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Abstract 

We present an abstract critical point theorem dropping any smoothness or 
continuity assumptions on the functional. The main tools are quantitative 
equivariant deformation properties. As a by-product, we prove an 
existence result of infinitely many critical values for an invariant and 
noncontinuous functional on a complete metric space. This result 
generalizes the nonsmooth and noncontinuous cases, the so-called 
“Fountain theorem”. 

1. Introduction 

The recent developments of critical point theory for nonsmooth functionals 
motivated the introduction of weak slope for lower semicontinuous functions 
defined on metric spaces, see for instance [3] or [4]. Similar notion was introduced 
for continuous functions in [5]. Schechter in [7] proposed a new formulation for the 

mountain pass and saddle point theorems without the use of “auxiliary” sets for 1C  
functions. This new formulation was extended to nonsmooth case in [2] by using 
continuity assumption and in [6] without using any continuity assumption. 

In [1], the authors proved an abstract critical point theorem which guarantees 

the existence of infinitely many critical values of an even 1C  functional in a 
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bounded range. This result has been used in [1] and [8], to prove the existence of a 
sequence of solutions with unbounded energy for the semilinear elliptic equation 

( ) ( ) uuxkuuxhu qq 22 −− μ+λ=Δ−  

in open bounded and unbounded domains for 0>μ  and arbitrary .λ  

The purpose of this paper is to show that similar critical point result can be 
proved in nonsmooth case and without using any continuity assumption. As in [1], 
our main tool is a quantitative equivariant deformation that we extend to nonsmooth 
case without using any continuity assumption. Thus our result can be applied to both 
continuous and noncontinuous functions. Also, as a by-product, we extend to the 
nonsmooth case, the so-called Fountain theorem (see [9]). 

In Section 2, we prove the quantitative equivariant deformation theorem. Also, 
Section 3 deals with the main results. 

2. Quantitative Equivariant Deformation 

Let X be a complete metric space, R→Φ X:  be a functional and G be a Lie 
group. An orthogonal finite dimensional representation V of G is said to be 

admissible if all equivariant and continuous function ,: 1+→ kVUh  1≥k  admits 
a zero on ,U∂  where U is an open and bounded equivariant neighborhood of 0 in 

.1+kV  

Definition 1. An open subset XU ⊂  is said to be G-invariant or invariant if 

for all Gg ∈  and ,Uu ∈  .Ugu ∈  A map kVUh →:  is said to be equivariant if 

( ) ( )( ).uhgguh =  A function R→Φ X:  is said to be invariant under the action G 

if for all ( ) ( ).,, xgxGgXx Φ=Φ∈∈  

Definition 2. Let ( ) [ ] XUuBH →×⊂δ×δ R,0;:  be an equivariant function, 

i.e., for all ,Gg ∈  and R→Φ X:  be an invariant function. Then the weak slope 

of Φ at Xu ∈  denoted by ( )udΦ  is the supremum of σ such that for all 

( )δ∈ ,uBv  and [ ],,0 δ∈t  

(a) ( )( ) ;,, tvtvHd ≤  

(b) ( )( ) ( ) ., tvtvH σ−Φ≤Φ  
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Because of the equivariance of Φ, the weak slope ( )udΦ  is invariant under 

the action G. 

Definition 3. An element Xu ∈  is a critical point of Φ if ( ) .0=Φ ud  A real 

number c is called a critical value of Φ if there exists a critical point Xu ∈  of Φ 
such that ( ) .cu =Φ  

Definition 4. A regular point of Φ is an element Xx ∈  such that there exists 
0>σ  and ( ) .σ>Φ xd  Denote by ( )ΦReg  the set of regular points of .Φ  

We consider the following nonsmooth version of the quantitative equivariant 
deformation theorem: 

Theorem 1. Let R→Φ X:  be an invariant function, S be a closed subset 
of  X and U be an open neighborhood of S. Assume that U is invariant and 0>σ  
such that ( ) σ>Φ ud  for all .Uu ∈  Then for ,0>ε  there exists an equivariant 

continuous function [ ] XX →×η 1,0:  such that 

  (i) ( ) ;allfor 0, Xxxx ∈=η  

 (ii) ( ) UXxxtx \,, ∈∀=η  and for ;0≥t  

(iii) ( )( ) ( );\,,, UXxdttxxd ⋅⋅ε≤η  

(iv) ( ) ( )( ) ( )( )txxdtxx ,,, ησ≥ηΦ−Φ  for all .0≥t  

Proof. Let .Ux ∈  Then ( )Φ∈ Regx  and consider [ ] XU →×ϕ 1,0:  as the 

corresponding regularity map at x (see [6]), then for all ,Uu ∈  ϕ is continuous and 
satisfies the following properties: 

