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Abstract 

The notion of intuitionistic fuzzy subnexus of a nexus is introduced. Some 
characteristic properties and connections are investigated. Finally, some 
equivalence relations, constructed by intuitionistic fuzzy subnexuses, are 
discussed. 

1. Introduction 

The space structure research center of university of Surrey was founded by Z. S. 
Makoswski as a part of civil engineering in 1963. The aim of the center is to carry 
out research into the design and analysis of space structures. Space structures include 
structural forms such as single and double layer girds, barrel vaults, shells and 
various forms of tension structures. The basic idea of a nexus has been further 
developed as a mathematical object for general use. Some researchers are working 
on nexuses and its applications in architecture. One of the most famous of these 
researchers is K. Williams. She became interested in mathematics and architecture 
while writing “Italian Pavements: Patterns in Space (Houston: Anchorage Press, 
1997)” about the role of decorated pavements in the history of Italian architecture.  
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In 1996, she founded the international conference series “Nexus: Architecture      
and Mathematics”. She also published many articles on the use of mathematical 
principles in architecture, some of them are mentioned in [12-15]. 

Atanassov [1, 2] introduced intuitionistic fuzzy sets which constitute a 
generalization of the notion of fuzzy sets. Fuzzy sets give the degree of membership  
of an element in a given set, while intuitionistic fuzzy sets give both a degree of 
membership and a degree of non-membership. 

The aim of recent study has been to evolve a mathematical object that allows 
complex processes on groups of mathematical objects to be formulated with ease of 
elegant. This notion is very useful for study of space structures. In fact, this paper 
creates a link between nexuses and fuzzy sets. The notion of intuitionistic fuzzy 
subnexus of a nexus is introduced. Some characteristic properties and connections 
are investigated. Finally, some equivalence relations, constructed by intuitionistic 
fuzzy subnexuses, are discussed. 

2. Preliminaries and Notations 

Definition 2.1 [10, 11]. (i) An address is a sequence of { }0∪NN =∗  such that 

0=ka  implies that ,0=ia  for all .ki ≥  The sequence of zero is called empty 

address and denoted by ( ).  In other words, every nonempty address is of the form 

( ),,0,0,...,,1 naa  

where .N∈n  This address will be denoted by ( )....,,, 21 naaa  

(ii) A nexus N is a set of addresses with the following properties: 

(a) ( ) ( ) ,,...,,...,,, 1121 NtaaNaaa nn ∈⇒∈ −  ,0 nat ≤≤∀  

(b) { } ( ) ....,,,,, 211 NaaanaNa niii ∈∈∀⇒∈∈∞
= NN  

In what follows, N denotes a nexus unless otherwise specified. 

Definition 2.2 [10, 11]. Let .N∈ω Then the level of ω is said to be: 

  (i) n, if ( )naaa ...,,, 21=ω  for some ,N∈na  

 (ii) ,∞  if ω is an infinite sequence of ,N  

(iii) 0, if ( ).=ω  

The level of ω is denoted by ( ).ωl  
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Definition 2.3 [10, 11]. Let { }ia=ω  and { }ib=ν  be addresses, where 

., N∈ii ba  Then ν≤ω  if ( ) 0=ωl  or one of the following cases satisfies: 

  (i) If ( ) ,1=ωl  i.e., ( ),1a=ω  for all ,1 N∈a  then .11 ba ≤  

 (ii) If ( ) ,1 ∞<ω< l  then ( ) ( )ν≤ω ll  and ( ) ( )ωω ≤ ll ba  and for any i≤1  

( ),ω< l  .ii ba =  

(iii) If ( ) ,∞=ωl  then .ν=ω  

For example, in the nexus: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ },2,3,1,1,3,1,3,1,2,1,1,1,2,1,=N  

we have ( ) ( ),21 ≤  ( ) ( )1,3,12,1 ≤  and ( ) ( ).2,3,11,3,1 ≤  

Definition 2.4 [10, 11]. A nonempty subset S of N is called a subnexus of N 
provided that S itself is a nexus. The set of all subnexuses of N is denoted by 

( ).NSUB  

Let M and N be two nexuses. Then a function NMf →:  is called a 

homomorphism of nexuses if ν≤ω  implies ( ) ( ),ν≤ω ff  for all ., M∈νω  If f is 

onto, then we say f is an epimorphism, and if f is one-to-one, then we say f is a 
monomorphism. 

