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Abstract

The main objective of this paper is to establish a class of new nonlinear
difference inequality with two variables, which provides explicit bounds
on unknown functions. This inequality given here can be used as tools in
the study of partial difference equations with the initial and boundary
conditions.
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1. Introduction

Being important tools in the study of difference equations, some discrete
versions of integral inequalities (e.g., in [1, 2, 4, 6, 8, 10, 12] and some references
therein) have attracted great interests of many mathematicians. Some recent works
can be found (e.g., in [3, 5, 7-9, 11, 13] and some references therein). Pachpatte [8]
obtained an upper bound on the following inequality:

n-1 n-1
u(n) < [clz + 22 f(s)u(s)] (c% + ZZ h(s)u(s)}

s=0 s=0

However, the bound given on such inequality in [8] is not directly applicable in the
study of certain difference equations. It is desirable to establish new inequalities of
the above type, which can be used more effectively in the study of certain classes of
difference equations.

In this paper, we establish a new difference inequality

m-1 n-1
wu(m, m) < [ e(m, )+ D> (s, elu(s, t»J

s=mq t=ng

m-1 n-1
x| cp(m, n) + Z Z (s, t)e(u(s, t))} (1.1)

S:mo t:no
2. Main Result

Throughout this paper, mg, mq, ng, Ny are given natural numbers. N =
{0,,2,3,..}, N, ={,23, ...}, I =[mg, ]NN,, Iy =[mg, m]NN,, J:=
[ng, m]NN,, J,=[ng, N]NN,, R, :=[0, o). For functions z(m,n), m, neN,
its first-order differences are defined by A;z(m, n)=z(m+1, n)-z(m, n).

Obviously, the linear difference equation Au(m) = b(m) with the initial condition

u(mg) =0 has the solution Z?_; b(s). For convenience, in the sequel, we
=10

complementarily define that ernfr;i b(s) = 0.
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(H)) v eC(R,, R,) is a strictly increasing function with y(0)=0 and

y(t) > 0 ast — oo;
(Hy) ¢, ¢y 1 1 xJ — (0, ) are nondecreasing in each variable;
(H3) ¢ € C(R,, R, ) is nondecreasing with ¢(r) > 0 for r > 0;
(Hy) fieCIxJ, R,), i=12

Theorem 1. Suppose that (H;)-(H,) hold and u(m, n) is a nonnegative and

continuous function on | x J satisfying (1.1). Then we obtain
u(m, n) < yH(@HQH(Am, n))), (2.1)

forall (m, n) e Iy % Ing s where

o(r) = J’:ﬁ, r>0, 0(0):= lim @(r) 22)
r d i
Q(I’) = J.l m, r> 0, Q(O) = rll)r8+Q(r), (23)
-1 s-1 n-1
A(m, n) = Q(B(m, n)) + Z[Z fi(s, 1) Z Z (o, t)J
S=Mg t No o= mot No

Z[Zfﬂs 03 S 4o t)} @4

Smo Gmot No

B(m, n) = ®(cy(m, n)cy(m, n))

m-1 n-1 m-1 n-1
+Cy(m, n) Z Z fi(s, t) + ¢(m, n) Z Z fo(s, 1), (2.5)
s=mq t=ng s=mq t=ng

v 1, @1 and Q71 denote the inverse functions of v, ® and Q, respectively, and

Ml el, Nl eld SatiSfy

AMy, Nj) e Dom(Q71), Q7 Y(AMy, Np)) € Dom(d?). (2.6)
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Proof. From assumption (H,) and the inequality (1.1), we have

m-1 n-1
w(u(m, n) < [cl(M. N+ D (s olu(s, t))}

S=Mg t=n0

m-1 n-1
X[CZ(M, )+ D fals, Ho(us, t))} (2.7)

S=mMgp t:no

forall (m, n) e I xJ, where mg <M < M is chosen arbitrarily, M is defined

by (2.6). Define a function n(m, n) by the right hand side of (1.1), i.e.,

m-1 n-1
n(m, n) = [q(M, M+ Y D fils Dol t))j

S=My t=n0
m-1 n-1
X[CZ(M, n)+ Z Z (s, t)o(u(s, t))} (2.8)
S=Mg t:ﬂo

Clearly, n(mg, n) = ¢;(M, n)cy,(M, n) > 0, n(m, n) is a positive and nondecreasing

function in each variable. From the above equality (2.8) and by making use of the
formula

Aq[a(m, n)b(m, n)] = Aja(m, n)b(m, n) + a(m +1, n)Asb(m, n)

and using the fact that

u(m, n) <y~ Y(n(m, n)),

we obtain
Am(m, n)
n-1 m-1 n-1
- {Z fa(m, (u(m, t»J [Cz(M: o+ D D fals eluls, t))]
t=ng s=mpt=ng

n-1 m n-1
+ [Z fa(m, )gp(u(m, t))}[cl(lvl, )+ D > fls Deluts t))]

t=ng s=mpt=ng
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m-1 n-1
< oy~ (n(m, n) [Z fy(m, t)][CZ(M N+ Y D fals Doty ™ (n(s, t)))}

t=ng s=mg t=ng

n-1 m n-1
+ {Z fa(m, 1) [q(M, N+ D D fils Yoty n(s, t)))ﬂ, (29)

t=n0 S=Mg t=n0
forall (m, n) e Iy x J. From (2.9), we get

Am(m, n)
o(y H(n(m, n)))

m-1 n-1
{Z fy(m, t)JLCz(M )+ D fals, Dely (s, t)))}

t No S= mot No

n-1 m n-1
{Z fa(m, t)}[w, M+ > > ks ey, t)))]. (2.10)

t=ﬂo s=mot=n0

On the other hand, for arbitrarily given (m, n), (m+1, n)e Iy xJ, by the
Mean Value Theorem for integrals, there exists & in the open interval (n(m, n),
n(m +1, n)) such that

