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Abstract

The notion of intuitionistic fuzzy subnexus of a nexus is introduced. Some
characteristic properties and connections are investigated. Finally, some
equivalence relations, constructed by intuitionistic fuzzy subnexuses, are
discussed.

1. Introduction

The space structure research center of university of Surrey was founded by Z. S.
Makoswski as a part of civil engineering in 1963. The aim of the center is to carry
out research into the design and analysis of space structures. Space structures include
structural forms such as single and double layer girds, barrel vaults, shells and
various forms of tension structures. The basic idea of a nexus has been further
developed as a mathematical object for general use. Some researchers are working
on nexuses and its applications in architecture. One of the most famous of these
researchers is K. Williams. She became interested in mathematics and architecture
while writing “Italian Pavements: Patterns in Space (Houston: Anchorage Press,
1997)” about the role of decorated pavements in the history of Italian architecture.
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In 1996, she founded the international conference series ‘“Nexus: Architecture
and Mathematics”. She also published many articles on the use of mathematical
principles in architecture, some of them are mentioned in [12-15].

Atanassov [1, 2] introduced intuitionistic fuzzy sets which constitute a
generalization of the notion of fuzzy sets. Fuzzy sets give the degree of membership
of an element in a given set, while intuitionistic fuzzy sets give both a degree of
membership and a degree of non-membership.

The aim of recent study has been to evolve a mathematical object that allows
complex processes on groups of mathematical objects to be formulated with ease of
elegant. This notion is very useful for study of space structures. In fact, this paper
creates a link between nexuses and fuzzy sets. The notion of intuitionistic fuzzy
subnexus of a nexus is introduced. Some characteristic properties and connections
are investigated. Finally, some equivalence relations, constructed by intuitionistic

fuzzy subnexuses, are discussed.

2. Preliminaries and Notations

Definition 2.1 [10, 11]. (i) An address is a sequence of N* = N U {0} such that
a;, = 0 implies that g; = 0, for all i > k. The sequence of zero is called empty

address and denoted by (). In other words, every nonempty address is of the form
(ai, -y ay, 0,0, --+),
where n € N. This address will be denoted by (a;, ay, ..., a,).
(i1) A nexus N is a set of addresses with the following properties:
(@) (a1, a3, ..., ay) € N = (ay, ..., ap_, 1) € N, YVO<t <aq,,
(b) {a;}-, € N,a; e N=VneN, (a, a3, ..., a,) € N.
In what follows, N denotes a nexus unless otherwise specified.
Definition 2.2 [10, 11]. Let ® € N. Then the level of ® is said to be:
@) n, if ® = (ay, ay, ..., a,) for some a, € N,
(ii) oo, if o is an infinite sequence of N,
(i) 0, if @ = ().

The level of  is denoted by /(w).
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Definition 2.3 [10, 11]. Let ® ={q;} and v = {b;} be addresses, where

a;, b; € N. Then ® < v if /[(®) = 0 or one of the following cases satisfies:
() If I(w) =1, i.e., ® = (qq), forall ¢ € N, then a; < b.

(i) If 1<(0) <o, then /(o) <I(v) and @) < by, and for any 1<i
< Z(CO), a; = bi'

(i) If /(w) = oo, then ® = v.

For example, in the nexus:

N={(), (1, (2 1 1), (1, 2), (1, 3), (1, 3, 1), (1, 3, 2)},
we have (1)< (2), (1, 2)<(1,3,1) and (1, 3,1) < (1, 3, 2).

Definition 2.4 [10, 11]. A nonempty subset S of N is called a subnexus of N
provided that S itself is a nexus. The set of all subnexuses of N is denoted by

SUB(N).
Let M and N be two nexuses. Then a function f: M — N is called a

homomorphism of nexuses if ® < v implies f(®) < f(v), forall o, ve M. Iffis

onto, then we say f is an epimorphism, and if f is one-to-one, then we say f is a

monomorphism.

Definition 2.5 [10]. Let u: N — [0, 1] be a fuzzy subset of N. Then p is called
a fuzzy subnexus of N, if ® < v implies p(v) < p(o), for all v, ® € N. The set of

all fuzzy subnexuses of N is denoted by FSUB(N).