Definition 2.5 [10]. Let [ ]1,0: →µ N  be a fuzzy subset of N. Then µ is called 

a fuzzy subnexus of N, if ν≤ω  implies ( ) ( ),ωµ≤νµ  for all ., N∈ων  The set of 

all fuzzy subnexuses of N is denoted by ( ).NFSUB  

Definition 2.6 [3, 5]. For any mapping f from N to S, we can define in N a new 

fuzzy set fµ  putting ( ) ( )( ),xfxf µ=µ  for all .Nx ∈  Clearly, ( ) ( ),21 xx ff µ=µ  

for all ( )., 1
21 xfxx −∈  

For each fuzzy set µ in N and any [ ],1,0∈α  we define two sets: 

( ) ( ){ } ( ) ( ){ },,,,,, α≤µ∈=αµα≥µ∈=αµ xNxLxNxU  

which are called an upper and lower level cut of µ and can be used to the 
characterization of µ. The complement of µ, denoted by ,µ  is a fuzzy set of N 

defined by ( ) ( )xx µ−=µ 1  (see [3] and [5]). 
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An intuitionistic fuzzy set (IFS for short) of N is defined as an object having the 
form: 

( ) ( ) ( )( ){ },,,,, NxxxxS SSSS ∈λµ=λµ=  

where the fuzzy sets Sµ  and Sλ  denoted the degree of membership (namely,  

( ))xSµ  and the degree of non-membership ( )( )xSλnamely,  of each element Nx ∈  

(see [1] and [2]). 

For every two intuitionistic fuzzy sets ( )SSS λµ= ,  and ( )PPP λµ= ,  in N, 

we define: 

PS ⊆  if and only if ( ) ( )xx PS µ≤µ  and ( ) ( ),xx PS λ≥λ  for all .Nx ∈  

Obviously PS =  means that PS ⊆  and .SP ⊆  

3. Intuitionistic Fuzzy Subnexuses 

Definition 3.1. An IFS ( )SSS λµ= ,  on a nexus N is called an intuitionistic 

fuzzy subnexus of N ( )( ),shortforNIFSUB  if ω≤ν  implies ( ) ( )νµ≤ωµ SS  and 

( ) ( ),νλ≥ωλ SS  for all ., N∈ων  It is not difficult to see that ( ) ( )( )SS x µ≤µ  and 

( ) ( )( )SS x λ≥λ  for each ( )NIFSS ∈  and .Nx ∈  

Example 3.2. Let 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.2,1,3,1,1,3,2,3,1,3,3,2,2,2,1,2,3,2,1,=N  

Consider an ( ),, SSSIFS λµ=  where ( )( ) ,6.0=µS  ( )( ) 2.0=λS  and ( )xSµ  

,2.0=  ( ) ,5.0=λ xS  for all ( ).≠x  It is not difficult to verify that ( ).NIFSUBS ∈  

Example 3.3. Let 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ){ }.2,3,1,1,3,1,3,1,2,1,1,1,2,1,=N  

Consider an ( ),, SSSIFS λµ=  where ( )( ) ,1α=µS  

( )( ) ( )( ) ( )( ) ,321 2α=µ=µ=µ SSS  

( )( ) ( )( ) ( )( ) ,3,12,11,1 3α=µ=µ=µ SSS  

( )( ) ( )( ) ,2,3,11,3,1 4α=µ=µ SS  where ,4321 α>α>α>α and ( )( ) ,1β=λS  
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( )( ) ( )( ) ( )( ) ,321 2β=λ=λ=λ SSS  

( )( ) ( )( ) ( )( ) ,3,12,11,1 3β=λ=λ=λ SSS  

( )( ) ( )( ) ,2,3,11,3,1 4β=λ=λ SS  where .4321 β<β<β<β  

Then ( ) ( )., NIFSUBS SS ∈λµ=  

Proposition 3.4. A fuzzy set Sµ  is a fuzzy subnexus of N if and only if 

( )SSS µµ= ,  is an ( ).NIFSUB  

Proof. Let Sµ  be an ( ).NFSUB  Then ν≤ω  implies ( ) ( ),ωµ≤νµ SS  for all 

., N∈νω  Thus ( ) ( ),11 ωµ−≥νµ− SS  therefore ( ) ( ).ωµ≥νµ SS  So ( )SSS µµ= ,  

is an ( ).NIFSUB  The converse is clear.  

Proposition 3.5. An ( )SSSIFS λµ= ,  is an ( )NIFSUB  if and only if Sµ  and 

Sλ  are fuzzy subnexuses of N. 