(a) ( ) ;0, uu =ϕ  

(b) ( ) ( )( ) .0,0, >∀>ϕΦ−Φ ttuu  

For all ,Gg ∈  define the function 

( ) ( ),,, 1
0 tgugtu ϕ=ϕ −  

then [ ] XU →×ϕ 1,0:0  is continuous and satisfies 

( ) ( ) uguggugu ==ϕ=ϕ −− 11
0 0,0,  (1) 
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and for all ,Gg ∈′  we have 

( ) ( )tugggtug ,, 1
0 ′ϕ=′ϕ −  

( ) ( )tuggggg ,11 ′ϕ′′= −−  

( ) ( )tuggggg ,1 ′ϕ′′= −  (2) 

( ).,0 tug ϕ′=  (3) 

From (1) and (2), ( )t,0 ⋅ϕ  is equivariant for all .0≥t  On the other hand, for all 

,Gg ∈  Gg ∈−1  and Φ being invariant, we have for all ,Uv ∈  ( ) ( )vvg Φ=Φ −1  

and by the invariance of U, .1 Uvg ∈−  Thus 

 ( ) ( ( )) ( ) ( ( ))tvgggvtvgvg ,, 111
0

1 −−−− ϕΦ−Φ=ϕΦ−Φ  

( ) ( ( ))tvgv ,1ϕΦ−Φ= −  

( ) ( )( ) .0, >ϕΦ−Φ= tvv  (4) 

By equations (1) and (3), 0ϕ  satisfies the conditions (a) and (b) of a regularity map 

at x associated to .Φ  

Let us prove the existence of the deformation η. Our approach is closely related 
to the one proposed by Ioffe and Schwartzman in [5]. Denote by ( ) ( ),\, UXuduR =  

for all Uu ∈  and define the function 

( ) ( )( ) [ ( )( ) ],,,sup2 0
10

1 tuuduRtu +τϕ⋅ε=ξ
≤τ≤

−  

for all .0>ε  For each ( ),ϕ∈ Domu  the function ( )tt uξ→  is strictly increasing, 

( ) 00 =ξu  and for all ( ) [ ],1,0, ×∈Utu  the mapping ( ) ( )ttu uξ→,  is an invariant 

continuous function because of the invariance of U and the equivariance of .0ϕ  We 

notice that for all ,0>t  the inverse function uζ  satisfies the same properties. 

Defining ( ) ( )( ),,, 0 tutu uζϕ=ψ  then ψ is equivariant and satisfies the conditions 

(a) and (b) of regularity map at x associated to ,Φ  and 

( )( ) ( ) ( )( ) ( ) .22,, tuRtuRtxud uu ⋅ε=ζξ⋅⎟
⎠
⎞⎜

⎝
⎛ ε≤ψ  
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For each ( ),Reg Φ∈x  take ( ) 0>xr  such that ( ) ( )xRxr 2
1<  and ( )( ) .; UxrxB ⊂  

Then the interiors of the balls ( )( )xrxB ;  form an open covering of the metric space 

( )Φ= RegY  which is a therefore paracompact space. Hence there exists a finite 

subcovering ( )( )( )( ) Iiii xrxB ∈;int  of Y, where I is finite. Let ( ) Iii ∈μ  be a partition 

of unity subordinate to this subcovering. Set ( ) ( ){ }0: >μ∈= xIixI i  and i0ϕ  is 

the equivariant regularity map at ix  and define 

( )( ),,0 xtu iii μ⋅ϕ=ψ    if   ( )( )ii xrxBu ;∈  

u=  otherwise. 

Because of the invariance of U, ( )uiμ  is invariant and by the equivariance of ,0ϕ  

iψ  is equivariant for all .Ii ∈  Note that, iψ  is defined on [ ]1,0×U  and satisfies 

the conditions (a) and (b) of regularity map at x, ( ) utui ≠ψ ,  for all 0,0 >μ> it  

and ( )( ) ( ) ( )uuRtuud ii μ⋅ε≤ψ 2,,  for all .Uu ∈  

Fixing arbitrary Ux∈  and ordering ( ) { },...,,, 21 niiixI =  by using the following 

iteration: 

( ( )) ( ( ))xtuuxtxuxu kk ikikii μ⋅ψ=μ⋅ψ== + ,...,,,, 121 11  

for all ,...,,2,1 nk =  we define η by  

( ) ., 1+=η nutx  

Thus [ ] XX →×η 1,0:  is continuous equivariant and satisfies (i)-(iv). 