Definition 2.6 [3, 5]. For any mapping f from N to S, we can define in N a new
fuzzy set u/ putting p/ (x) = p(f(x)), for all x e N. Clearly, p/ (x;) = p/ (x),
forall x;, x, € /7 (x).

For each fuzzy set uin N and any a € [0, 1], we define two sets:

U, o) ={x € N, u(x) 2 af,  L(p, o) = {x € N, p(x) < af,

which are called an wupper and lower level cut of p and can be used to the

characterization of p. The complement of p, denoted by w, is a fuzzy set of N

defined by p(x) =1 - p(x) (see [3] and [5]).
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An intuitionistic fuzzy set (IFS for short) of N is defined as an object having the

form:
S =(ug, hg) ={(x, pg(x), Ag(x)), x € N},

where the fuzzy sets pg and Ag denoted the degree of membership (namely,
ws(x)) and the degree of non-membership (namely, Lg(x)) of each element x € N
(see [1] and [2]).

For every two intuitionistic fuzzy sets S = (ug, Ag) and P = (up, Ap) in N,

we define:

S < P if and only if pg(x) < up(x) and Ag(x)>Ap(x), for all x e N.
Obviously S = P means that S < P and P c S.

3. Intuitionistic Fuzzy Subnexuses

Definition 3.1. An /FSS = (ug, Lg) on a nexus N is called an intuitionistic
fuzzy subnexus of N (IFSUB(N) for short), if v < ® implies pg(®) < pg(v) and
Ag(®) = Ag(v), forall v, ® € N. It is not difficult to see that pg(x) < ug(( )) and
Ag(x) = Ag(( )) foreach S € IFS(N) and x € N.

Example 3.2. Let
N ={(0). 1), (2 () (21),(2,2), (2,3, (3,1, (3,2). 3, 1,1), (3, 1, 2)}.

Consider an IFS S = (ug, Ag), where pg(( ))=0.6, Ag(( ))=02 and pg(x)
=0.2, Ag(x)=0.5, forall x = (). It is not difficult to verify that S € IFSUB(N).

Example 3.3. Let
N={() 1) @2). 41, «12),03)031),(13,2)
Consider an IFS S = (g, hg), where pg(( ) = oy,
rs((1) = ns((2)) = ps((3)) = oy,
rs (1 1) = pg((, 2)) = ps((1, 3)) = a3,

us((1, 3, 1) = pug((L, 3, 2)) = oy, where o > oy > a3 > ay,and Ag(( ) = By,
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hs(() = 15((2) = 25((3)) = B2,
As((1, 1) = Ag((1, 2) = 25((1, 3) = B3,
As((1, 3, 1)) = Ag((1, 3, 2)) = By, where By < By < B3 < By

Then S = (ug, Ag) € IFSUB(N).

Proposition 3.4. A fuzzy set pg is a fuzzy subnexus of N if and only if

S = (g, ng) is an IFSUB(N).

Proof. Let pg be an FSUB(N). Then @ < v implies pg(v) < pg(w), for all
®,veN. Thus 1-pg(v)>1-pg(w), therefore pg(v) > pg(w). So S = (ug, pg)

isan IFSUB(N). The converse is clear. O
Proposition 3.5. An IFS S = (ug, Ag) is an IFSUB(N) if and only if ng and
E are fuzzy subnexuses of N.
Proof. Let S = (ug, Ag) € IFSUB(N) and ®, v € N such that v < ®. So
Hs(@) <pg(v), Ag(v) < Ag(w).
Therefore, pg is a fuzzy subnexus of N and since 1—Ag(w)<1-2%ig(v), so

Ls(®) < Ag(v). Then Ag isa fuzzy subnexus of N.