Proof. Let ( ) ( )NIFSUBS SS ∈λµ= ,  and N∈νω,  such that .ω≤ν  So 

( ) ( ) ( ) ( )., ωλ≤νλνµ≤ωµ SSSS  

Therefore, Sµ  is a fuzzy subnexus of N and since ( ) ( ),11 νλ−≤ωλ− SS  so 

( ) ( ).νλ≤ωλ SS  Then Sλ  is a fuzzy subnexus of N. 

Conversely, let Sµ  and Sλ  be fuzzy subnexuses of N. Let N∈νω,  such that 

.ω≤ν  Thus ( ) ( )νµ≤ωµ SS  and ( ) ( ).νλ≤ωλ SS  So ( ) ( ),11 νλ−≤ωλ− SS  hence 

( ) ( ),νλ≥ωλ SS  so ( ) ( )., NIFSUBS SS ∈λµ=   

Proposition 3.6. Let S be a nonempty subset of a nexus N. Then an 
( )SSIFS λµ ,  is defined by 

( ) ( )




∉β
∈β

=λ




∉α
∈α

=µ
, ,
, ,

, ,
, ,

1

2

1

2
Sxif
Sxif

x
Sxif
Sxif

x SS  

where ,10 21 ≤α<α≤  10 12 ≤β<β≤  and 1≤β+α ii  for ,2,1=i  is an 

( )NIFSUB  if and only if S is a subnexus of N. 
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Proof. Let ( )SS λµ ,  be an ( ).NIFSUB  Let Sx ∈  and .xy ≤  Since ( )SS λµ ,  

is an ( ),NIFSUB  we have ( ) ( )yx SS µ≤µ=α2  and ( ) ( ).2 yx SS λ≥λ=β  So by 

definition of Sµ  and ( ) 2, α=µλ ySS  and ( ) .2β=λ yS  Thus .Sy ∈  Therefore, S 

is a subnexus of N. 

Conversely, let S be a subnexus of N and ω≤ν  for ., N∈νω  If ,, S∈ων  

then ( ) ( ) 22 α=νµ≤ωµ=α SS  and ( ) ( ) .22 β=ωλ≤νλ=β SS  In a similar way, 

we can verify other cases. Therefore, ( )SS λµ ,  is an ( ).NIFSUB   

Definition 3.7. Let ( )SSS λµ= ,  be an ( )NIFSUB  and [ ]1,0, ∈βα  be such 

that .10 ≤β+α<  Then the set 

( ) ( ) ( ){ }β≤λµ≤α|∈=βα xxNxN SSS ,,  

is called an ( )βα, -level subset of ( )., SSS λµ=  The set of all ( ) ( )Sµ∈βα Im,  

( )Sλ× Im  such that 1≤β+α  is called the image of ( )., SSS λµ=  Clearly ( ) =βα,
SN  

( ) ( ),,, βλαµ SS LU ∩  where ( )αµ ,SU  and ( )βλ ,SL  are upper and lower level 

subsets of Sµ  and ,Sλ  respectively. 

Theorem 3.8. An ( )SSSIFS λµ= ,  is an ( )NIFSUB  if and only if ( )βα,
SN  is 

a subnexus of N for every ( ) ( ) ( )SS λ×µ∈βα ImIm,  such that ,1≤β+α  i.e., if 

and only if all nonempty level subsets ( )αµ ,SU  and ( )βλ ,SL  are subnexuses. 

Proof. Let ( )SSS λµ= ,  be an ( ).NIFSUB  Let ( )αµ∈ω ,SU  and .ω≤ν  

Since ( )SSS λµ= ,  is an ( ),NIFSUB  ( ) ( )νµ≤ωµ SS  and ( ) ( ).νλ≥ωλ SS  On 

the other hand, ( ),, αµ∈ω SU  so ( ) ( ),µµ≤ωµ≤α SS  therefore ( )., αµ∈ν SU  

Hence ( )αµ ,SU  is a subnexus of N. Similarly, ( )βλ ,SL  is a subnexus of N. 