3. Existence of Infinite Sequence of Critical Values 

Let X be a metric space with an isometric G-action, R→Φ X:  be an invariant 

function under the G-action, and ,: XKH →δ  where ( ) [ ].,0; δ×δ=δ uBK  

Assume the following hypotheses: 

( )1A  There exists an admissible representation V of G such that =X  

( ),jXIj∈⊕  where N=I  or Z=I  and ( ) ., IjVjX ∈∀  
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( )2A  ,0≥∀k ( ) ( ) ( )jXXjXXjXX l
kj

l
kkj

k
kjk =≤≥ ⊕=⊕=⊕= ,,  and =−

n
nX  

( ).jXn
nj −=⊕  

( )3A  There exists R∈c  such that each sequence ( ) n
nn Xu −⊂  with ( ) cun →Φ  

and ( ) ,0→Φ nud  as ∞→n  admits a subsequence converging in .n
nX−  

Definition 5. A sequence ( )nu  satisfying the condition ( )3A  on X is a Palais-

Smale sequence at level c or ( )cPS -sequence in short. 

Definition 6. A function R→Φ X:  satisfies the ( )cPS  condition if all 

( )cPS -sequence admits a converging subsequence. 

We give the following version of the Palais-Smale-Cerami (PSC) condition: 

Definition 7. Let R→Φ X:  be a continuous function. Then a sequence ( )nu  

in X is called a PSC sequence if ( )( )nuΦ  is bounded and ( ) ( ) .01 →Φ+ nn udu  

Also, Φ satisfies the PSC condition if all its PSC sequences are precompact. 

Let kk XB ⊂  and k
k XA ⊂  such that ,∅=kk BA ∩  and there exists ∈γ  

( )XBC k ,  a continuous and equivariant function with ( ) .∅≠γ kk AB ∩  Denote 

( ){ }.∅≠γ|γ=Γ kkk AB ∩   

Also, define 

( )ub kBuk Φ= ∈inf   and  ( )( ).supinf ua kk Buk γΦ= ∈Γ∈γ  

Thus ,kk ab ≤  since kB  links .kA  On the other hand, we may assume that 

( ) .0, >kk BAd  

Let 
( ){ }.kkk avBvB <Φ|∈=′  

Then we note that ∅=′kB  if and only if .kk ab =  Denote by ( ),, kkk BAdd ′=′  

then for all nonempty set A, if we write ( ) ,, ∞=∅Ad  then ∞=′kd  if .∅=′kB  

Assume that 

( )4A  γΦkBsup  is attained at a point not in .kB  

( )5A  There exist 0>αk  and 0>T  such that kk dT ′<<0  and .k
k

kk
T

ba
α<

−  
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Our main result can be formulated as follows: 

Theorem 2. Assume that Φ satisfies the hypotheses ( ) ( ).A-A 51  Then there exists 

0k  such that for all ,0kk ≥  Φ admits a critical value [ ]., kkk abc ∈  

Corollary 1. Under the hypotheses of Theorem 2, if ,∅=′kB  then there exists 

a sequence Xuk ⊂  such that 

  (i) ;1,1
22

1 ⎟
⎠
⎞

⎜
⎝
⎛

⎥⎦
⎤

⎢⎣
⎡ +−Φ∈ −

n
c

n
cclu kkn  

 (ii) ( ) ;1
nud n ≤Φ  

(iii) ( ) .1, nBud nn ≤  

The following corollary is a generalization of the Fountain theorem (see [9, 
Theorem 3.6]). 

Corollary 2. Under the hypotheses of Theorem 2, if Φ satisfies the ( )cPS  

condition for all ,R∈c  and if ∞→′kd  and ( ) ,inflim ∞=Φ∞→ ukBk  then Φ has 

an infinite sequence of critical values. 

Proof. If ∞→′kd  as ,∞→k  then .0→− kk ba  Since kkk acb ≤≤  if 

( ) ∞→=Φ kB bukinf  as ,∞→k  then ∞→kc  and by Theorem 2, Φ has an 

infinite sequence of critical values. 

