
300 [ 0.027 | 0.031 | 0.041 | 0.063
oo | 0.027 | 0.032 | 0.040 | 0.062

5. Small Sample Distributions

In order to investigate the appropriateness of a test of fit based on the
asymptotic percentage points, a simulation study was performed for both statistics
considering different censoring proportions. For selected values of g and n, ten
thousand pseudo-random samples from the distribution (1) were generated and the

statistics W,rZ,n and Ar2 n Were calculated to estimate the empirical percentage points.

The results are shown in Tables 3 and 4.
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These results suggest that the speed of convergence of the empirical, to the
asymptotic percentage points, does not depend heavily on the proportion of
censoring; therefore, the asymptotic percentage points can be used with very good

accuracy, for moderately large samples, especially for the case of the statistic Wr?n.

6. Conclusions

The percentage points of the asymptotic distributions of the Cramér-von Mises

W2 and the Anderson-Darling A? statistics were calculated numerically and tables
for testing goodness-of-fit for the exponentiated gamma distribution, when its
parameter is estimated from a complete or censored sample, were provided.

Results from a simulation study showed that for moderately large samples, a
goodness-of-fit test can be performed with good accuracy using the asymptotic
percentage points of these statistics.
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