Conversely, let ( )αµ ,SU  and ( )βλ ,SL  be subnexuses of N. Let ω≤ν  for 

,, N∈ων  ( ) ,α=ωµS  ( ) .β=ωλS  Then ( )., αµ∈ω SU  Since ( )αµ ,SU  is a 

subnexus of N, ( )., αµ∈ν SU  Thus ( ) ( ).ωµ=α≥νµ SS  Similarly, ( ) =β≤νλS  

( ).ωλS  Therefore, ( )SSS λµ= ,  is an ( ).NIFSUB   

Theorem 3.9. Let ( )SSS λµ= ,  be an ( )NIFSUB  and .Nx ∈  Then ( )xSµ  

,α=  ( ) β=λ xS  if and only if ( ) ( )γµ∉αµ∈ ,,, SS UxUx  and ( ),, βλ∈ SLx  

( ),, σλ∉ SLx  for all  α>γ  and .β<σ  
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Proof. Let ( ) ,α=µ xS  ( ) .β=λ xS  Then ( )., αµ∈ SUx  If there exists α>γ  

such that ( ),, γµ∈ SUx  then ( ) ,α>γ≥µ xS  so ( ) α>µ xS  which is a contradiction 

with ( ) .α=µ xS  Therefore, ( ),, γµ∉ SUx  for all .α>γ  Similarly, ( ),, σλ∉ SLx  

for all .β<σ  

Conversely, let ( ),, αµ∈ SUx  ( ),, γµ∉ SUx  for all .α>γ  Since ( ),, αµ∈ SUx  

( ) .α≥µ xS  If ( ) ,α>µ xS  then there exists α>γ  such that ( ) γ≥µ xS  and so 

( )γµ∈ ,SUx  for ,α>γ  which is a contradiction with hypothesis. Thus ( ) .α=µ xS  

Similarly, ( ) .β=λ xS   

4. Characteristic Intuitionistic Fuzzy Subnexuses 

Definition 4.1. A subnexus S of N is said to be characteristic if ( ) ,SSf =  for 

all ( ),NAutf ∈  where ( )NAut  is the set of all automorphisms of N. 

Definition 4.2. An ( )SSSIFS λµ= ,  of N is called an intuitionistic fuzzy 

characteristic if ( ) ( )xx S
f
S µ=µ  and ( ) ( ),xx S

f
S λ=λ  for all Nx ∈  and ∈f  

( ).NAut  

Theorem 4.3. ( )NIFSUBS ∈  is characteristic if and only if each nonempty 

level subset is a characteristic subnexus of N. 

Proof. An ( )SSSIFS λµ= ,  is an ( )NIFSUB  if and only if all its nonempty 

level subsets are subnexuses, (Theorem 3.8). So we will prove only that S is a 
characteristic if and only if all its nonempty level subsets are characteristic. If =S  

( )SS λµ ,  is characteristic, ( ),Im Sµ∈α  ( )NAutf ∈  and ( ),, αµ∈ SUx  then ( )xf
Sµ  

( )( ) ( ) α≥µ=µ= xxf SS  which means that ( ) ( )., αµ∈ SUxf  Thus ( )( )αµ ,SUf  

( )., αµ⊆ SU  Since for each ( ),, αµ∈ SUx  there exists Ny ∈  such that ( ) ,xyf =  

we have 

( ) ( ) ( )( ) ( ) .α≥µ=µ=µ=µ xyfyy SS
f
SS  

Therefore, ( ),, αµ∈ SUy  thus ( ) ( )( ),, αµ∈= SUfyfx  so ( ) ( ( )).,, αµ⊆αµ SS UfU  

Hence ( ) ( )( ).,, αµ=αµ SS UfU  Similarly, ( ) ( )( ).,, βλ=βλ SS LfL  This proves that 

( )αµ ,SU  and ( )βλ ,SL  are characteristic. 



H. HEDAYATI and A. ASADI 236 

Conversely, if all levels of ( )SSS λµ= ,  are subnexuses of N, then for ,Nx ∈  

( )NAutf ∈  and ( ) ( ) ,, β=λα=µ xx SS  by Theorem 3.9, we have ( ),, αµ∈ SUx  

( )γµ∉ ,SUx  and ( ) ( ),,,, σλ∉βλ∈ SS LxLx  for all ., β<σα>γ  Thus ( ) ∈xf  

( )( ) ( )αµ=αµ ,, SS UUf  and ( ) ( )( ) ( ),,, βλ=βλ∈ SS LLfxf  i.e., ( )( ) α≥µ xfS  

and ( )( ) .β≤λ xfS  For ( )( ) ,α>γ=µ xfS  ( )( ) ,β<σ=λ xfS  we have ( )∈xf  

( ) ( )( ),,, γµ=γµ SS UfU  ( ) ( ) ( )( )σλ=σλ∈ ,, SS fLxf  which implies that ∈x  

( ),, γµSU  ( )., σλ∈ SLx  This is a contradiction. Thus ( )( ) ( )xxf SS µ=µ  and 

( )( ) ( ).xxf SS λ=λ  So, ( )SSS λµ= ,  is characteristic.  