Conversely, let pg and E be fuzzy subnexuses of V. Let @, v € N such that
v <o Thus pg(0)<pg(v) and Ag(®)<Ag(v). So 1-Ag(®) <1-2Ag(v), hence
xs(()\))z}\.s(\/), SO S:(HS,xs)EIFSUB(N) O

Proposition 3.6. Let S be a nonempty subset of a nexus N. Then an
IFS (ug, Ag) is defined by

oy, Iifxes,
o, ifxesS,

By, ifxels,

uﬂﬂ={ SRR

()= |

where 0<a; <oy <1, 0<By, <Py <1 and a; +B; <1 for i=1,2, is an

IFSUB(N) if and only if S is a subnexus of N.
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Proof. Let (ug, Ag) be an IFSUB(N). Let x € S and y < x. Since (ug, Ag)
is an IFSUB(N), we have o, = pg(x) < pg(y) and By = Ag(x) = Ag(y). So by
definition of pg and Ag, pg(y) = oy and Ag(y) = By. Thus y € S. Therefore, S
is a subnexus of N.

Conversely, let S be a subnexus of Nand v < ® for o,ve N. If v, ® € S,
then a, = pg(®) < pg(v) = a, and By = Ag(v) < Ag(®) = B,. In a similar way,

we can verify other cases. Therefore, (1g, Ag) is an IFSUB(N). O

Definition 3.7. Let S = (ug, Ag) be an IFSUB(N) and a, B € [0, 1] be such
that 0 < o + B < 1. Then the set

NEP = (x e Vo < pg(x), Ls(x) < B}
is called an (o, B)-level subset of S = (ug, Ag). The set of all (a, B) € Im(ng)
x Im(Ag) such that o+ B <1 is called the image of S = (ug, Ag). Clearly Nga’ﬁ) =

U(ug, o) L(rg, B), where U(ug, o) and L(Ag, B) are upper and lower level

subsets of g and Ag, respectively.

Theorem 3.8. An IFS S = (ug, Ag) is an IFSUB(N) if and only if Nga’ﬁ) is
a subnexus of N for every (a, B) € Im(ug)x Im(rhg) such that o+ B <1, ie., if
and only if all nonempty level subsets U(ug, o) and L(Lg, B) are subnexuses.

Proof. Let S = (ug, Lg) be an [FSUB(N). Let ® € U(ug, o) and v < .
Since S = (ug, Ag) is an IFSUB(N), pg(®) < pg(v) and Ag(w) = Ag(v). On
the other hand, ® € U(ng, @), so a < pg(w) < pg(p), therefore v e U(ug, o).
Hence U(ug, o) is a subnexus of N. Similarly, L(Lg, B) is a subnexus of N.

Conversely, let U(ug, o) and L(Lg, B) be subnexuses of N. Let v < o for
v,oe N, pg(®)=0a, Ag(®w)=pB. Then ® € U(ug, a). Since U(ug, a) is a
subnexus of N, v € U(ug, o). Thus pg(v) > a = pg(w). Similarly, Ag(v) <p =
Ls(®). Therefore, S = (ug, Ag) is an IFSUB(N). O

Theorem 3.9. Let S = (ug, Ag) be an IFSUB(N) and x € N. Then ng(x)

=a, Ag(x)=PB if and only if x € U(ug, o), x € U(ug, y) and x € L(hg, B),
x ¢ L(Lg, ©), forall y> a and o < p.
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Proof. Let pg(x) =, Ag(x)=pf. Then x € U(ug, o). If there exists y > o
such that x € U(ug, v), then pg(x) >y > a, so pg(x) > a which is a contradiction
with pg(x)=o. Therefore, x ¢ U(ug, y), for all y > a. Similarly, x ¢ L( g, o),

forall o < .

Conversely, let x e U(ug, a), x ¢ U(ug, v), forall y > . Since x € U(ug, o),
pg(x) > a. If pg(x) > o, then there exists y > o such that pg(x) >y and so
x € U(ug, y) for y > a, which is a contradiction with hypothesis. Thus pg(x) = o.
Similarly, Ag(x) = B. O

4. Characteristic Intuitionistic Fuzzy Subnexuses

Definition 4.1. A subnexus S of N is said to be characteristic if f(S) =S, for
all f € Aut (N), where Aut(N) is the set of all automorphisms of N.

Definition 4.2. An IFS S = (ug, Ag) of N is called an intuitionistic fuzzy
characteristic if ug(x) = pg(x) and N;(x) =ALg(x), for all xe N and f e
Aut (N).

Theorem 4.3. S € IFSUB(N) is characteristic if and only if each nonempty
level subset is a characteristic subnexus of N.