®(n(m +1, n)) - d(n(m, n))

_ I”(m” Noods Am(m, n) __ Am(m n) 2.11)

amn) oy (s)  o(wE)  elyn(m, )’
where @ is defined by (2.2). From (2.10) and (2.11), we have

®(n(m +1, n)) < d(n(m, n))

m-1 n-1
+ Z fy(m, t)J[Cz(M )+ D" fls Doy (n(s, t)))}

tno Smot No

n-1 m n-1
+ D falm, t)][cl(M, DRI IWACHTEUIC t)))],

t=ng s=mq t=ng

(2.12)
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for (m, n), (m+1, n) e Iy xJ. Keep n fixed, let s = m in (2.12) and then, taking

the sum on both sides of (2.12) over s = mg, mg +1, mg + 2, ..., m —1, we get

®(n(m, n)) < ®(n(mg, n))

m-1 n-1 m-1 n-1
+¢o(M, n) Z Z f1(s, t) + cy(M, n) Z Z (s, 1)
s=mg t=ng s=mg t=ng
m-1 s-1 n-1
) Z f(s 1) ) D falo oy (n(o, t)))}
s=mg\ t=ng o=Mmg t=ng
m-1( n-1 s n-1
F 1D s DD file Hely (o, t)))}
s=mg\ t=ng c=mg t=ng
-1 n-1
< D(cy(M, Mcy(M, )+ cp(M, n)Z D hls 1)
s=mg t=ng
-1 n-1
+¢i(M, n Z ZfZ(S t)
s=mg t=ng
m-1 s-1 n-1
3 Z f(s 1) Y. D falo, ey (n(o, 1)
s=mg\ t=ng o=mg t=ng
m-1( n-1 s n-1
F 1D D D o De(v e, )| (213)
s=mp\ t=ng G=mg t=ng
for (m, n) e Iy x J. Let
-1 n-1
D(M, n) = ®(cy(M, n)cy(M, n)) +cp(M, n)z D s 1)
s=mp t=ng
M-1 n-1
+c(M, n) Z Z (s, 1). (2.14)
s=mq t=ng

Define the function ®(m, n) by the right hand side of (2.13). Clearly, ®(m, n)
is a positive and nondecreasing function in each variable, ®(mg, n) = D(M, n) > 0.
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Using n(m, n) < ®1(@(m, n)), by the definition ®(m, n), we obtain

m-1 n-1

A©(m, n) = Z fim 1) Y D fa(o, ey (n(o, 1)
t=ng o=mg t=ng
n-1 m n-1
# ) fa(m 1) Y D (o, ey (o, 1)
t=ng o=mg t=ng
m-1 n-1
< gy @ ©(m, n))))(Z AP ACHY
t=ng 6=mg t=ng
n-1 m n-1
+ z fo(m, t) Z Z f,(o, t)], (2.15)
t=ng o=mq t=ng
forall (m, n) e Iy x Jn,» Ny is defined by (2.6). From (2.15), we have
A©(m, n)
o(y H(@7H(O(m, n))
m-1 n-1 m
Z f,(m, t)z Z fo(o, t) + Z fo(m, t)z Z f,(c, t). (2.16)
t=ng c=mq t=ng t=ng c=mq t=ng

Similar to (2.10) to (2.13), we obtain
Q(6(m, n)) < Q(6(mg, )

m-1 s-1 n-1
£ Zfl(s 0> D fao, 1)
s=mp\ t=ng c=mq t=ng
m-1( n-1 s n-1
N DIRICH DI IRACE)
s=mp\ t=ng o=mg t=ng
m-1( n-1 s-1 n-1
= (D(M, n)) + Z[Z (s )Y > f(o t)}
s=mp\ t=ng co=mq t=ng

m-1( n-1 S
Z[Z fo(s ) ) Z fi(o, t)] 2.17)

s=mp\ t=ng c=mq t=ng
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Using the fact u(m, n) <y ~(n(m, n)) and n(m, n) < @~1(@(m, n)), from (2.17),

we obtain

u(m, n) < y~(n(m, n)) < yH@H(O(m, )

m-1( n-1 s—1 n-1
<y oot aDM, M+ DD s ) DY flo )
S= mot No o= mot No
m-1/ n-1 s n-1
+ Zfz(s, t)z Zfl(c, O[], v(mn)elyxdy. (218
S=Mg t:no c=Mgp t:no

Let m = M, from (2.18), we observe that

-1 n-1
u(M,n)sw_l[CD_l[ [ [CD(cl(M n)cy(M, n)) + c(M, n Z Zfl(s )

S= mot No
M-1n-1 M -1 s-1 n-1
VDI WACHIIESY Zfl(s 0> D falot)
s=mgt=ng s=mp\ t=ng c=mg t=ng
M-1/ n-1 s n-1
+ Z Zfz(s, t)z Zfl(c, )], (2.19)
S=mp\ t=ng c=mq t=ng

for all (m, n)ely xJy,. Since M e ly, is arbitrary, from (2.19), we get the

required estimation (2.1).
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