Proposition 4.4. Let NNf ′→:  be a homomorphism of nexuses. If =S  

( )SS λµ ,  is an ( ),NIFSUB ′  then ( )f
S

f
S

fS λµ= ,  is an ( ).NIFSUB  

Proof. Let ., Nyx ∈  Since f is a homomorphism, yx ≤  implies that ( ) ≤xf  

( ).yf  Since ( )SSS λµ= ,  is an ( ),NIFSUB ′  

( ) ( )( ) ( )( ) ( ),yyfxfx f
SSS

f
S µ=µ≥µ=µ  

( ) ( )( ) ( )( ) ( ).yyfxfx f
SSS

f
S λ=λ≤λ=λ  

Therefore, ( )f
S

f
S

fS λµ= ,  is an ( ).NIFSUB   

Proposition 4.5. Let NNf ′→:  be an epimorphism of nexuses. If =fS  

( )f
S

f
S λµ ,  is an ( ),NIFSUB  then ( )SSS λµ= ,  is an ( ).NIFSUB ′  

Proof. Since f is a surjective mapping, for ,, Nyx ′∈  there are Nyx ∈11,  

such that ( ),1xfx =  ( ).1yfy =  If ,yx ≤  then ( ) ( ).11 yfxf ≤  Since f is a 

homomorphism, .11 yx ≤  Otherwise, if ,11 yx >  then ( ) ( )11 yfxf >  which is a 

contradiction. Thus since ( )f
S

f
S

fS λµ= ,  is an ( ),NIFSUB  

( ) ( )( ) ( ) ( ) ( )( ) ( ),1111 yyfyxxfx SS
f
S

f
SSS µ=µ=µ≥µ=µ=µ  

( ) ( )( ) ( ) ( ) ( )( ) ( ).1111 yyfyxxfx SS
f
S

f
SSS λ=λ=λ≤λ=λ=λ  

Therefore, ( )SSS λµ= ,  is an ( ).NIFSUB ′   
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Theorem 4.6. Let NNf ′→:  be an epimorphism of nexuses. Then =fS  

( )f
S

f
S λµ ,  is an ( )NIFSUB  if and only if ( )SSS λµ= ,  is an ( ).NIFSUB ′  

Proof. The proof is obtained by Propositions 4.4 and 4.5.  

5. Equivalence Relations on ( )NIFSUB  

For any [ ]1,0∈t  define on ( )NIFSUB  two binary relations tU  and tL  as 

follows: 

( ) ( ) ( )tUtUMK MK
t ;;, µ=µ⇔∈ U  

and 

( ) ( ) ( ),;;, tLtLMK MK
t λ=λ⇔∈ L  

respectively, where ( ) ( ).,,, KKMM KM λµ=λµ=  Then clearly tU  and tL  are 

equivalence relations on ( ).NIFSUB  

For any ( ) ( ),, NIFSUBM MM ∈λµ=  let [ ] ( [ ] )tt MM LU  resp.,  be the 

equivalence class of M with respect to ( )tt LU resp.,  and ( ) tNIFSUB U  

( ( ) )tNIFSUB Lresp.,  the set of all equivalence classes of ( ),resp., tt LU  so 

 ( ) {[ ] ( ) ( )}NIFSUBMMNIFSUB MM
t t ∈λµ=|= ,UU  

( ( ) {[ ] ( ) ( )}).,resp., NIFSUBMMNIFSUB MM
t t ∈λµ=|= LL  

Now let ( )NSUB  denote the family of all subnexus of nexus N and let [ ].1,0∈t  

Define two maps tf  and tg  from ( )NIFSUB  to ( )NSUB  by 

( ) ( ) ( ) ( ),;,; tLMgtUMf MtMt λ=µ=  

for all ( ) ( )., NIFSUBM MM ∈λµ=  Then tf  and tg  are clearly well-defined. 