Proof. An IFS S = (ug, Ag) is an IFSUB(N) if and only if all its nonempty

level subsets are subnexuses, (Theorem 3.8). So we will prove only that S is a
characteristic if and only if all its nonempty level subsets are characteristic. If S =

(1, Ag) is characteristic, o € Im(pg ), f € Aut(N) and x € U(ug, o), then M{g‘(x)

= ps(f(x)) = pg(x) = o which means that f(x) € U(ug, o). Thus f(U(ung, o))
c U(ug, o). Since for each x € U(ug, o), there exists y € N such that f(y) = x,

we have
us(v) = L (») = us(/(»)) = ps(x) = o

Therefore, y € U(us, ), thus x = f(y) f(U(s, o)), 50 Ultg, o) € f(Ulus0)).
Hence U(ug, o) = f(U(ug, o). Similarly, L(Ag, B) = f(L(1g, B)). This proves that
U(ug, o) and L(Lg, B) are characteristic.
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Conversely, if all levels of S = (ug, Ag) are subnexuses of N, then for x € N,
f € Aut(N) and pg(x) = a, Ag(x) = B, by Theorem 3.9, we have x € U(ug, o),
x ¢ U(pg, v) and x € L(hg, B), x ¢ L(Ag, o), forall y > a, o < . Thus f(x) e
fW(ps, @) =Ulug, o) and f(x)e f(L(rs, B) = L(rg, B), ie., ps(f(x))za
and 15(f(0) < B. For ws(f() = 7> o hs(f(x)) = 0 <P, we have f(x)e
Ulus,v)=f(Ulus, 7)), f(x) € L(ks, o) = f((rs, o)) which implies that x e
U(ug, v), x e L(hg, o). This is a contradiction. Thus pg(f(x)) = pg(x) and

As(f(x)) = Ag(x). So, S = (ug, Ag) is characteristic. O

Proposition 4.4. Let f: N — N' be a homomorphism of nexuses. If S =

(us, M) is an IFSUB(N'), then ST = (uf, 3%) is an IFSUB(N).

Proof. Let x, y € N. Since f'is a homomorphism, x < y implies that f(x) <
f(»). Since S = (ug, Ag) isan IFSUB(N'),

wh () = ng(f(x) 2 ns (/) = n (),
Wy () = As(F(x) < hs(f () = K5 (»):
Therefore, S/ = (u-g, ).J;) isan IFSUB(N). O

Proposition 4.5. Let f: N — N' be an epimorphism of nexuses. If s/ =

(ug, kg) is an IFSUB(N), then S = (ug, Lg) is an IFSUB(N').

Proof. Since /' is a surjective mapping, for x, y € N', there are xj, y € N

such that x = f(x;), y= /(). If x<y, then f(x)< f(y). Since f is a
homomorphism, x; < y;. Otherwise, if x; > y, then f(x)> f(y) which is a

contradiction. Thus since S/ = (u{; , k’;) isan IFSUB(N),
s (6) = ws(f(n)) = nf (n) 2 g (1) = ps(F01)) = ns (),

hs(x) = hg(f (1)) = M5 (x) < W) = hs(F (1)) = Ag ().

Therefore, S = (ug, Ag) is an IFSUB(N"). O
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Theorem 4.6. Let f : N — N' be an epimorphism of nexuses. Then s/ =
(ud, 2%) isan IFSUB(N) ifand only if S = (ug, Lg) is an IFSUB(N").

Proof. The proof is obtained by Propositions 4.4 and 4.5. |

5. Equivalence Relations on /FSUB(N)

For any ¢ € [0, 1] define on IFSUB(N) two binary relations ¢’ and L' as

follows:
(K, M) e U" < Ulug; t) = Uy 1)
and
(K, M) e L' < L(hg;t) = L(kys t),
respectively, where M = (,,, Ay ), K = (ug, Ag ). Then clearly ¢4’ and £ are
equivalence relations on IFSUB(N).
For any M =(uy, Ay )€ IFSUB(N), let [M],x(resp., [M]q) be the
equivalence class of M with respect to U’ (resp., L) and IFSUB(N)/U'

(resp., IFSUB(N)/L") the set of all equivalence classes of U’ (resp., £'), so
IFSUB(N)/U" = {{M],;1 |M = (nyg, hypr) € IFSUB(N)}

(resp., IFSUB(N)/L" = {{M]pt |M = (uy, Ay ) € IFSUB(N)}).