Proof of Theorem 2. Without loss of generality, we assume that ,kb<∞−  

.∞<ka  Under the hypotheses ( ) ( )54 A,A  and by the definition of kA  and ,kB  

using Theorem 1 of [6] or Theorem 2.1 of [7], we obtain that for all 0>ε  such that 

( )( )2\,,min kkkkkk BBAdTd ′⋅α−′<ε  and ( ) ,2,0 ⎢⎣
⎡

⎥⎦
⎤ −−α−

∈ε kkkk baT  there 

exists Xu ∈  such that 

(1) ( ) ;ε+≤Φ≤ε− kk aub  

(2) ( ) ;kud α≤Φ  

(3) ( ) ( ) .\,,,
k

kkkk BBudistTBudist
α
ε<′<′  
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Assume 

nkXD n
knk ≤⊂ − ,,  

and define 

{ ( ) ( ) ( ) ( ) }k
n

nnknk AuuuGgugguXDC ∈∀=λ∈∀λ=λ|∈λ=Λ − ,and,,,,,  

and 

( )( ).supinf
,,

uc
nknk Du

n
k λΦ=

∈Λ∈λ
 

We can prove that k
n
kk acb ≤≤  for all .kn ≥  Infact, by (1), (2) and (3) above, n

kc  

is an almost critical value, that is, there exists a sequence ( ) n
nll Xu −≥ ⊂1  with 

( ) n
kl cu →Φ  and ( ) 0→Φ lud  as .∞→l  Also, by ( )3A  and (1), n

kc  converges 

along the subsequence to a critical value [ ]kkk abc ,∈  as .∞→n  

From the definitions of nkD ,  and ,n
kc  we have .k

n
k bc ≥  It remains to prove the 

inequality k
n
k ac ≤  for all .kn ≥  We suppose it is false. Then there exists 0>ε  

such that .2ε−< n
kk ca  Applying Theorem 1 with ( ),kBS γ=  and defining 

( ) ( )( ) ( )( )( ),,1 uuu γλη=γβ=β′  

then by the definition of ,γ  there exists kBu ∈  such that ( ) .kAu ∈γ  For such 

,kBu ∈  we have ( )( ) ( )uu γ=γλ  and ( )( )( ) ( ).,1 uu γ=γλη  Moreover, β′  is 

equivariant and belongs to ., nkΛ  Therefore, 

 ( )( ) ( )( )uu
nknk DuDu

γβΦ=β′Φ
∈∈ ,,

supsup  

( )( )( )( )u
nkDu

γληΦ=
∈

,1sup
,

 

( )( )v
kAv

,1sup ηΦ=
∈

 

( ) ,2sup ε−<Φ=
∈

n
k

Av
cv

k
 

which contradicts the definition of .n
kc  
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Remark. (1) The results obtained in Theorem 2 do not require the function Φ 

to be .1C  Moreover, the main tool that is, the quantitative equivariant deformation 
theorem does not require Φ to be continuous. Thus, the results obtained in Theorem 
2 can be applied even to noncontinuous functions. 

(2) Let d be the metric defined on X, XA ⊂  be a nonempty set and 
[ [ ] [∞+→∞+β ,0,0:  be a continuous function. Then Theorem 4.1 of [2] implies 

that there exists a metric d~  on X topologically equivalent to d such that, for any 
subset B of X, we have 

( ) ( )
( )

∫ β≥
ABd

dttABd
,

0
,,

~
 

and if ( )∫
∞

∞=β
0

,dtt  then ( )dX ~,  is complete if and only if ( )dX ,  is complete. 

Let 
( ){ },kkk avBvB <Φ|∈=′  

and consider a sequence ( )ku  in X such that ( )( )kudΦ  is bounded. Assume 

( ) ( )
( )

∫
′

β≥′
kk ABd

kk dttABd
,

0
,

~
 

and define 

( ) ( )
( ) ,

~
k

k
k d

udud ′β
Φ

=Φ  

where ( )., kkk ABdd ′=′  Then, if ( ) ∞→′β kd  as ,∞→′kd  which is possible if 

∅=′kB  or ,∞→ku  we have ( ) 0~
→Φ kud  under the metric .~d  If ( )ku  is 

such that 

( ) ,ε+≤Φ≤ε− kkk cuc  

for ε as in the proof of Theorem 2, then Corollary 2 implies that Φ has an infinite 
sequence of critical values. We observe that in this case, ( )kudΦ  need not to be 

very small. 

An example of function β satisfying Remark 2 is given by: ( ) =′β kd  

( ( ) )μ∈ +′ 1,max kAu Budk  or ( ) ( )μ+=β 21 tt  for .0>μ  If 0≥μ  and ( )ud Φ
~

 

ε≤  for all ,0>ε  then we obtain a Cerami condition. 
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