Theorem 5.1. For any ,10 << t  the maps tf  and tg  are surjective from 

( )NIFSUB  to ( ) { }.∅∪NSUB  
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Proof. Let .10 << t  Note that ( ) ( ),,~ NIFSUB∈= 100  where 0 and 1 are 

fuzzy sets of N defined by ( ) 0=x0  and ( ) ,1=x1  for all .Nx ∈  Obviously ( )~0tf  

( ) ( ) ( ).;; ~010 tgtLtU ==∅==  Let ( ).NSUBK ∈≠∅  For ( ) ∈χχ= KKK ,~  

( ),NIFSUB  we have ( ) ( ) KtUKf Kt =χ= ;~  and ( ) ( ) .;~ KtLKg Kt =χ=  Hence 

tf  and tg  are surjective.  

Theorem 5.2. For any 10 << t  there are bijective maps from the quotient sets 

( ) tNIFSUB U  and ( ) tNIFSUB L  to ( ) { }.∅∪NSUB  

Proof. For any ,10 << t  let ( )∗∗
tt gf resp.,  be a map from ( ) tNIFSUB U  

( ( ) )tNIFSUB Lresp.,  to ( ) { }∅∪NSUB  defined by ( [ ] ) ( )MfMf tt t =∗
U  (resp.,  

( [ ] ) ( )), MgMg tt t =∗
L  for all ( ) ( )., NIFSUBM MM ∈λµ=  If ( ) ( )tUtU KM ;; µ=µ  

and ( ) ( )tLtL KM ;; λ=λ  for ( ),, MMM λµ=  ( )KKK λµ= ,  of ( ),NIFSUB  then 

( ) tKM U∈,  and ( ) ., tKM L∈  Thus [ ] [ ] tt KM UU =  and [ ] [ ] .tt KM LL =  This proves 

that the maps ∗
tf  and ∗

tg  are injective. 

Now let ( ).NSUBP ∈≠∅  For ( ) ( ),,~ NIFSUBP PP ∈χχ=  we have 

([ ] ) ( ) ( ) ([ ] ) ( ) ( ) .;,; ~~~~ PtUPgPgPtUPfPf PttPtt tt =χ===χ== ∗∗
LU  

Finally, for ,~0  we have 

([ ] ) ( ) ( ) ([ ] ) ( ) ( ) .;,; ~~~~ ∅===∅=== ∗∗ tLggtUff tttt tt 100000 LU  

This shows that ∗
tf  and ∗

tg  are surjective.  

For any ,5.00 ≤< t  we define another relation tR  on ( )NIFSUB  as follows: 

( ) ( ) ( )., ,, tt
K

tt
M

t NNKM =⇔∈ R  

Then the relation tR  also is an equivalence relation on ( ).NIFSUB  

Theorem 5.3. For any 5.00 ≤< t  the map ( ) ( ) { }∅→ϕ ∪NSUBNIFSUBt :  

defined by ( ) ( )tt
Mt NM ,=ϕ  is surjective. 
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Proof. Let .5.00 ≤< t  Then ( ) ( ) ( ) ( ) .,;,
~ ∅===ϕ tLtUN tt

Mt 100 ∩  For any 

( ),NIFSUBK ∈  there exists ( ) ( )NIFSUBK KK ∈χχ= ,~  such that ( ) =ϕ ~Kt  

( ) ( ) ( ) .;;, KtLtUN KK
tt

M =χχ= ∩  Therefore, tϕ  is surjective.  

Theorem 5.4. For any 5.00 ≤< t  there is a bijective map from the quotient 

set ( ) tNIFSUB R  to ( ) { }.∅∪NSUB  

Proof. Let 5.00 ≤< t  and let ( ) ( )NSUBNIFSUB t
t →ϕ∗ R:  be a map 

defined by ([ ] ) ( ),MM tt t ϕ=ϕ∗ R  for all [ ] ( ) .tNIFSUBM t RR ∈  If ([ ] )tMt R
∗ϕ  

([ ] )tKt R
∗ϕ=  for any [ ] [ ] ( ) ,, tNIFSUBKM tt RRR ∈  then ( ) ( ),,, tt

K
tt

M NN =  i.e., 

( ) ., tKM R∈  It follows that [ ] [ ] tt KM RR =  so that ∗ϕt  is injective. Moreover, 

([ ] ) ( ) ( ) .,
~~ ∅==ϕ=ϕ∗ tt

tt Nt
~000 R  For any ( )NSUBF ∈  we have ( )FFF χχ= ,~  

( )NIFSUB∈  and ([ ] ) ( ) ( ) ( ) ( ) .;;,
~ FtLtUNFF FF

tt
Mtt t =χχ==ϕ=ϕ∗ ∩R  This 

proves that ∗ϕt  is surjective.  
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