Now let SUB(N) denote the family of all subnexus of nexus N and let ¢ € [0, 1].
Define two maps f; and g, from IFSUB(N) to SUB(N) by

JiM) =Ulups 1), g(M) = Lk 1),
forall M = (ups, Ays) € IFSUB(N). Then f, and g, are clearly well-defined.

Theorem 5.1. For any 0 <t <1, the maps f;, and g; are surjective from

IFSUB(N) to SUB(N)U {}.
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Proof. Let 0 < ¢ < 1. Note that 0_ = (0, 1) € IFSUB(N), where 0 and 1 are
fuzzy sets of N defined by 0(x) = 0 and 1(x) =1, forall x € N. Obviously £;(0.)

=U0;1)=D=L(1;1) = g,(0.). Let @ = K € SUB(N). For K_ = (xx, xx) €
IFSUB(N), we have f,(K_)=U(xg;t)=K and g,(K_)=L(xx; )= K. Hence

f; and g; are surjective. O

Theorem 5.2. For any 0 <t <1 there are bijective maps from the quotient sets

IFSUB(N)/U" and IFSUB(N)/L' to SUB(N)U {@}.

Proof. For any 0 <7 <1, let f,"(resp., g/) be a map from IFSUB(N)/U'
(resp., IFSUB(N)/L") to SUB(N)U{D} defined by f;"([M1,)=f,(M) (resp.,
gr ([M]g1) = g,(M)), for all M = (s, hyr) € IFSUB(N). I U(pgs £) = Ulpg: )
and L(Ays;8) = L(hgs t) for M = (ups, Aar ), K = (ug, Ax) of IFSUB(N), then
(M,K)eU"and (M, K) e L. Thus[M],,+ =[K],r and[M ]z =[K]:. This proves

that the maps ft* and gt* are injective.

Now let @ # P e SUB(N). For P = (xp, xp) € IFSUB(N), we have
SR L) = f(P) =Uleps )= P, g ([P 1pt) = g(P.) = Uleps 1) = P.
Finally, for 0_, we have
Q0 L) = £00) =00 ) =2, &/([0.],)=2g,0.)=LL 1) =D
This shows that ft* and g,* are surjective. g
Forany 0 < ¢ < 0.5, we define another relation R’ on IFSUB(N) as follows:
(M, K) e R' < N&ED = N0,

Then the relation R’ also is an equivalence relation on IFSUB(N).

Theorem 5.3. For any 0 < t < 0.5 the map ¢, : IFSUB(N) — SUB(N) U {J}

defined by ¢o,(M) = Nj(‘f[’t) is surjective.
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Proof. Let 0 < ¢ < 0.5. Then ¢,(0_) = N](‘f[’t) =U(0; )N L(1, ¢t) = &. For any
K e IFSUB(N), there exists K_ = (xx, xx) € IFSUB(N) such that ¢,(K_) =

Nj(‘f[’t) =U(yx; )N L(xg; t) = K. Therefore, ¢, is surjective. O

Theorem 5.4. For any 0 <t < 0.5 there is a bijective map from the quotient

set IFSUB(N)/R' to SUB(N)U {2}.

Proof. Let 0<7<0.5 and let ¢, : IFSUB(N)/R' — SUB(N) be a map
defined by o@;((M]gt) = ¢,(M), for all [M]y: € IFSUB(N)/R'. If ¢;((M]g!)
= ¢} ((Klp!) for any [M]ye, [Klgt € IFSUB(N)/R', then N&D = NO e,
(M, K) e R". It follows that [M]z: = [K]p so that @; is injective. Moreover,

(p;([ON]Rt )=¢,(0_)= N(()i’t) =. Forany F € SUB(N) we have F_ =(yr, E)

e IFSUB(N) and o} (Flpt) = 0, (F.) = N\0Y = U(yps )N L s ) = F. This

proves that @ is surjective. O
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