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Abstract

We examine the defining relations of the Nichols algebra associated to
-1

(a5) :( 0)2 J of type A,, by using the method introduced by
() ®

Nichols [1] (see also [3]).
1. Introduction

Nichols algebras are graded braided Hopf algebras with the base field in degree
0 and which are coradically graded and generated by its primitive elements ([4-7]).
Let V be a vector space and c:V®V -V ®V be a linear isomorphism.

Then (V, ¢) is called a braided vector space, if ¢ is a solution of the braid equation,
that is (c®id)(id ®c)(c®id)=(id ®c)(c®id)(id ®c). The pair (V,c)
determines the Nichols algebras up to isomorphism. Let G be a group. A Yetter-
Drinfeld module V over KG is a G-graded vector space V = @4.gVy, Which is a

2010 Mathematics Subject Classification: 20F55.
Keywords and phrases: Nichols algebra, diagonal type, Cartan matrix.

Received May 19, 2010



50 TADAYOSHI TAKEBAYASHI
G-module such that g -Vj cvghg_l, for all g, h e G. The category SYD of

KG -Yetter-Drinfeld module is braided. For V, W e SYD, the braiding c:V ® W
—> W ®V s defined by c(v®w)= (g -w)®v, veVy, weW. LetV be a

Yetter-Drinfeld module over G and let T(V) = ®,50T(V)(n) denote the tensor
algebra of the vector space V. Let S be the set of all ideals and coideals | of T(V)

which are generated as ideals by N-homogeneous elements of degree > 2, and

which are Yetter-Drinfeld submodules of T(V). Let (V) = Z|es I. Then B(V) =
T(V)/1(V) is called the Nichols algebra of V e SYD. In this article, we examine the

defining relations of the Nichols algebra B(V) associated to (gj) = ( mz - J
—® (O]

of type A,.
2. Nichols Algebras of Cartan Type

Let K be an algebraically closed field of characteristic 0. Let G be an abelian
group and V be a finite dimensional Yetter-Drinfeld module. Then the braiding is
given by a nonzero scalar g € K, 1<i, j<@, in the form c(x; ® x;) =

QijXj ® X, where X, .., Xg, is a basis of V. If there is a basis such that
g-% =y%i(9)x and x; €Vy,, then V is called diagonal type. For the braiding, we
have c(x; ® xj) = x(9;i)x; ® x;, for1<i, j < 0. Hence, we have (gj ) j<o =
(xj(gi))lgi‘jge. Let B(V) be the Nichols algebra of V. We can construct the

Nichols algebra by B(V) = T(V)/I, where | denotes the sum of all ideals of T(V)

that are generated by homogeneous elements of degree > 2 and that are coideals. If
B(V) is finite-dimensional, then the matrix (a;;) defined by forall 1<i= j<®

by aj; =2 and aj; := -min{r e N|qijqjiqiri =1lor(r +1)qii = 0} is a generalized
Cartan matrix fulfilling g;q;; = ai) or ordg; = 1-a;. (%) is called Cartan

matrix associated to B(V). To examine the defining relations of B(V), we use the

technique introduced by Nichols [1] and the following Proposition [3]. For all
1<i<9, let 5 :B(V)— B(V) be the algebra automorphism given by the action
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of g;. If 6:B(V)— B(V) is an algebra automorphism, an (id, c)-derivation
D:B(V)— B(V) isa K -linear map such that D(xy) = D(x)o(y) + xD(y), for all
X, y € B(V).

Proposition 2.1 [3]. (1) For all 1 <i < 0, there exists a uniquely determined
(id, o) -derivation D; : B(V) — B(V) with D;j(x;) = &;; (Kronecker ), for all j.

(2) NY_; ker(D;) = K1.

Let B(V) be a Nichols algebra with Cartan matrix (a;; ) = (_21 _le of type Ay,

i.e., the braiding matrix (q;;) fulfills gy50,; = ql_l1 or i1 = -1, and gq0p1 = qul.

-1
qa9°q
From the results of Helbig [2], if 012001 = ql_l1 = qul (0—0) and N =

ordgy; >3, then B(V)=TV)/([xxXo] Daxoxo] XV, [xxo ]V, x3') with basis
(X2 [xqx2 ]2 %1 [0 < 1y, 1o, 1 < N} and dimg B(V) = N*. Using this, we obtain
the following.

Proposition 2.2. Let (gjj) :( 0)2

-1
), (type Ay) (where o is a primitive
® (0]

cube root of unity, i.e., o =1 0’ +o+l= 0). Then the Nichols algebra B(V) is

described as follows:

Generators: X, Xo.
Relations: x13 =0, xg’ =0,
x12x2 - m2x1x2x1 + (oxle2 =0,
x%xl — WXpX Xy + m2x1x§ =0,
2 2,2 —
X1 X2 X1 X5 — WX X X9 X1 Xo + M Xy X X9 Xy = 0,
2 2 2 —
XoX1Xo X1 — @ X1 X9 X1 X9 X + WX Xo X1 X9 = 0,
2 2 -
30X5 X XoX] + X XX XoX( X — 2X9 X1 Xo X1 Xo%1 = O,

3m2x12x2x1x§ — 2X1 X9 X1 X9 X1 X9 + XoX1XoX1Xo% = 0.
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Its basis is given as follows:

L, g, %o, XE, X5, XqXg, XoXy, XqXoXy, XpXE, XpX1Xg, XX,
2 2 2 2 2 2 2
(xaX2)7, X X5%q, XpX1X5, (XaXq)™, XXoXi, X2 (XX2)", (XqX2) " Xq,

2 2 3 2.2 2,2 3
(X2Xq )" Xq, (X1 X2)" X2, (X2%1)°, (X% )" X3, (X X2)* X, (X3X2)”}.

Hence the Hilbert polynomial of B(V) is

2 2 2 2 2
—0XoX + X X2, Di(XpX{) = 0 XoX, Da(x{X2) =X, Da(XqXo¥) = -0°x{,

P(t) =1+ 2t +4t2 + 4t3 + 5t% 4+ at® + 4t% + 2t7 + 18,

Proof. From Proposition 2.1, we see that D;(x?X,) = @?X;Xy, Dy(XXpX) =

2

D,(x,x2) = oxZ, and from these Dj(x?Xy — 02X XpX) + @XoX2) =0 (i =1, 2).

So, we obtain the relation x12x2 - m2x1x2x1 + (oxlez = 0. The other relations are

similarly obtained. O
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